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A formulation of thermodynamic perturbation theory is proposed which makes it possible to
make full use of quantum-field-theory methods in quantum statistics at finite temperatures.
The method is a generalization of the Matsubara technique and is based on the expansion of
the Green's functions in Fourier series in the "imaginary time" variable. The technique so
obtained differs from the usual diagram technique for T = 0 by the replacement of integration over the frequencies by summation over discrete values of the imaginary frequency.
The analytic properties of the Fourier components of the Green's functions are examined.
It is shown that owing to the possibility of analytic continuation a knowledge of the corresponding equilibrium Green's functions is sufficient for the solution of various kinetic and
nonstationary processes.
1. INTRODUCTION

THE methods of quantum field theory have recently
been successfully applied to problems of statistics . 1- 4
The application is based on the fact that the apparatus of quantum field theory is developed through
the wide use of the "diagram technique," which provides a very intuitive representation of the structure and character of any approximation. Earlier
methods of quantum statistics, which started from
ideal-gas approximations, could scarcely take the
interaction between the particles into account beyond one or two approximations because of the
complexity of the older quantum perturbation theory. This is utterly inadequate for the actual
many-body problem; to obtain any approximation
of physical significance it is necessary to sum
over an infinite set of different terms of the perturbation-theory series. The diagram technique
is extraordinarily useful in such problems, since
it formulates simple rules by which any term of
the perturbation theory can be written down.
The basis of the quantum-field-theory methods
is the calculation of the so-called Green's function
of a particle, which for the case of temperatures
different from zero is defined as
G(I,2)=
-

iSp {exp [(Q

+ p.N -H)jT]· T (f(x
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where 'ij:, lj:+ are second-quantization operators in
the Heisenberg representation. Knowledge of the
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Green's function makes it possible easily to calculate all the thermodynamic quantities of the system.
For example, the particle number density as a function of the chemical potential iJ. and the temperature is connected with G by the relation
N (fL, T)

=

+

iG (x, x) It'=t+o

(the minus sign is for Fermi statistics, the plus
for Bose statistics).
At the absolute zero of temperature the Green's
function is calculated by going over to the so-called
"interaction representation." In this representation G ( 1, 2) has the form
G (1,2) = - i <T (<h rh+ S)) 1(S;,

<...

(1a)

where
> means the average over the ground
state of the system, and S is the well known S
matrix of the quantum field theory. Expanding S
in powers of the interaction constant, we obtain the
usual Feynman diagram technique.
For temperatures other than zero it is already
impossible to represent G in a form like Eq. (1a),
and consequently it is impossible to calculate G
by means of the diagram technique.
Several years ago Matsubara 4 proposed a new
formulation of the thermodynamic perturbation
theory which is almost completely analogous to
the diagram technique of field theory. The present
paper is devoted to the description of a technique
which is a further development of the Matsubara
method. This technique makes it possible to calculate the thermodynamic quantities at finite tern-
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General kinetic equations for viscous flow of separate filaments are obtained on basis of the
microscopic theory of superconductivity 8 for a low vortex velocity u
< 6. and not very large
filament density (H < H c2)' The relation between the transport current and filament velocity is
derived. The general equations are solved numerically for T < 6.; the conductivity of a "dirty"
superconducting alloy with a vortex structure is <T,fT = 0.9 <TH c/Bo.

1. INTRODUCTION
Various phenomenological (see, e.g.,[l]) and semiphenomenological [2] theories were proposed to explain
the phenomena that occur when vortex filaments move
in the mixed state. Naturally, by virtue of their nature,
these theories did not provide a consistent description
of the kinetics in superconductors. The microscopic approach to the motion of a system of vortices was developed mainly for type-II superconductors with large
vortex-filament density (H "" Hc 2) [3], owing to the relati ve simplicity of the theory, since the order parameter
is small in this region. The microscopic theory of
Eliashberg and one of the authors[8] was used
recently[4-7 J to find the viscosity in the mixed state in
the region of intermediate fields Hc 1 < H < Hc 2. Alloys
with paramagnetic impurities were discussed by the
present authors [4] as well as by Kupriyanov and
Likharev[5] and by Hu and Thompson[6]. In[7 J we considered·the case of ordinary alloys at a temperature
close to critical. The recent experimental data of
Gubankov[9] and Fogel,[lO] are in qualitative agreement
with the theory. In particular, the viscosity coefficient
increases as the temperature approaches the critical
value. This effect was predicted in [7].
In the present paper, which is a continuation of[7],
we derive equations that make it possible, in principle,
to study the motion of a vortex structure in a superconducting alloy in the entire temperature range. The
calculation of the mixed-state resistance is carried
through to conclusion only for very low temperatures,
owing to the large computational difficulties that arise
at finite values of the temperature. We consider also
dirty alloys, in which the electron mean free path
1 = VoT is much smaller than the correlation radius
The Ginzburg- Landau parameter for such alloys is
K » 1. This means that there exists a wide field range
Hc 1 < H < Hc2 in which the cores of the vortex filaments
do not overlap. This, as already indicated[4,7], greatly
simplifies the problem and makes it possible to reduce
it to the problem of determining the motion of a single
vortex filament in a current (velocity) field that is
homogeneous at large from the filament center and is
governed by the average transport current flowing
through the sample.
2. DERIVATION OF THE FUNDAMENTAL
EQUATIONS

are regular either in the upper or to the lower half of
the E plane, and so-called "anomalous" terms that are
kinetic in nature and do not have simple analytic properties with respect to E. We write down the expressions
derived in[8], choosing for 11 a gauge such that the
expressions contain only the gauge-invariant combina1

c
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where X is the phase of the order parameter. We shall
henceforth omit the absolute-value sign of 11. We have
6.. (r)

-Ig-I-=

S'"""!;;i
de {
th

e
iw(f)= ---;;;

e_
"
e+
(a)}
2f F, •. "(f,f)- th 2T'F,.,,,(f,f)+F, •. ,,(f,f)
A

de [

4ni

(p-p)
(a)

e_

w/2,

E± = E ±

R A (a)

P=

,

Ne'

,]}

+G,.",(f,r)

where

,

e+
A
,
th2T'G,.",(f,f ) - th '2T G, •. ,,(f,r)
R

(1 )

-i'V, p' acts on r', while

R A (a)

.

G "
and F "
are respectively the retarded,
advanced, and anomalous Green functions. The latter
satisfy the integral equations shown schematically in
Fig.1.
It is convenient to use the matrix notation:

We shall need also the Green functions integrated with
respect to l: = vo( p - Po) (Po is the Fermi momentum);
they are deSignated as follows:
..... II(A)

g"", (vo,k)=
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S. .
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Quantities of this type were fir,st introduced by Eilenberger[ll] and, in kinetics, by Eliashberg[12] (see also
the paper by Larkin and Ovchinnikov[13]). The notation
is that introduced in [11,12].
As noted by Usadel[14], in dirty alloys the functions
g( vo, r) are isotropic in first approximation with respect to the directions of the vector vo, so that we can
write
galA) (Vo, f)= i:(A)

(f),

g(a)

(Vo, r) = l(r) +

(2)

with I g I, I rl
(lIOgo, Y, where
is the
characteristic scale of variation of the functions
gR(A) in the alloy. The functions

In the derivation of the nonstationary equations for
superconductors [8] it was shown that when the expressions for the order parameter and for the current are
analytically continued to the real-frequency axis one
obtains terms having different analytic structures with
respect to the, complex variable E, namely terms that

It was indicated in[7] that to derive the general equations it is necessary to expand the kernels in the ladder
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introduced in this manner are the same as in[7].
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It is shown that there is an instability of the Fermi state in a one-dimensional system with

regard to an arbitrarily weak attraction between the particles. In this connection, in contrast to the three-dimensional case, not pairs but quartets of particles near the Fermi surface are characteristic of this instability. The instability causes a rearrangement of the
ground state in which a gap appears in the spectrum accompanied by a simultaneous
doubling of the period of the structure. The new ground state, however, is capable of conducting current without energy dissipation. The interaction with the lattice is taken into
account; its role reduces to the appearance of a certain effective interaction between the
electrons. If the effective interaction turns out to be repulsive (remaining weak), then the
system remains in the metallic state at all temperatures. The problem of fluctuations is
discussed.
INTRODUCTION

THE appearance of the article by Little[!] once
again caused a great deal of interest in one-dimensional conducting systems, for example the
molecules of certain linear polymers and possibly
dislocations. Apparently the mechanism of attraction between the conduction electrons suggested in [1] is quite feasible, and qualitative estimates made by Little with the use of the usual
formulas of the Bardeen-Cooper-Schrieffer (BCS)
theory of superconductivity [ 2] indicate that effects
of the superconducting pairing type might exist in
such systems at rather high temperatures. However, the one-dimensional nature of the problem
makes it highly unique, so that a trivial generalization of the BCS theory to this case is impossible.
Experimental data concerning the electron spectra
in the necessary region of frequencies and temperatures are, for the present, not available. Therefore, below an attempt is made to clarify the
theoretical side of the question.
As is well known, one of the major difficulties
is associated with the so-called doubling of the
period in a one-dimensional system. Peierls [a]
has stated a theorem according to which a onedimensional metallic system is unstable with respect to the doubling of the period of the structure
with simultaneous formation of a dielectric gap in
the energy spectrum of the electrons. In this case
one would hope to be able to observe in an experi-

ment only some trace of the attraction caused by
the Little mechanism, since such a gap undoubtedly must be of an atomic order of magnitude. Below, however, we shall show that Peier ls' theorem
is incorrect. Actually the doubling of the period
and Cooper pairing are non-separable parts of one
and the same process of the rearrangement of a
one-dimensional Fermi system under the influence
of attraction between the electrons. The new state
which arises is able to conduct current.
The following important consideration is related to the problem of fluctuations. In the onedimensional case, if the spectrum of vibrations
does not contain a gap, calculation of different
fluctuating quantities (for example, displacements
of the ions) gives a divergent result at large wavelengths. With regard to the ordinary sound fluctuations, they are small at low temperatures since
they contain the small parameter of the adiabatic
approximation. One of the principal objections introduced by Ferrell [4] and later by Rice [U] consists in the fact that in the one-dimensional model
the fluctuations associated with electron sound are
large. However, the methods used by Ferrell and
Rice and based on the Ginzburg-Landau equation
are not applicable to the case of a one-dimensional
superconductor, and by the same token it is impossible to regard their conclusion about the absence of a superconducting transition as proved.
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