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ParBcles	  and	  Symmetries	  

Elementary	  parBcles:	  

Emergent	  parBcles:	   magnon	   Landau	  quasi-‐parBcle	  

electron	  photon	  

Symmetry	  quantum	  numbers:	   charge	  e	  
spin	  1/2	  	  

charge	  0	  
spin	  1	  

Boson	   Fermion	  
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Majorana Fermions

a particle that is its own 
anti-particle

(i�µ⇤µ �m)⇥ = 0

Dirac: Majorana: is complex 

positive E: electron   

negative E: positron  

(1937)

!=!†

Majorana fermion:

Search for Majorana

let     be real

•  neutrino: ongoing experiments
•  quasi-particle in superconductors: 

vortex in 2D p+ip SC  (Read & Green, 00)
end state in 1D p-wave SC      (Kitaev, 01)

!= c + c†

Challenge:  pairing within same fermion species
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let     be real
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end state in 1D p-wave SC      (Kitaev, 01)
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Majorana	  Mode	  in	  Solid	  State	  

An	  emergent	  zero-‐energy	  degree	  of	  freedom	  that	  is	  localized	  in	  space:	  

•  mathemaBcally	  described	  by	  a	  real	  operator	  

•  does	  not	  possess	  any	  disBncBve	  symmetry	  quantum	  number	  	  	  	  

� = �†

Majorana	  modes	  exist	  in	  certain	  topological	  phases	  of	  ma[er	  and	  exhibit	  
universal	  properBes	  that	  reflect	  topological	  order	  of	  the	  parent	  phase.	  	  

(analogous	  to	  Majorana	  fermion)	  
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Outline	  

Lecture	  1:	  	  Physics	  of	  Majorana	  mode	  in	  superconductors	  
	  
Lecture	  2:	  	  RealizaBons	  in	  spin-‐orbit-‐coupled	  systems	  	  	  (Alicea)	  
	  
Lecture	  3:	  	  Striking	  measurable	  properBes	  of	  Majorana	  mode	  	  
	  
Lecture	  4:	  	  Towards	  finding	  Majorana	  and	  future	  direcBons	  	  	  (Alicea)	  
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H =
X

k

c†k(Ek � µ)ck +�(k)(c†kc
†
�k + c�kck)

W*&)B9')&)%/7' E"*%*&/'
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1D	  Spinless	  Superconductor	  

Hamiltonian	  for	  infinite	  wire:	  	  

H =
X

k

c†k(Ek � µ)ck +�(k)(c†kc
†
�k + c�kck)

=
X

k

(c†k, c�k)

✓
Ek � µ �(k)
�(k) µ� Ek

◆✓
ck
c†�k

◆

BdG	  Hamiltonian	  	  	  H(k)

For	  single-‐band	  spinless	  SC:	  

•  (nx,nz)	  is	  a	  unit	  vector	  if	  ε(k)	  ≠	  0,	  i.e,.	  there	  is	  a	  gap	  

H(k) = ✏(k) [n
x

(k)�
x

+ n
z

(k)�
z

] ✏(k) =
p

(Ek � µ)2 +�2(k)

in	  Nambu	  space	  



1D	  Spinless	  Superconductor	  

Hamiltonian	  for	  infinite	  wire:	  	  

H =
X

k

c†k(Ek � µ)ck +�(k)(c†kc
†
�k + c�kck)

Energy	  spectrum:	  	  

fully	  gapped	  	  
weak	  pairing	  BCS	  

gapless	  at	  k=0	  
	  

μ=0	  μ>0	   μ<0	  

fully	  gapped	  	  
strong	  pairing	  BEC	  

�(kF )

�(k) / k

�(0)

•  two	  gapped	  phases,	  separated	  by	  a	  gap-‐closing	  transiBon	  
c.f.	  Read	  &	  Green,	  00	  



Topology	  of	  1D	  Superconductor	  

H(k) = ✏(k) [n
x

(k)�
x

+ n
z

(k)�
z

]

•  winding	  number	  of	  (nx,nz)	  as	  a	  funcBon	  of	  k	  in	  1D	  Brillouin	  zone	  
defines	  a	  topological	  invariant	  N	  for	  gapped	  1D	  superconductor	  

Weak	  pairing	  BCS	  

μ>0	   μ<0	  

Strong	  pairing	  BEC	  

N	  =	  1:	   N	  =	  0:	  

•  two	  phases	  are	  topologically	  disBnct:	  	  weak	  pairing	  is	  nontrivial	  
•  generalizaBon	  to	  mulB-‐band:	  	  Z2	  topological	  invariant	  (N	  mod	  2)	  	  

(Kitaev	  00)	  
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Majorana Mode and Majorana State

•  zero-energy, localized, real solution of BdG Hamiltonian: 

� = �†

� =

Z
dx u(x)c†(x) + v(x)c(x)

: Majorana zero mode

H =

✓
E

k

� µ �(k)
�(k) µ� E

k

◆
!

✓
�µ(x) �iv@

x

iv@
x

µ(x)

◆

T$%';C",,'j'

u(x) = v

⇤(x) = e

�µx/vU6)%)'
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General	  ProperBes	  of	  Majorana	  Modes	  

•  zero-‐energy,	  real	  soluBon	  to	  BdG	  equaBon:	  protected	  by	  symmetry	  of	  BdG	  

•  localized	  at	  boundary	  between	  two	  topologically	  disBnct	  SCs	  
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S-TI-M interface

Majorana Fermions

S.C.M  !Gapless 1D chiral 

Majorana fermions 

bound to domain wall

Vortex in 2D SC :

Zero energy 

Majorana bound state

at vortex

h/2e

S-QSHI-M junction

Zero energy 

Majorana bound state

at junction

k

E

S.C.M

QSHI

Kitaev 2003 :  2N Majoranas = N qubits: fault tolerant quantum memory

                       Braiding : Quantum computation

0

!

"!

E

“half” a state

Majorana Mode and Majorana State

•  zero-energy, localized, real solution of BdG Hamiltonian: 

•  Assuming zero modes are created, topological quantum computation requires 
initializing, manipulating, and measuring Majorana qubit.

: Majorana zero mode

•  zero modes span a null space = degenerate many-body ground states:  

Two zero modes define one 
Majorana state (qubit): 

finite-energy quasi-particle states

�1 �2
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Majorana	  Qubits	  	  

Presence	  of	  Majorana	  modes	  leads	  to	  degenerate	  superconducBng	  
ground	  states.	  	  

•  ground	  state	  of	  superconductor	  is	  a	  non-‐Slater	  state	  &	  corresponds	  to	  
quasi-‐parBcle	  vacuum.	  	  

•  two	  Majorana	  modes	  make	  up	  Fock	  space	  of	  a	  single	  fermion	  degree	  
of	  freedom	  

�† = �1 + i�2, � = �1 � i�2

�†|1iM = 0, �|0iM = 0

{�,�†} = 1

S-TI-M interface

Majorana Fermions

S.C.M  !Gapless 1D chiral 

Majorana fermions 

bound to domain wall

Vortex in 2D SC :

Zero energy 

Majorana bound state

at vortex

h/2e

S-QSHI-M junction

Zero energy 

Majorana bound state

at junction
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Majorana Mode and Majorana State

•  zero-energy, localized, real solution of BdG Hamiltonian: 

•  Assuming zero modes are created, topological quantum computation requires 
initializing, manipulating, and measuring Majorana qubit.

� = �†

� =

Z
dx u(x)c†(x) + v(x)c(x) u = v⇤

: Majorana zero mode

•  zero modes span a null space = degenerate many-body ground states:  

�† = �1 + i�2

Two zero modes define one 
Majorana state (qubit): 

|G⇥ = |0⇥1 � |0⇥2...� |0⇥M

|G0⇥ = |0⇥1 � |0⇥2...� |1⇥M

finite-energy quasi-particle states
|1�M = �†|0�M

|0>	  and	  |1>	  form	  a	  Majorana	  qubit	  
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Majorana Mode and Majorana State

•  zero-energy, localized, real solution of BdG Hamiltonian: 

•  Assuming zero modes are created, topological quantum computation requires 
initializing, manipulating, and measuring Majorana qubit.
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Majorana Mode and Majorana State

•  zero-energy, localized, real solution of BdG Hamiltonian: 

•  Assuming zero modes are created, topological quantum computation requires 
initializing, manipulating, and measuring Majorana qubit.

� = �†

� =

Z
dx u(x)c†(x) + v(x)c(x) u = v⇤

: Majorana zero mode

•  zero modes span a null space = degenerate many-body ground states:  

�† = �1 + i�2

Two zero modes define one 
Majorana state (qubit): 

|G⇥ = |0⇥1 � |0⇥2...� |0⇥M

|G0⇥ = |0⇥1 � |0⇥2...� |1⇥M

finite-energy quasi-particle states
|1�M = �†|0�M

finite-‐energy	  quasi-‐parBcles	  

•  2M	  Majorana	  modes	  =>	  M	  Majorana	  qubits	  =>	  2M-‐fold	  degeneracy	  

Majorana	  qubit	  



Topological	  Degeneracy	  

•  Hilbert	   space	   of	   Majorana	   modes	   is	   isomorphic	   to	   Hilbert	   space	   of	  
degenerate	  many-‐body	  ground	  states.	  	  	  

Majorana	  as	  a	  bookkeeper:	  
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Topological	  Degeneracy	  

•  Hilbert	   space	   of	   Majorana	   modes	   is	   isomorphic	   to	   Hilbert	   space	   of	  
degenerate	  many-‐body	  ground	  states.	  	  	  

•  Different	  ground	  states	  cannot	  be	  disBnguished	  by	  local	  observables*,	  
because	   low-‐energy	  operators	   involve	  product	  of	  different	  Majorana	  
operators	  and	  hence	  are	  nonlocal.	  	  

•  Ground	   state	   degeneracy	   is	   robust	   against	   local	   perturbaBons*:	  	  
topological	  protecBon.	  	  

Majorana	  as	  a	  bookkeeper:	  

Majorana	   qubit	   can	   be	   used	   as	   ideal	   quantum	   memory:	   basis	   for	  
topological	  quantum	  compuBng	  	  
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Even-‐Odd	  Degeneracy	  	  

For	   M=1:	   the	   Majorana	   qubit	   states	   |0>M	   and	   |1>M	   correspond	   to	   the	  
superconductor	  ground	  state	  with	  an	  even	  and	  odd	  number	  of	  electrons.	  
Majorana	  qubit	  =	  electron	  number	  parity	  

The	  even-‐parity	  and	  odd-‐parity	  ground	  states	  are	  locally	  indisBnguishable.	  

Even-‐odd	  degeneracy	  occurs	  in	  BCS	  phase	  	  if	  there	  is	  an	  odd	  number	  of	  bands	  
(including	  spin)	  at	  Fermi	  energy	  



Even-‐Odd	  Degeneracy	  	  

The	   remarkable	   fact	   that	   in	   the	   presence	   Majorana	   modes,	   a	  
topological	  superconductor	  can	  accommodate	  either	  an	  even	  or	  odd	  
number	  of	  electrons	  on	  equal	  ground	  is	  key	  to	  understanding	  exoBc	  
properBes	  of	  Majorana	  modes.	  	  	  
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blocks of a topological quantum computer, because quantum information can be encoded nonlocally in the

fermion occupation of a pair of spatially separated Majorana bound states. However, despite intensive

efforts, nonlocal signatures of Majorana bound states have not been found in charge transport. In this

work, we predict a striking nonlocal phase-coherent electron transfer process by virtue of tunneling in and
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Majorana bound states are localized zero-energy excita-
tions of a superconductor [1,2]. An isolated Majorana
bound state is an equal superposition of electron and hole
excitations and therefore not a fermionic state. Instead, two
spatially separated Majorana bound states together make
one zero-energy fermion level [1,3] which can be either
occupied or empty. This defines a two-level system which
can store quantum information nonlocally, as needed to
realize topological quantum computation [4,5]. While sev-
eral schemes have been recently proposed to detect the
existence of individual Majorana bound states [6–12],
experimental signatures of the nonlocal fermion occupa-
tion of these states remain to be found.

In this work, we predict a nonlocal electron transfer
process due to Majorana bound states in a mesosopic
superconductor: an electron which is injected into one
Majorana bound state can go out from another one far
apart maintaining phase coherence. Strikingly, the trans-
mission phase shift is independent of the distance ‘‘trav-
eled.’’ In such a sense, we call this phenomenon ‘‘electron
teleportation.’’ It occurs because of the nonlocal fer-
mion occupation of Majorana bound states and the finite
charging energy of a mesoscopic superconductor. The
all-important role of charging energy in the study of
Majorana fermions has not been recognized before. We
propose a realistic scheme to detect the teleportation
phenomena in a superconductor–quantum-spin-Hall-
insulator–magnetic-insulator hybrid system, which have
been recently shown to host Majorana bound states
[13,14].

In a macroscopic 
 -wave superconductor, charge � ex-
citations have a pairing energy gap, whereas charge � �
excitations cost zero energy. Therefore the ground state
manifold consists of states with an even number of elec-
trons only, as shown in Fig. 1(a). The BCS wave function
of the ground state with a definite overall superconducting
phase ! � " � � � "# is a linear superposition of states with

� � electrons. Now consider that a pair of zero-energy
Majorana bound states are present at positions � � and � �

in the superconductor, and all other quasiparticle excita-
tions have a finite gap greater than an energy scale !. We
shall show later how this situation can be realized in a
device consisting of an 
 -wave superconductor and the
recently discovered quantum spin Hall (QSH) insulator
HgTe quantum well [15,16]. The two Majorana operators
#� and #� are defined by

#� � � $
Z
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Here $� � � % � & are bound state wave functions centered at
� � � � . We assume that the distance between the two
Majorana bound states is much larger than the coherence
length—a necessary condition for the notion of nonlocality
to be meaningful. A single fermionic operator can then be
defined � � $ %# � ' 	 # � & � � , which accommodates an extra
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FIG. 1 (color online). Energy spectrum of a superconductor as
a function of total number of electrons. States with an even and
an odd number of electrons are marked in black and red (gray),
respectively. Panels (a) and (b) correspond to superconductors
without and with a pair of zero-energy Majorana bound states.
Figures on the left and right correspond to superconductors
without and with charging energy.
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Majorana bound states are localized zero-energy excita-
tions of a superconductor [1,2]. An isolated Majorana
bound state is an equal superposition of electron and hole
excitations and therefore not a fermionic state. Instead, two
spatially separated Majorana bound states together make
one zero-energy fermion level [1,3] which can be either
occupied or empty. This defines a two-level system which
can store quantum information nonlocally, as needed to
realize topological quantum computation [4,5]. While sev-
eral schemes have been recently proposed to detect the
existence of individual Majorana bound states [6–12],
experimental signatures of the nonlocal fermion occupa-
tion of these states remain to be found.

In this work, we predict a nonlocal electron transfer
process due to Majorana bound states in a mesosopic
superconductor: an electron which is injected into one
Majorana bound state can go out from another one far
apart maintaining phase coherence. Strikingly, the trans-
mission phase shift is independent of the distance ‘‘trav-
eled.’’ In such a sense, we call this phenomenon ‘‘electron
teleportation.’’ It occurs because of the nonlocal fer-
mion occupation of Majorana bound states and the finite
charging energy of a mesoscopic superconductor. The
all-important role of charging energy in the study of
Majorana fermions has not been recognized before. We
propose a realistic scheme to detect the teleportation
phenomena in a superconductor–quantum-spin-Hall-
insulator–magnetic-insulator hybrid system, which have
been recently shown to host Majorana bound states
[13,14].

In a macroscopic s-wave superconductor, charge e ex-
citations have a pairing energy gap, whereas charge 2e
excitations cost zero energy. Therefore the ground state
manifold consists of states with an even number of elec-
trons only, as shown in Fig. 1(a). The BCS wave function
of the ground state with a definite overall superconducting
phase ! 2 "0; 2"# is a linear superposition of states with

2N electrons. Now consider that a pair of zero-energy
Majorana bound states are present at positions R1 and R2

in the superconductor, and all other quasiparticle excita-
tions have a finite gap greater than an energy scale !. We
shall show later how this situation can be realized in a
device consisting of an s-wave superconductor and the
recently discovered quantum spin Hall (QSH) insulator
HgTe quantum well [15,16]. The two Majorana operators
#1 and #2 are defined by
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FIG. 1 (color online). Energy spectrum of a superconductor as
a function of total number of electrons. States with an even and
an odd number of electrons are marked in black and red (gray),
respectively. Panels (a) and (b) correspond to superconductors
without and with a pair of zero-energy Majorana bound states.
Figures on the left and right correspond to superconductors
without and with charging energy.
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spatially separated Majorana bound states together make
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occupied or empty. This defines a two-level system which
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eral schemes have been recently proposed to detect the
existence of individual Majorana bound states [6–12],
experimental signatures of the nonlocal fermion occupa-
tion of these states remain to be found.
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process due to Majorana bound states in a mesosopic
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eled.’’ In such a sense, we call this phenomenon ‘‘electron
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mion occupation of Majorana bound states and the finite
charging energy of a mesoscopic superconductor. The
all-important role of charging energy in the study of
Majorana fermions has not been recognized before. We
propose a realistic scheme to detect the teleportation
phenomena in a superconductor–quantum-spin-Hall-
insulator–magnetic-insulator hybrid system, which have
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manifold consists of states with an even number of elec-
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phase ! 2 "0; 2"# is a linear superposition of states with
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#1 and #2 are defined by
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Ground	  state	  manifold	  can	  be	  parameterized	  in	  two	  ways:	  	  
1.  Superconductor	  phase	  θ	  (2π-‐periodic)	  AND	  Majorana	  qubit	  (|0>M	  or	  |1>M)	  
2.	  	  	  	  	  Electron	  number	  N	  (integer)	  	  	  	  	  	  	  

|✓i ⌦ |0iM =
X

N=2n

e�i✓N/2|Ni

[N,
✓

2
] = iGeneralized	  number-‐phase	  relaBon:	  	  	  

invariant	  under	  	  
θ	  =>	  θ	  +	  2π	  

changes	  sign	  	  	  
under	  θ	  =>	  θ	  +	  2π	  	  

Even-‐parity	  state:	  	  

Odd-‐parity	  state:	  	   |✓i ⌦ |1iM =
X

N=2n+1

e�i✓N/2|Ni



Two	  crossed	  wires	  forming	  a	  Josephson	  juncBon:	  M=2	  	  	  

•  Josephson	   coupling	   due	   to	   Cooper	   pair	   tunneling	  
fixes	  the	  relaBve	  superconductor	  phase	  θ=θ1-‐θ2	  

•  For	  a	  fixed	  total	  number	  of	  electrons	  Nt,	  there	  is	  a	  
two-‐fold	  degeneracy	  

γ1	   γ2	  

γ3	  

γ4	  

Two	  natural	  
basis	  states	  
for	  even	  Nt:	  

|✓i ⌦ |012, 034iM =
X

NA=2n

ei✓NA/2|Nti ⌦ |Nt �NAi,

|✓i ⌦ |112, 134iM =
X

NA=2n+1

ei✓NA/2|Nti ⌦ |Nt �NAi,

Phase	  Doubling	  from	  2π	  to	  4π	  

corresponds	  to	  superposiBon	  of	  even	  and	  odd	  
sectors	  in	  different	  parts	  of	  the	  superconductor	  	  	  	  

Generic	  state:	   ↵|00i+ �|11i

↵|00i � �|11i
θ	  =>	  θ	  +	  2π	  

non-‐Abelian	  Berry	  phase	  
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Majorana	  Mode	  in	  Solid	  State	  

Lecture	  1:	  	  Physics	  of	  Majorana	  mode	  in	  superconductors	  
	  
Lecture	  2:	  	  RealizaBons	  in	  spin-‐orbit-‐coupled	  systems	  	  	  (Alicea)	  
	  
Lecture	  3:	  	  Striking	  measurable	  properBes	  of	  Majorana	  mode	  	  
	  
Lecture	  4:	  	  Towards	  finding	  Majorana	  and	  future	  direcBons	  	  	  (Alicea)	  
	  



•  ParBcle	  =	  AnB-‐parBcle:	  	  pair	  annihilaBon	  and	  producBon	  

•  Non-‐locality:	  	  two	  spaBally	  separated	  Majorana	  modes	  form	  one	  qubit	  	  
	  	  	  	  
•  Non-‐Abelian	  staBsBcs:	  braiding	  changes	  Majorana	  qubit	  

ExoBc	  ProperBes	  of	  Majorana	  Modes	  
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FIG. 1: A S-QSHI-S junction in an RF SQUID geometry
where the QSHI forms a Corbino disk.

By breaking time reversal symmetry, however, a Zeeman
field can introduce a mass term into H of the form

VZ = M!†"x! = M!†"x!/2. (2)

When M > µ, VZ opens an insulating gap in the edge
state spectrum. VZ could arise either from an applied
magnetic field (as in Ref. [10]) or due to proximity to a
magnetic material. Zero energy Majorana bound states
will exist at the interface between regions with gaps dom-
inated by " and M [5]. In the presence of both " and
M the gap is the smaller of |"0 ± M |. When "0 = |M |
a single band is gapless, and for "0 ! |M | the low en-
ergy sector of (1) has the form of a Su-Schrie#er-Heeger
model[13], which has a well known zero energy bound
state where "0 " |M | changes sign. The Bogoliubov
quasiparticle operator associated with this state is a Ma-
jorana fermion, which satisfies #0 = #†0.

Consider a superconductor-QSHI-superconductor (S-
QSHI-S) junction in which the edge states of a QSHI
connect two superconductors separated by a distance L.
Fig. 1 shows an RF SQUID geometry, in which the phase
di#erence across the junction $ = (2e/h̄)$ is controlled
by the magnetic flux $. We also assume that the QSHI
forms a Corbino disk which circles the flux. As a prac-
tical matter, this geometry is not essential, but we will
see that it has considerable conceptual value. We will
also consider the e#ect of a Zeeman term in the gap be-
tween the superconductors, which will make the connec-
tion with Majorana bound states transparent. We em-
phasize, however, that there will be a non trivial e#ect
even when this term is absent. To determine the char-
acteristics of the junction we solve the Bogoliubov de
Gennes (BdG) equation with

"(x) = "0

!

%("x " L/2) + ei!%(x " L/2)
"

M(x) = M0%(x + L/2)%("x + L/2). (3)

By matching the solutions it is straightforward to de-
termine the spectrum of Andreev bound states in the
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FIG. 2: Spectrum of Andreev bound states in the junction as
a function of phase di!erence ! for parameters indicated in
each panel. L is in units of v/"0 and M0 and µ are in units
of "0. (a) and (c) are independent of µ.

junction. The calculation is similar to Ref. 12, as well
as the theory of superconducting quantum point con-
tacts(SQPCs) [14, 15]. However, we shall see that there
is a fundamental di#erence with both of those theories.

Fig. 2a shows the spectrum as a function of $ for M0 =
0. For L <! v/"0 there is a single pair of bound states
E = ±&0($). For L # v/"0 our model reduces to the '
function model solved in Ref. 12, where the normal state
transmission probability is D = 1/[1+(M0 sinh((L)/()2],
with ( =

#

M2
0 " µ2. In that case

&0($) =
$

D"0 cos($/2). (4)

Fig. 2b shows a case where M0 ! "0, so the normal
state transmission D < 1. When D # 1 there are two
weakly coupled Majorana end states at x = ±L/2. When
L > v/"0 there will be additional Andreev bound states
in the junction with a level spacing of order v/L. Fig. 2c
shows the case where vL/"0 = 3 with M0 = 0, in which
time reversal symmetry requires Kramers degeneracies
when $ = 0 or ). Fig. 2d shows the e#ect of finite M0

and µ, which lifts most of the degeneracies. However, the
crossing at E = 0 remains, and is of special significance.

To understand the level crossing consider a low energy
theory for E # "0. The two eigenvectors *± of (1-3)
with energy ±&0($) define Bogoliubov operators %0± =
!T *0±. Due to particle-hole symmetry, %0+ = %†

0! % %0.
The low energy Hamiltonian is thus

H = &0($)(%†
0%0 " 1/2) = 2i&0($)#1#2, (5)

where we introduced Majorana operators #1 = (%+%†)/2,
#2 = "i(% " %†)/2. In the weak tunneling (D # 1)
limit #1,2 describe the Majorana end states at x = ±L/2,
which are weakly coupled by tunneling of electrons. Eq.
5 describes two states distinguished by N0 % %†

0%0 = 0, 1.
Mixing these states requires an interaction that changes

•  promising	  realizaBon	  in	  quantum	  spin	  Hall	  system	  HgTe	  or	  InAs/GaSb	  
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By breaking time reversal symmetry, however, a Zeeman
field can introduce a mass term into H of the form

VZ = M!†"x! = M!†"x!/2. (2)

When M > µ, VZ opens an insulating gap in the edge
state spectrum. VZ could arise either from an applied
magnetic field (as in Ref. [10]) or due to proximity to a
magnetic material. Zero energy Majorana bound states
will exist at the interface between regions with gaps dom-
inated by " and M [5]. In the presence of both " and
M the gap is the smaller of |"0 ± M |. When "0 = |M |
a single band is gapless, and for "0 ! |M | the low en-
ergy sector of (1) has the form of a Su-Schrie#er-Heeger
model[13], which has a well known zero energy bound
state where "0 " |M | changes sign. The Bogoliubov
quasiparticle operator associated with this state is a Ma-
jorana fermion, which satisfies #0 = #†0.

Consider a superconductor-QSHI-superconductor (S-
QSHI-S) junction in which the edge states of a QSHI
connect two superconductors separated by a distance L.
Fig. 1 shows an RF SQUID geometry, in which the phase
di#erence across the junction $ = (2e/h̄)$ is controlled
by the magnetic flux $. We also assume that the QSHI
forms a Corbino disk which circles the flux. As a prac-
tical matter, this geometry is not essential, but we will
see that it has considerable conceptual value. We will
also consider the e#ect of a Zeeman term in the gap be-
tween the superconductors, which will make the connec-
tion with Majorana bound states transparent. We em-
phasize, however, that there will be a non trivial e#ect
even when this term is absent. To determine the char-
acteristics of the junction we solve the Bogoliubov de
Gennes (BdG) equation with

"(x) = "0

!

%("x " L/2) + ei!%(x " L/2)
"

M(x) = M0%(x + L/2)%("x + L/2). (3)

By matching the solutions it is straightforward to de-
termine the spectrum of Andreev bound states in the
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FIG. 2: Spectrum of Andreev bound states in the junction as
a function of phase di!erence ! for parameters indicated in
each panel. L is in units of v/"0 and M0 and µ are in units
of "0. (a) and (c) are independent of µ.

junction. The calculation is similar to Ref. 12, as well
as the theory of superconducting quantum point con-
tacts(SQPCs) [14, 15]. However, we shall see that there
is a fundamental di#erence with both of those theories.

Fig. 2a shows the spectrum as a function of $ for M0 =
0. For L <! v/"0 there is a single pair of bound states
E = ±&0($). For L # v/"0 our model reduces to the '
function model solved in Ref. 12, where the normal state
transmission probability is D = 1/[1+(M0 sinh((L)/()2],
with ( =

#

M2
0 " µ2. In that case

&0($) =
$

D"0 cos($/2). (4)

Fig. 2b shows a case where M0 ! "0, so the normal
state transmission D < 1. When D # 1 there are two
weakly coupled Majorana end states at x = ±L/2. When
L > v/"0 there will be additional Andreev bound states
in the junction with a level spacing of order v/L. Fig. 2c
shows the case where vL/"0 = 3 with M0 = 0, in which
time reversal symmetry requires Kramers degeneracies
when $ = 0 or ). Fig. 2d shows the e#ect of finite M0

and µ, which lifts most of the degeneracies. However, the
crossing at E = 0 remains, and is of special significance.

To understand the level crossing consider a low energy
theory for E # "0. The two eigenvectors *± of (1-3)
with energy ±&0($) define Bogoliubov operators %0± =
!T *0±. Due to particle-hole symmetry, %0+ = %†

0! % %0.
The low energy Hamiltonian is thus

H = &0($)(%†
0%0 " 1/2) = 2i&0($)#1#2, (5)

where we introduced Majorana operators #1 = (%+%†)/2,
#2 = "i(% " %†)/2. In the weak tunneling (D # 1)
limit #1,2 describe the Majorana end states at x = ±L/2,
which are weakly coupled by tunneling of electrons. Eq.
5 describes two states distinguished by N0 % %†

0%0 = 0, 1.
Mixing these states requires an interaction that changes

•  promising	  realizaBon	  in	  quantum	  spin	  Hall	  system	  HgTe	  or	  InAs/GaSb	  

Harmful	  effect	  of	  quasi-‐parBcle	  poisoning:	  changes	  Majorana	  qubit	  and	  
thus	  switches	  branch	  without	  violaBng	  parity	  conservaBon	  	  	  	  
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By breaking time reversal symmetry, however, a Zeeman
field can introduce a mass term into H of the form

VZ = M!†"x! = M!†"x!/2. (2)

When M > µ, VZ opens an insulating gap in the edge
state spectrum. VZ could arise either from an applied
magnetic field (as in Ref. [10]) or due to proximity to a
magnetic material. Zero energy Majorana bound states
will exist at the interface between regions with gaps dom-
inated by " and M [5]. In the presence of both " and
M the gap is the smaller of |"0 ± M |. When "0 = |M |
a single band is gapless, and for "0 ! |M | the low en-
ergy sector of (1) has the form of a Su-Schrie#er-Heeger
model[13], which has a well known zero energy bound
state where "0 " |M | changes sign. The Bogoliubov
quasiparticle operator associated with this state is a Ma-
jorana fermion, which satisfies #0 = #†0.

Consider a superconductor-QSHI-superconductor (S-
QSHI-S) junction in which the edge states of a QSHI
connect two superconductors separated by a distance L.
Fig. 1 shows an RF SQUID geometry, in which the phase
di#erence across the junction $ = (2e/h̄)$ is controlled
by the magnetic flux $. We also assume that the QSHI
forms a Corbino disk which circles the flux. As a prac-
tical matter, this geometry is not essential, but we will
see that it has considerable conceptual value. We will
also consider the e#ect of a Zeeman term in the gap be-
tween the superconductors, which will make the connec-
tion with Majorana bound states transparent. We em-
phasize, however, that there will be a non trivial e#ect
even when this term is absent. To determine the char-
acteristics of the junction we solve the Bogoliubov de
Gennes (BdG) equation with

"(x) = "0
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%("x " L/2) + ei!%(x " L/2)
"

M(x) = M0%(x + L/2)%("x + L/2). (3)

By matching the solutions it is straightforward to de-
termine the spectrum of Andreev bound states in the
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junction. The calculation is similar to Ref. 12, as well
as the theory of superconducting quantum point con-
tacts(SQPCs) [14, 15]. However, we shall see that there
is a fundamental di#erence with both of those theories.

Fig. 2a shows the spectrum as a function of $ for M0 =
0. For L <! v/"0 there is a single pair of bound states
E = ±&0($). For L # v/"0 our model reduces to the '
function model solved in Ref. 12, where the normal state
transmission probability is D = 1/[1+(M0 sinh((L)/()2],
with ( =

#

M2
0 " µ2. In that case

&0($) =
$

D"0 cos($/2). (4)

Fig. 2b shows a case where M0 ! "0, so the normal
state transmission D < 1. When D # 1 there are two
weakly coupled Majorana end states at x = ±L/2. When
L > v/"0 there will be additional Andreev bound states
in the junction with a level spacing of order v/L. Fig. 2c
shows the case where vL/"0 = 3 with M0 = 0, in which
time reversal symmetry requires Kramers degeneracies
when $ = 0 or ). Fig. 2d shows the e#ect of finite M0

and µ, which lifts most of the degeneracies. However, the
crossing at E = 0 remains, and is of special significance.

To understand the level crossing consider a low energy
theory for E # "0. The two eigenvectors *± of (1-3)
with energy ±&0($) define Bogoliubov operators %0± =
!T *0±. Due to particle-hole symmetry, %0+ = %†

0! % %0.
The low energy Hamiltonian is thus

H = &0($)(%†
0%0 " 1/2) = 2i&0($)#1#2, (5)

where we introduced Majorana operators #1 = (%+%†)/2,
#2 = "i(% " %†)/2. In the weak tunneling (D # 1)
limit #1,2 describe the Majorana end states at x = ±L/2,
which are weakly coupled by tunneling of electrons. Eq.
5 describes two states distinguished by N0 % %†

0%0 = 0, 1.
Mixing these states requires an interaction that changes
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Measurement	  Bme	  scale	  vs.	  Majorana	  qubit	  lifeBme	  	  

•  fast	  measurement:	  	  4π-‐periodic	  Josephson	  effect	  	  

•  slow	  measurement:	  monitor	  noise	  in	  supercurrent	  to	  
extract	  the	  lifeBme	  and	  its	  temperature	  dependence	  	  
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N0. Due to the pairing term in (1), the total charge is not
conserved. However, the fermion parity, defined as the
number of electrons modulo 2, is conserved in (1-3). This
forbids the coupling between the two states and protects
the crossing at !0(") = 0.

There is a problem, however, with the fermion parity.
The junction Hamiltonian (1-3) is invariant under a 2#
phase change, but when " ! " + 2#, the system passes
through a single level crossing and can only return to
the initial state by a process which changes N0 by 1.
The fermion parity thus apparently changes when " !
"+ 2#. This has to do with the unbounded spectrum as
E ! "# and reflects a fermion parity anomaly similar to
the SU(2) anomaly in 4D field theory[16]. This anomaly
is related to non-Abelian statistics. When " advances by
2# $1 ! $1 and $2 ! "$2. In the tunneling limit this
can be interpreted as Ivanov’s rule[17] for the e!ect of
braiding a vortex between the Majorana bound states.

The physical origin of the fermion parity anomaly lies
in the topological structure of the QSHI. Consider first
the Corbino disk in Fig. 1 without the superconductor.
In Ref. 18 we showed that the Z2 invariant characterizing
the QSHI describes the change in the Z2 “time reversal
polarization” (TRP) when flux h/2e is threaded through
the hole. A nonzero TRP specifies a many body Kramers
degeneracy localized at either edge of the disk. Since an
odd number of fermions has a Kramers degeneracy, the
TRP is precisely the fermion parity. With the super-
conductor present, start in the groundstate at " = 0.
When flux " = h/2e is threaded through the hole, " ad-
vances by 2# and a unit of fermion parity is transferred
from the inner edge of the disk to the junction on the
outer edge. The anomaly in (1-3) is similar to the chi-
ral anomaly for edge states in the quantum Hall e!ect,
where bulk currents violate charge conservation at the
edge. Note however that though (1-3) is invariant under
" ! "+ 2#, the global Hamiltonian, which includes the
bulk QSHI, is physically distinct when " = 0 and h/2e.

The local conservation of fermion parity has important
consequences for the current and noise in a S-QSHI-S
junction. This is most striking near the degeneracy point
for !0 $ #0 and T $ #0. For the remainder of the paper
we will focus on that regime. We will also consider the
limit L $ v/#0, where there is a single Andreev bound
state and (4) applies, though the results can straightfor-
wardly be generalized to the case with multiple Andreev
levels, provided T $ v/L. In this case, N0 distinguishes
two states, with Josephson currents I± = ±I0 with

I0(") =
1

2

%
De#0 sin"/2. (6)

In the absence of transitions that violate local fermion
parity conservation there can be no transitions between
I+ and I!, signaling a fractional Josephson e!ect.

Elastic scattering processes can be incorporated into
the BdG Hamiltonian from the start, and will not lead to

violations of the fermion parity. However, at finite tem-
perature, inelastic processes[21, 22] can lead to a transi-
tion between I+ and I!, provided an available fermion
is present to switch the fermion parity. This could be
either due to a thermally excited quasiparticle or due to
hopping from a bulk localized state. These processes,
however, will be exponentially suppressed at low tem-
perature. On a time scale longer than the switching time
the current will thermalize, with an average value[12, 20]

&I(")' = I0(") tanh !0(")/2T. (7)

On shorter times, the current will exhibit telegraph noise,
as it switches between I±.

In order to model the inelastic processes responsible
for the telegraph noise we consider the interaction of the
Andreev level $0 with a bath of fermions cn (e.g. quasi-
particles) and bosons bm (e.g. phonons). We thus write

H = !0$
†
0$0 +

!

n

Enc†ncn +
!

m

%mb†mbm

+
!

mn

"

(V 1
nmc†nbm + V 2

nmcnb†m)$0 + h.c.
#

. (8)

Here En,%n > 0, and we have ignored terms which create
(or anihilate) both fermions and bosons. The transition
rates &!1

± (!0, T ) between the states N0 and N0 ±1 follow
from Fermi’s golden rule. For !0, T $ #0 we find

&!1
± = e"!0/2T

$

w1(T )e!0/2T + w2(T )e!!0/2T
%

, (9)

where

w1,2(T ) = 2#
!

n,m

e!En/T |V 1,2
nm |2'(En " %m). (10)

If either the Zeeman term vanishes (M0 = 0) or the sys-
tem is symmetric under x ! "x, then w1(T ) = w2(T ) (
w(T ). We will assume this below, though the results are
only slightly modified otherwise. w(T ) depends on the
dominant source of fermions, which we take to be either
thermally activated quasiparticles or Mott variable range
hopping from bulk localized states.

w(T ) )
&

e!!0/T quasiparticles,

e!(T0/T )1/3

hopping.
(11)

T0 depends on the density of states and localization
length, and we assume the hopping is 2D.

The transition rate is exponentially suppressed for
T ! 0. At su%ciently low temperature the result-
ing telegraph noise could be observed in the time do-
main. At higher temperature there is a signature in
the noise spectrum S(%). We determine S(%) semiclas-
sically by solving a kinetic equation for the probability
p(t) that N0 = 1[21, 22]. This has the form dp/dt =
"(p " p̄)/& , where &!1 = &!1

+ + &!1
! = 4w cosh2 !0/2T .

p̄ = (1 + exp !0/T )!1 follows from the detailed balance
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the crossing at !0(") = 0.
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the hole. A nonzero TRP specifies a many body Kramers
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" ! "+ 2#, the global Hamiltonian, which includes the
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perature, inelastic processes[21, 22] can lead to a transi-
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is present to switch the fermion parity. This could be
either due to a thermally excited quasiparticle or due to
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however, will be exponentially suppressed at low tem-
perature. On a time scale longer than the switching time
the current will thermalize, with an average value[12, 20]
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The transition rate is exponentially suppressed for
T ! 0. At su%ciently low temperature the result-
ing telegraph noise could be observed in the time do-
main. At higher temperature there is a signature in
the noise spectrum S(%). We determine S(%) semiclas-
sically by solving a kinetic equation for the probability
p(t) that N0 = 1[21, 22]. This has the form dp/dt =
"(p " p̄)/& , where &!1 = &!1

+ + &!1
! = 4w cosh2 !0/2T .

p̄ = (1 + exp !0/T )!1 follows from the detailed balance

Harmful	  effect	  of	  quasi-‐parBcle	  poisoning:	  changes	  Majorana	  qubit	  and	  
thus	  switches	  branch	  without	  violaBng	  parity	  conservaBon	  	  	  	  
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Supplementary Figure 1: Schematics of the heterostructures used in the experiment. The quantum well
thicknesses were 7.5 nm for Wafer I and 4.5 nm for Wafer II.

IDC 

VDC 

VG

1 μm

Supplementary Figure 2: A scanning electron micrograph showing the layout of the junctions. A mesa 4
microns in width was contacted by Ti/Al leads. The voltage drop VDC across these leads was monitored
as a function of the DC current IDC flowing between them. A voltage VG applied to a topgate was used
to tune the electron density in the device.
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Supplementary Figure 7: Data from a Josephson junction fabricated using Wafer I, the 7.5 nm quantum
well. This junction was identical to the one presented in the main text, except that the width of the
mesa is 2 microns. a) A map of the critical current envelope as a function of topgate voltage shows
that this device has a magnetic field period of 0.68 mT, consistent with the overall area of the device.
b) After normalization the interference patterns show the evolution of this device into the QSH regime.
The decay of the interference envelope over roughly 4 mT in the QSH regime is determined by the
widths of the edge channels. c, d) The supercurrent density shows the confinement of supercurrent to
edge modes as the bulk density is depleted. e) The normal resistance of the junction as a function of
the topgate voltage. f) Edge widths extracted from the supercurrent density at the farthest negative
gate voltage (-1.1 V).
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Induced Superconductivity in the Quantum Spin Hall Edge
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Abstract

Topological insulators are a newly discovered phase of matter characterized by a gapped bulk

surrounded by novel conducting boundary states [1, 2, 3]. Since their theoretical discovery, these

materials have encouraged intense efforts to study their properties and capabilities. Among the

most striking results of this activity are proposals to engineer a new variety of superconductor at

the surfaces of topological insulators [4, 5]. These topological superconductors would be capable

of supporting localized Majorana fermions, particles whose braiding properties have been proposed

as the basis of a fault-tolerant quantum computer [6]. Despite the clear theoretical motivation, a

conclusive realization of topological superconductivity remains an outstanding experimental goal.

Here we present measurements of superconductivity induced in two-dimensional HgTe/HgCdTe

quantum wells, a material which becomes a quantum spin Hall insulator when the well width

exceeds dC = 6.3 nm [7]. In wells that are 7.5 nm wide, we find that supercurrents are confined to

the one-dimensional sample edges as the bulk density is depleted. However, when the well width is

decreased to 4.5 nm the edge supercurrents cannot be distinguished from those in the bulk. These

results provide evidence for superconductivity induced in the helical edges of the quantum spin Hall

effect, a promising step toward the demonstration of one-dimensional topological superconductivity.

Our results also provide a direct measurement of the widths of these edge channels, which range

from 180 nm to 408 nm.

Topological superconductors, like topological insulators, possess a bulk energy gap and gapless surface

states. In a topological superconductor, the surface states are predicted to manifest as zero-energy Majo-

rana fermions, fractionalized modes which pair to form conventional fermions. Due to their non-Abelian

braiding statistics, achieving control of these Majorana modes is desirable both fundamentally and for
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Current-Phase Relation in Vortex State

•  short junction L < ξ:  Josephson current is dominated by subgap Andreev states
•  many Andreev states coexist with Majorana in a Josephson vortex
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FIG. 2. Numerical computation of the Andreev bound-state
spectrum, and Josephson current for Eq. 2 with the param-
eters vF = 4.2 � 105m/s, µ = 10meV, � = 151µeV, and
W = 2µm relevant for Al/Bi2Se3/Al junctions. Panels a and
b show the low-lying Andreev bound-state spectrum as a func-
tion of phase di⇤erence � between the superconductors for
⇥B = 0.5⇥0 and ⇥B = ⇥0 respectively. The Josephson cur-
rent corresponding to a) and b) are shown in panels c) and d)
respectively. Panel d) displays the characteristic sharp peak-
dip structure from topological Andreev bound-states fusing
at the edge of the junction, as discussed in the text.

Contrast to Conventional Junctions - Low-energy
Andreev bound-states can also occur near ⌅ phase dif-
ference in conventional metallic Josephson junctions un-
der ideal conditions. For a transparent superconductor-
normal interface, and in the absence of spin-orbit cou-
pling, a conventional 2D metallic junction can be thought
of as two separate copies of Eq. 2 one for right mov-
ing spin-up electrons and left-moving spin-down holes,
and another for the corresponding time-reversed part-
ners. This would lead to low-energy ABS’s bound to
Josephson vortices similar to those described above, ex-
cept doubly degenerate.

However, in practice normal scattering at the S-N in-
terface (for example due to the chemical potential mis-
match in S and N region) and spin-orbit coupling will
push ABS up in energy towards the bulk gap �, and
even completely remove them in a short Josephson junc-
tion. In contrast, the helical nature of the TI surface
state gives rise to topologically protected ABS’s. There-
fore, in the short-junction limit, the Josephson signatures
described below are particular to the special properties
of the S-TI-S junction.

Josephson Current - Having discussed the struc-
ture of low-energy Andreev bound-states in the junc-
tion, we now analyze their e⇤ect on Josephson current.
When the number of magnetic flux quanta, ⇥B/⇥0, is not
close to a non-zero integer then the Josephson current is
carried predominately by conventional states (extended
states with E > �, and non-zero energy ABS’s) and
shows a nearly sinusoidal current phase dependence (see

Fig. 2a). Near integer values of flux quanta, ⇥B/⇥0 =
±1,±2, etc . . . , however, the conventional contribution
becomes vanishingly small.

In this regime, the Majorana bound-state contribu-
tion to Josephson current dominates. For simplicity,
we will first describe the situation for ⇥B = ⇥0 (see
Fig. 2b). The case of ⇥B = N⇥0 is similar. When
⇥B = ⇥0, and ⇥0 ⌅= ⌅, there is exactly one Josephson vor-
tex piercing the junction, which binds Majorana modes
at y0 = W

2 (1� ⇥0
⌅ ) on both the top and bottom surfaces

of the TI. These Majorana modes hybridize by tunnel-
ing into each other around the perimeter of the junction.
The resulting energy splitting is exponentially suppressed
as e�2min[y0,(W�y0)]/⇤B , and is negligibly small when the
position of Majorana modes y0 is more than a few ⇤B

away from the edges of the junction. In this regime, the
splitting is insensitive to y0 and ⇥0, and the Majorana
modes do not contribute to the Josephson current.

In contrast, when ⇥0 ⇤ ⌅, y0 ⇤ 0 and the Majorana
states are strongly coupled near the edge and split away
from zero-energy. If the junction height h <⇥ ⇤B , then we
may ignore then finite thickness of the TI film, and the

Majorana states are split by energy �EM ⇤
⇤

vM�
⇧B

. As

⇥0 approaches ⌅ from below, the Majorana states move
towards the junction edge at y = 0 and begin to fuse
and split when ⇥0 ⇤ ⌅

�
1� ⇤B

W

⇥
. Increasing ⇥0 beyond ⌅

causes a di⇤erent set of Majorana states to emerge from
near y = W , and move to decreasing y, reversing the pro-
cess that occurred near y = 0 for ⇥0 > ⌅. The hybridiza-
tion of Majorana states at the two edges gives rise to local
supercurrents in opposite directions. At ⇥0 = ⌅, the split-
ting of Majorana states is large, but supercurrents from
two edges cancel. Slight deviation from ⇥0 = ⌅ tips the
balance by increasing the magnitude of supercurrent at
one edge and suppressing the other, thereby generating a
nonzero total supercurrent. The sensitivity of the Majo-
rana splitting energy to the phase di⇤erence implies that
the Majorana states contribute a peak in the Josephson
current near ⇧0 ⇤ ⌅

�
1� ⇤B

W

⇥
followed by a dip in the

Josephson current near ⇧0 ⇤ ⌅
�
1 + ⇤B

W

⇥
(see Fig. 2d.).

By these considerations, we find that the maximal
supercurrent carried by the Majorana state is IM ⇤
2⌅
⇥0

�EM
�⇥0

⇤ �/⇥0, which for Al SC layers is IM ⇤ 10nA.
This result is largely independent of details. In partic-
ular it is completely independent of vM , µ, W , and L
(though it can depend slightly on finer details such as
the degree of asymmetry between the top and bottom
surfaces, or between the two edges). The Majorana cur-
rent IM ⇤ �/⇥0 roughly corresponds to the maximal
amount of Josephson current carried by a single quan-
tum channel[27]. By comparison, for junctions of a few
µm in width, such as those measured in Ref. 20, there are
roughly kFW ⇤ 102 � 103 quantum channels in the en-
tire junction. Consequently, the Majorana contribution
to Josephson current, which dominates near an integer

� = h/2e

θ0 = π + δ

θW = π - δ

•  this result is largely independent of details
•  the maximum amount of Josephson current 
carried by a single mode. 

Maximum supercurrent is close to eΔ/h. 

TI

Magnitude	  of	  Majorana-‐derived	  Supercurrent	  	  
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a !L;W" # !55 nm; 1:5 !m" device. Two phenomena are
of note: BC is 5 times smaller than expected from the known
device area and the shape of IC!B" deviates from a typical
Fraunhofer pattern. The area of the devices is calculated as
W!L$ 2"L", where "L # 50 nm is the dirty London pene-
tration depth for aluminum [9]. The extracted IC!B" is
shown in Fig. 3(b) (dashed line with circles) and compared
to the simulated Fraunhofer pattern (solid line) for the
device area [9]. BC for this device is 1.70 mT, whereas it
should be 9.3 mT, based on the device area measured from a
scanning-electron micrograph. We have measured a
smaller-than-expected value of BC in all our devices. The
three minima in IC on each side of B # 0 are unequally
spaced, occurring at B # 1:70, 6.25, and 11.80 mT. Even if
the effective area of the junction were larger for unknown
reasons, fitting the central peak to a Fraunhofer pattern
would produce minima at 1.7, 3.4, and 5.1 mT, different

from what is observed. The graphite control device exhibits
a more conventional MDP [9], with the first minimum close
to the expected field.
We have been unable to explain these experimental

observations using known phenomena of conventional
JJs, such as Pearl effects, flux focusing, and many others.
It is not uncommon to observe reduced values of ICRN

in conventional JJs because of poor electric contact to the
superconductor, thermal fluctuations or activation, or an
extra normal channel that does not participate in super-
current [8]. Nor is it uncommon to have the first minimum
of the MDP not at the expected field, because of flux
focusing or nonuniform current distribution [12]. Even
considering all these effects, and others, as discussed in
detail in the Supplemental Material [9], we are not able to
account for such large deviations from naive expectations,
with consistent behavior over many devices. We therefore
instead attempt to account for the effects seen in our Bi2Se3
devices in the framework of the model in Ref. [2]. Since the
original proposal did not consider our exact geometry or
measurement, we propose a twofold phenomenological
extension to the model in Ref. [2]: we do not claim to
have proven that this phenomenological picture is correct,
but since it accounts in an economical way for some of
our striking observations we offer it as a spur to further
theoretical and experimental work on this system.
First we take into account confinement along the 1D

Majorana wire, quantizing its energy levels at multiples of
EC # h#ex=2l, with #ex the velocity of the carriers in the
wire and l the length of the wire. In the present devices, the
length of the wire is either the width W of the JJ or, if
the Majorana modes exist all the way around the TI flake,
2W $ 2t (where t % W is the thickness of the flake),
hence EC / h#ex=2W. The effect of this quantization on
the energy levels is shown in Fig. 4(a). If the E # 0 state
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FIG. 3 (color online). (a) Differential resistance dV=dI as a
function of B and I showing an anomalous magnetic diffraction
pattern for a W # 1:5 !m junction. Two features are of note: a
smaller-than-expected value of BC at 1.70 mT and a nonuniform
spacing between minima at values B # 1:70, 6.50, 11.80 mT.
(b) (main) IC!B" (dashed line with circles) extracted from dV=dI
in (a) is compared to the expected Fraunhofer pattern for the
junction (solid line) where a reduction of the scale of the pattern
and the nonuniform spacing are evident. (inset) A comparison of
the simulated Frauhofer pattern for a sinusoidal and an
empirically determined, peaked CPR. The narrowing of the
diffraction pattern and the aperiodic minima observed in (a)
are captured this CPR.

E

k

I ($)

$=%

$

$=%
EC

-EC

(a) (b)

FIG. 4 (color online). (a) Energy levels near ’ # $ before
momentum quantization along W (solid line) and after, where
the topological state remains at E # 0 (solid circle) and the
first quantized energy level at the value EC (empty circle).
(b) Current-phase relation resulting from momentum quantiza-
tion, producing an anomalous peak at ’ # $. The location and
shape of the peaks in the current-phase relation depend on the
details of energy spectrum of the Andreev bound pairs and in [9]
we consider several possible scenarios for this spectrum.
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We report on transport properties of Josephson junctions in hybrid superconducting-topological

insulator devices, which show two striking departures from the common Josephson junction behavior:

a characteristic energy that scales inversely with the width of the junction, and a low characteristic

magnetic field for suppressing supercurrent. To explain these effects, we propose a phenomenological

model which expands on the existing theory for topological insulator Josephson junctions.

DOI: 10.1103/PhysRevLett.109.056803 PACS numbers: 73.23.!b, 74.45.+c

The Majorana fermion, a charge-neutral particle that is
its own antiparticle, was proposed theoretically almost
75 years ago [1]. Electronic excitations in certain condensed
matter systems have recently been predicted to act as
Majorana fermions [1]. One such system is a three-
dimensional topological insulator (TI) where superconduct-
ing correlations between particles are introduced, producing
a ‘‘topological superconductor’’ [2]. When two supercon-
ductors are connected by a TI, the TI ‘‘weak link’’ super-
conducts due to its proximity to the superconducting leads.
This produces a Josephson junction (JJ) but with several
important distinctions compared to a conventional JJ, where
the weak link is typically an ordinary metal or insulator. Fu
and Kane have predicted [2] a one-dimensional (1D) mode
of Majorana fermions at the interface between a conven-
tional superconductor and a superconducting topological
surface state. Hence, JJs formed with a TI weak link are
expected to have two 1D modes at the two superconductor-
TI interfaces [arrows in Fig. 1(a)], which fuse to form a 1D
wire of Majorana fermions [Fig. 1(a)] running along the
width of the device [2]. The energy spectrum of these
Majorana fermions is characterized by states within the
superconducting gap, which cross at zero energy when the
phase difference ’ between the two superconducting leads
is !.

To probe this exotic state, recent experiments have in-
vestigated transport in TI JJs, finding good agreement with
conventional JJ behavior [3–7]. Two characteristic proper-
ties are typically reported for JJs. The first is the product
ICRN , where IC is the critical current and RN is the normal
state resistance. ICRN should be of order !=e (where ! is
the superconducting gap of the leads and e is the charge of
the electron) and independent of device geometry [8]. The
second characteristic property is the ‘‘Fraunhofer-like’’
magnetic diffraction pattern, i.e., the decaying, oscillatory
response of the supercurrent to the magnetic field B,

applied perpendicular to the flow of the supercurrent. The
first minimum in IC should occur at B " BC, when one
quantum of flux"0 " h=2e (where h is Planck’s constant)
is passed through the area of the device. Recent reports on
TI JJs [6,7] match this expectation.
In this Letter we report on transport properties of nano-

scale Josephson junctions fabricated using Bi2Se3 as the
weak link material. The main experimental results of this
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FIG. 1 (color online). (a) Schematic of a topological insulator
Josephson junction. Two superconducting leads are patterned on
top of Bi2Se3 forming a junction with length L and width W.
Along the width of the device, resulting in a one-dimensional
wire of Majorana fermions (in between superconducting leads).
(b) Scanning-electron micrograph of a device similar to the ones
measured in this Letter. (c) (main) V vs I for a devices of
dimensions #L;W$ " #45 nm; 1 "m$ for B " 0, 2, 3, 5, 8,
10 mT and at a temperature of 12 mK. At B " 0, IC is
850 nA, which is reduced upon increasing B. For this device,
the product ICRN " 30:6 "V, much lower than theoretically
expected for conventional JJs. (upper-left inset) I-V curves
overlap for all values of B at V % 2!=e& 300 "V. (lower-right
inset) Sweeps up and down in I show little hysteresis, indicating
that the junction is in the overdamped regime.
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a !L;W" # !55 nm; 1:5 !m" device. Two phenomena are
of note: BC is 5 times smaller than expected from the known
device area and the shape of IC!B" deviates from a typical
Fraunhofer pattern. The area of the devices is calculated as
W!L$ 2"L", where "L # 50 nm is the dirty London pene-
tration depth for aluminum [9]. The extracted IC!B" is
shown in Fig. 3(b) (dashed line with circles) and compared
to the simulated Fraunhofer pattern (solid line) for the
device area [9]. BC for this device is 1.70 mT, whereas it
should be 9.3 mT, based on the device area measured from a
scanning-electron micrograph. We have measured a
smaller-than-expected value of BC in all our devices. The
three minima in IC on each side of B # 0 are unequally
spaced, occurring at B # 1:70, 6.25, and 11.80 mT. Even if
the effective area of the junction were larger for unknown
reasons, fitting the central peak to a Fraunhofer pattern
would produce minima at 1.7, 3.4, and 5.1 mT, different

from what is observed. The graphite control device exhibits
a more conventional MDP [9], with the first minimum close
to the expected field.
We have been unable to explain these experimental

observations using known phenomena of conventional
JJs, such as Pearl effects, flux focusing, and many others.
It is not uncommon to observe reduced values of ICRN

in conventional JJs because of poor electric contact to the
superconductor, thermal fluctuations or activation, or an
extra normal channel that does not participate in super-
current [8]. Nor is it uncommon to have the first minimum
of the MDP not at the expected field, because of flux
focusing or nonuniform current distribution [12]. Even
considering all these effects, and others, as discussed in
detail in the Supplemental Material [9], we are not able to
account for such large deviations from naive expectations,
with consistent behavior over many devices. We therefore
instead attempt to account for the effects seen in our Bi2Se3
devices in the framework of the model in Ref. [2]. Since the
original proposal did not consider our exact geometry or
measurement, we propose a twofold phenomenological
extension to the model in Ref. [2]: we do not claim to
have proven that this phenomenological picture is correct,
but since it accounts in an economical way for some of
our striking observations we offer it as a spur to further
theoretical and experimental work on this system.
First we take into account confinement along the 1D

Majorana wire, quantizing its energy levels at multiples of
EC # h#ex=2l, with #ex the velocity of the carriers in the
wire and l the length of the wire. In the present devices, the
length of the wire is either the width W of the JJ or, if
the Majorana modes exist all the way around the TI flake,
2W $ 2t (where t % W is the thickness of the flake),
hence EC / h#ex=2W. The effect of this quantization on
the energy levels is shown in Fig. 4(a). If the E # 0 state
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FIG. 3 (color online). (a) Differential resistance dV=dI as a
function of B and I showing an anomalous magnetic diffraction
pattern for a W # 1:5 !m junction. Two features are of note: a
smaller-than-expected value of BC at 1.70 mT and a nonuniform
spacing between minima at values B # 1:70, 6.50, 11.80 mT.
(b) (main) IC!B" (dashed line with circles) extracted from dV=dI
in (a) is compared to the expected Fraunhofer pattern for the
junction (solid line) where a reduction of the scale of the pattern
and the nonuniform spacing are evident. (inset) A comparison of
the simulated Frauhofer pattern for a sinusoidal and an
empirically determined, peaked CPR. The narrowing of the
diffraction pattern and the aperiodic minima observed in (a)
are captured this CPR.
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FIG. 4 (color online). (a) Energy levels near ’ # $ before
momentum quantization along W (solid line) and after, where
the topological state remains at E # 0 (solid circle) and the
first quantized energy level at the value EC (empty circle).
(b) Current-phase relation resulting from momentum quantiza-
tion, producing an anomalous peak at ’ # $. The location and
shape of the peaks in the current-phase relation depend on the
details of energy spectrum of the Andreev bound pairs and in [9]
we consider several possible scenarios for this spectrum.
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a !L;W" # !55 nm; 1:5 !m" device. Two phenomena are
of note: BC is 5 times smaller than expected from the known
device area and the shape of IC!B" deviates from a typical
Fraunhofer pattern. The area of the devices is calculated as
W!L$ 2"L", where "L # 50 nm is the dirty London pene-
tration depth for aluminum [9]. The extracted IC!B" is
shown in Fig. 3(b) (dashed line with circles) and compared
to the simulated Fraunhofer pattern (solid line) for the
device area [9]. BC for this device is 1.70 mT, whereas it
should be 9.3 mT, based on the device area measured from a
scanning-electron micrograph. We have measured a
smaller-than-expected value of BC in all our devices. The
three minima in IC on each side of B # 0 are unequally
spaced, occurring at B # 1:70, 6.25, and 11.80 mT. Even if
the effective area of the junction were larger for unknown
reasons, fitting the central peak to a Fraunhofer pattern
would produce minima at 1.7, 3.4, and 5.1 mT, different

from what is observed. The graphite control device exhibits
a more conventional MDP [9], with the first minimum close
to the expected field.
We have been unable to explain these experimental

observations using known phenomena of conventional
JJs, such as Pearl effects, flux focusing, and many others.
It is not uncommon to observe reduced values of ICRN

in conventional JJs because of poor electric contact to the
superconductor, thermal fluctuations or activation, or an
extra normal channel that does not participate in super-
current [8]. Nor is it uncommon to have the first minimum
of the MDP not at the expected field, because of flux
focusing or nonuniform current distribution [12]. Even
considering all these effects, and others, as discussed in
detail in the Supplemental Material [9], we are not able to
account for such large deviations from naive expectations,
with consistent behavior over many devices. We therefore
instead attempt to account for the effects seen in our Bi2Se3
devices in the framework of the model in Ref. [2]. Since the
original proposal did not consider our exact geometry or
measurement, we propose a twofold phenomenological
extension to the model in Ref. [2]: we do not claim to
have proven that this phenomenological picture is correct,
but since it accounts in an economical way for some of
our striking observations we offer it as a spur to further
theoretical and experimental work on this system.
First we take into account confinement along the 1D

Majorana wire, quantizing its energy levels at multiples of
EC # h#ex=2l, with #ex the velocity of the carriers in the
wire and l the length of the wire. In the present devices, the
length of the wire is either the width W of the JJ or, if
the Majorana modes exist all the way around the TI flake,
2W $ 2t (where t % W is the thickness of the flake),
hence EC / h#ex=2W. The effect of this quantization on
the energy levels is shown in Fig. 4(a). If the E # 0 state
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FIG. 3 (color online). (a) Differential resistance dV=dI as a
function of B and I showing an anomalous magnetic diffraction
pattern for a W # 1:5 !m junction. Two features are of note: a
smaller-than-expected value of BC at 1.70 mT and a nonuniform
spacing between minima at values B # 1:70, 6.50, 11.80 mT.
(b) (main) IC!B" (dashed line with circles) extracted from dV=dI
in (a) is compared to the expected Fraunhofer pattern for the
junction (solid line) where a reduction of the scale of the pattern
and the nonuniform spacing are evident. (inset) A comparison of
the simulated Frauhofer pattern for a sinusoidal and an
empirically determined, peaked CPR. The narrowing of the
diffraction pattern and the aperiodic minima observed in (a)
are captured this CPR.
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FIG. 4 (color online). (a) Energy levels near í # $ before
momentum quantization along W (solid line) and after, where
the topological state remains at E # 0 (solid circle) and the
first quantized energy level at the value EC (empty circle).
(b) Current-phase relation resulting from momentum quantiza-
tion, producing an anomalous peak at í # $. The location and
shape of the peaks in the current-phase relation depend on the
details of energy spectrum of the Andreev bound pairs and in [9]
we consider several possible scenarios for this spectrum.
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We report on transport properties of Josephson junctions in hybrid superconducting-topological

insulator devices, which show two striking departures from the common Josephson junction behavior:

a characteristic energy that scales inversely with the width of the junction, and a low characteristic

magnetic field for suppressing supercurrent. To explain these effects, we propose a phenomenological

model which expands on the existing theory for topological insulator Josephson junctions.

DOI: 10.1103/PhysRevLett.109.056803 PACS numbers: 73.23.!b, 74.45.+c

The Majorana fermion, a charge-neutral particle that is
its own antiparticle, was proposed theoretically almost
75 years ago [1]. Electronic excitations in certain condensed
matter systems have recently been predicted to act as
Majorana fermions [1]. One such system is a three-
dimensional topological insulator (TI) where superconduct-
ing correlations between particles are introduced, producing
a ‘‘topological superconductor’’ [2]. When two supercon-
ductors are connected by a TI, the TI ‘‘weak link’’ super-
conducts due to its proximity to the superconducting leads.
This produces a Josephson junction (JJ) but with several
important distinctions compared to a conventional JJ, where
the weak link is typically an ordinary metal or insulator. Fu
and Kane have predicted [2] a one-dimensional (1D) mode
of Majorana fermions at the interface between a conven-
tional superconductor and a superconducting topological
surface state. Hence, JJs formed with a TI weak link are
expected to have two 1D modes at the two superconductor-
TI interfaces [arrows in Fig. 1(a)], which fuse to form a 1D
wire of Majorana fermions [Fig. 1(a)] running along the
width of the device [2]. The energy spectrum of these
Majorana fermions is characterized by states within the
superconducting gap, which cross at zero energy when the
phase difference í between the two superconducting leads
is !.

To probe this exotic state, recent experiments have in-
vestigated transport in TI JJs, finding good agreement with
conventional JJ behavior [3–7]. Two characteristic proper-
ties are typically reported for JJs. The first is the product
ICRN , where IC is the critical current and RN is the normal
state resistance. ICRN should be of order !=e (where ! is
the superconducting gap of the leads and e is the charge of
the electron) and independent of device geometry [8]. The
second characteristic property is the ‘‘Fraunhofer-like’’
magnetic diffraction pattern, i.e., the decaying, oscillatory
response of the supercurrent to the magnetic field B,

applied perpendicular to the flow of the supercurrent. The
first minimum in IC should occur at B " BC, when one
quantum of flux"0 " h=2e (where h is Planck’s constant)
is passed through the area of the device. Recent reports on
TI JJs [6,7] match this expectation.
In this Letter we report on transport properties of nano-

scale Josephson junctions fabricated using Bi2Se3 as the
weak link material. The main experimental results of this
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FIG. 1 (color online). (a) Schematic of a topological insulator
Josephson junction. Two superconducting leads are patterned on
top of Bi2Se3 forming a junction with length L and width W.
Along the width of the device, resulting in a one-dimensional
wire of Majorana fermions (in between superconducting leads).
(b) Scanning-electron micrograph of a device similar to the ones
measured in this Letter. (c) (main) V vs I for a devices of
dimensions #L;W$ " #45 nm; 1 "m$ for B " 0, 2, 3, 5, 8,
10 mT and at a temperature of 12 mK. At B " 0, IC is
850 nA, which is reduced upon increasing B. For this device,
the product ICRN " 30:6 "V, much lower than theoretically
expected for conventional JJs. (upper-left inset) I-V curves
overlap for all values of B at V % 2!=e& 300 "V. (lower-right
inset) Sweeps up and down in I show little hysteresis, indicating
that the junction is in the overdamped regime.
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a !L;W" # !55 nm; 1:5 !m" device. Two phenomena are
of note: BC is 5 times smaller than expected from the known
device area and the shape of IC!B" deviates from a typical
Fraunhofer pattern. The area of the devices is calculated as
W!L$ 2"L", where "L # 50 nm is the dirty London pene-
tration depth for aluminum [9]. The extracted IC!B" is
shown in Fig. 3(b) (dashed line with circles) and compared
to the simulated Fraunhofer pattern (solid line) for the
device area [9]. BC for this device is 1.70 mT, whereas it
should be 9.3 mT, based on the device area measured from a
scanning-electron micrograph. We have measured a
smaller-than-expected value of BC in all our devices. The
three minima in IC on each side of B # 0 are unequally
spaced, occurring at B # 1:70, 6.25, and 11.80 mT. Even if
the effective area of the junction were larger for unknown
reasons, fitting the central peak to a Fraunhofer pattern
would produce minima at 1.7, 3.4, and 5.1 mT, different

from what is observed. The graphite control device exhibits
a more conventional MDP [9], with the first minimum close
to the expected field.
We have been unable to explain these experimental

observations using known phenomena of conventional
JJs, such as Pearl effects, flux focusing, and many others.
It is not uncommon to observe reduced values of ICRN

in conventional JJs because of poor electric contact to the
superconductor, thermal fluctuations or activation, or an
extra normal channel that does not participate in super-
current [8]. Nor is it uncommon to have the first minimum
of the MDP not at the expected field, because of flux
focusing or nonuniform current distribution [12]. Even
considering all these effects, and others, as discussed in
detail in the Supplemental Material [9], we are not able to
account for such large deviations from naive expectations,
with consistent behavior over many devices. We therefore
instead attempt to account for the effects seen in our Bi2Se3
devices in the framework of the model in Ref. [2]. Since the
original proposal did not consider our exact geometry or
measurement, we propose a twofold phenomenological
extension to the model in Ref. [2]: we do not claim to
have proven that this phenomenological picture is correct,
but since it accounts in an economical way for some of
our striking observations we offer it as a spur to further
theoretical and experimental work on this system.
First we take into account confinement along the 1D

Majorana wire, quantizing its energy levels at multiples of
EC # h#ex=2l, with #ex the velocity of the carriers in the
wire and l the length of the wire. In the present devices, the
length of the wire is either the width W of the JJ or, if
the Majorana modes exist all the way around the TI flake,
2W $ 2t (where t % W is the thickness of the flake),
hence EC / h#ex=2W. The effect of this quantization on
the energy levels is shown in Fig. 4(a). If the E # 0 state
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FIG. 3 (color online). (a) Differential resistance dV=dI as a
function of B and I showing an anomalous magnetic diffraction
pattern for a W # 1:5 !m junction. Two features are of note: a
smaller-than-expected value of BC at 1.70 mT and a nonuniform
spacing between minima at values B # 1:70, 6.50, 11.80 mT.
(b) (main) IC!B" (dashed line with circles) extracted from dV=dI
in (a) is compared to the expected Fraunhofer pattern for the
junction (solid line) where a reduction of the scale of the pattern
and the nonuniform spacing are evident. (inset) A comparison of
the simulated Frauhofer pattern for a sinusoidal and an
empirically determined, peaked CPR. The narrowing of the
diffraction pattern and the aperiodic minima observed in (a)
are captured this CPR.
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FIG. 4 (color online). (a) Energy levels near í # $ before
momentum quantization along W (solid line) and after, where
the topological state remains at E # 0 (solid circle) and the
first quantized energy level at the value EC (empty circle).
(b) Current-phase relation resulting from momentum quantiza-
tion, producing an anomalous peak at í # $. The location and
shape of the peaks in the current-phase relation depend on the
details of energy spectrum of the Andreev bound pairs and in [9]
we consider several possible scenarios for this spectrum.
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ExoBc	  ProperBes	  of	  Majorana	  Modes	  

•  ParBcle	  =	  AnB-‐parBcle:	  	  pair	  annihilaBon	  and	  producBon	  

•  Non-‐locality:	  	  two	  spaBally	  separated	  Majorana	  modes	  form	  one	  qubit	  	  
	  	  	  	  
•  Non-‐Abelian	  staBsBcs:	  braiding	  changes	  Majorana	  qubit	  



N1 S N2

V1 V2

N-S-N junction  

I1 I2

How to Detect the Non-Local Majorana Qubit? 

Perhaps this? 

under conditions:  1.  superconductor is grounded. 
2.  two Majorana modes have vanishing wavefunction overlap.

•  Andreev reflections at N1-S and N2-S are independent 
•  I1(V1) and I2(V2) are uncorrelated: e.g. I2=0 if V2=0 irrespective of V1 

results from BTK theory: 

Ahkmerov, Nilsson, Beenakker, 09;   Bolech & Demler 07

reason:  N-S conductance is determined by local Andreev reflection at the interface.



N1 S N2

V1 V2

N-S-N junction  

I1 I2

How to Detect the Non-Local Majorana Qubit? 

Perhaps this? 

under conditions:  1.  superconductor is grounded. 
2.  two Majorana modes have vanishing wavefunction overlap.

N - grounded S - N junction = two N-S junctions in parallel: 
does not detect the Majorana qubit

Mission Impossible?



new ingredient:  
              charging energy due to long-range Coulomb interaction

Electron Teleportation via Majorana Bound States in a Mesoscopic Superconductor

Liang Fu
Department of Physics, Harvard University, Cambridge, Massachusetts 02138, USA

(Received 23 October 2009; published 2 February 2010)

Zero-energy Majorana bound states in superconductors have been proposed to be potential building

blocks of a topological quantum computer, because quantum information can be encoded nonlocally in the

fermion occupation of a pair of spatially separated Majorana bound states. However, despite intensive

efforts, nonlocal signatures of Majorana bound states have not been found in charge transport. In this

work, we predict a striking nonlocal phase-coherent electron transfer process by virtue of tunneling in and

out of a pair of Majorana bound states. This teleportation phenomenon only exists in a mesoscopic

superconductor because of an all-important but previously overlooked charging energy. We propose an

experimental setup to detect this phenomenon in a superconductor–quantum-spin-Hall-insulator–-

magnetic-insulator hybrid system.

DOI: 10.1103/PhysRevLett.104.056402 PACS numbers: 71.10.Pm, 73.23.!b, 74.50.+r, 74.90.+n

Majorana bound states are localized zero-energy excita-
tions of a superconductor [1,2]. An isolated Majorana
bound state is an equal superposition of electron and hole
excitations and therefore not a fermionic state. Instead, two
spatially separated Majorana bound states together make
one zero-energy fermion level [1,3] which can be either
occupied or empty. This defines a two-level system which
can store quantum information nonlocally, as needed to
realize topological quantum computation [4,5]. While sev-
eral schemes have been recently proposed to detect the
existence of individual Majorana bound states [6–12],
experimental signatures of the nonlocal fermion occupa-
tion of these states remain to be found.

In this work, we predict a nonlocal electron transfer
process due to Majorana bound states in a mesosopic
superconductor: an electron which is injected into one
Majorana bound state can go out from another one far
apart maintaining phase coherence. Strikingly, the trans-
mission phase shift is independent of the distance ‘‘trav-
eled.’’ In such a sense, we call this phenomenon ‘‘electron
teleportation.’’ It occurs because of the nonlocal fer-
mion occupation of Majorana bound states and the finite
charging energy of a mesoscopic superconductor. The
all-important role of charging energy in the study of
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•  conductance and transmission phase shift is independent of what’s inside S, 
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•  phase shift (measured by interference) changes by π when Majorana qubit flips:  
measures fusion outcome of two Majorana modes without moving them. 
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small bias below charging energy,
low temperature below tunneling strength
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mission phase shift is independent of the distance ‘‘trav-
eled.’’ In such a sense, we call this phenomenon ‘‘electron
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charging energy of a mesoscopic superconductor. The
all-important role of charging energy in the study of
Majorana fermions has not been recognized before. We
propose a realistic scheme to detect the teleportation
phenomena in a superconductor–quantum-spin-Hall-
insulator–magnetic-insulator hybrid system, which have
been recently shown to host Majorana bound states
[13,14].

In a macroscopic s-wave superconductor, charge e ex-
citations have a pairing energy gap, whereas charge 2e
excitations cost zero energy. Therefore the ground state
manifold consists of states with an even number of elec-
trons only, as shown in Fig. 1(a). The BCS wave function
of the ground state with a definite overall superconducting
phase ! 2 "0; 2"# is a linear superposition of states with

2N electrons. Now consider that a pair of zero-energy
Majorana bound states are present at positions R1 and R2

in the superconductor, and all other quasiparticle excita-
tions have a finite gap greater than an energy scale !. We
shall show later how this situation can be realized in a
device consisting of an s-wave superconductor and the
recently discovered quantum spin Hall (QSH) insulator
HgTe quantum well [15,16]. The two Majorana operators
#1 and #2 are defined by

#1;2 $
Z

dxe!i!=2$1;2%x&cy%x& ' ei!=2$(
1;2%x&c%x&: (1)

Here $1;2%x& are bound state wave functions centered at
R1;2. We assume that the distance between the two
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length—a necessary condition for the notion of nonlocality
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FIG. 1 (color online). Energy spectrum of a superconductor as
a function of total number of electrons. States with an even and
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in the superconductor, and all other quasiparticle excita-
tions have a finite gap greater than an energy scale !. We
shall show later how this situation can be realized in a
device consisting of an s-wave superconductor and the
recently discovered quantum spin Hall (QSH) insulator
HgTe quantum well [15,16]. The two Majorana operators
#1 and #2 are defined by

#1;2 $
Z

dxe!i!=2$1;2%x&cy%x& ' ei!=2$(
1;2%x&c%x&: (1)

Here $1;2%x& are bound state wave functions centered at
R1;2. We assume that the distance between the two
Majorana bound states is much larger than the coherence
length—a necessary condition for the notion of nonlocality
to be meaningful. A single fermionic operator can then be
defined dy $ %#1 ' i#2&=2, which accommodates an extra

2N2N-22N-4 2N+2

2N+12N-12N-3

2N

2N-1

2N-2 2N+2

2N-3 2N+1

2N-4

E

N

(a)

(b)

!

!

FIG. 1 (color online). Energy spectrum of a superconductor as
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U=0

U≠0

•  U≠0:  E(N) = U(N-N0)2  for both even and odd N

|G⇥2N = |0⇥1 � |0⇥2...� |0⇥M
|G0⇥2N+1 = |0⇥1 � |0⇥2...� |1⇥M
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•  conductance reaches e2/h for symmetric resonant tunneling 

•  conductance and transmission phase shift is independent of what’s inside S, 
such as distance between Majorana modes, fermion bath...

•  phase shift (measured by interference) changes by π when Majorana qubit flips:  
measures fusion outcome of two Majorana modes without moving them. 

Working conditions:  
small bias below charging energy,
low temperature below tunneling strength

direct consequences of nonlocal nature of Majorana state

Nonlocal	  Transport	  via	  Majorana	  Qubit	  

Tunneling Process

Weak tunneling and small bias limit (universal regime):  

analyze the slow tunneling process in steps, work with low-energy states only, 
and calculate transmission amplitude of incident electron. 



e
U=0

|G�2N = |0�M

Weak tunneling and small bias limit (universal regime):  

|G0�2N+1 = |1�M

Tunneling Process

e

c2|G0⇥2N+1 � u⇤
2�2|1⇥M = iu⇤

2|0⇥M = iu⇤
2|G⇥2N

|G�2N = |0�M  current +I

|G0�2N+1 = |1�M

OR
e

current -I|G�2N+2 = |0�M

c†2|G�⇤2N+1 ⇥ u2�2|1⇤M = �iu2|0⇤M = �iu2|G⇤2N+2

Total current is zero because (i) Majorana mode is equal superposition of electron 
and hole (ii) condensate reservoir absorbs Cooper pairs at zero energy cost. 



e

Charging energy U≠0

|G�2N = |0�M

|G0�2N+1 = |1�M

|G0�2N+1 = |1�M

e

OR

|G�2N = |0�M  current +I

e
|G�2N+2 = |0�M

EN
EN+1

EN+2

Tunneling Process

Weak tunneling and small bias limit (universal regime):  

Charging energy removes degeneracy between different charge states in S, 
suppresses Andreev reflection and thus results in a nonzero conductance.



e

Charging energy U≠0

|G�2N = |0�M

|G0�2N+1 = |1�M

e
|G�2N = |0�M  current +I

Tunneling Process

Weak tunneling and small bias limit (universal regime):  

After completing a charge transfer via Majorana modes, the 
superconductor restores to the same ground state, because 
two Majorana modes “share” one quantum state. 

EN

EN+1

EN+2

This	  nonlocality	  enables	  electron	  to	  be	  added	  and	  subsequently	  removed	  from	  
two	  ends	  of	  superconductor	  without	  leaving	  trace	  behind	  =>	  elasBc	  process	  



Tunneling at Off-Resonance

e

Charging energy U≠0

|G�2N = |0�M

|G0�2N+1 = |1�M

e
|G�2N = |0�M  current +I

Weak tunneling and small bias limit (universal regime):  

for bias smaller than detuning,  eV<EN+1 -EN

from second-order perturbation theory:  

transmission amplitude = 

EN

EN+1

EN+2

Note the sign depends on Majorana qubit 

±i�1�2(u
⇤
2u1)

(here coincides with electron number parity)



Tunneling at Off-Resonance

e

Charging energy U≠0

|G�2N = |0�M

|G0�2N+1 = |1�M

e
|G�2N = |0�M  current +I

Weak tunneling and small bias limit (universal regime):  

EN

EN+1

EN+2

The problem of tunneling through two Majorana modes is 
mapped to tunneling through a single energy level.

because the two many-body ground states involved differ by 
charge one and opposite fermion parity
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measures fusion outcome of two Majorana modes without moving them. 

direct consequences of nonlocal nature of Majorana state

tor. The ‘‘naive’’ Hilbert space of H is simply the direct
product of electron number eigenstate jni and the two
states of d level (jei and joi), but it is redundant. Instead,
the physical Hilbert space only consists of those states
jn ! 2N; ei and jn ! 2N " 1; oi that satisfy the gauge
constraint (3).

When the source is biased at a small voltage V, current
flows to drain by electron tunneling in and out of the
superconductor. Since charging energy Uc favors states
with a fixed number of charge in the superconductor,
only two charge states jn0i and jn0 " 1i give dominant
contribution to the current for V < U, which is similar to
tunneling through a quantum dot in the Coulomb blockade
regime. To a good approximation, we can then truncate the
Hilbert space keeping only these two states, which we label
by sz ! #1. H then becomes

~H ! HL " !

2
sz "

X

j!1;2

$"jc
y
j #js% " "&

j#jcjs"': (7)

Here ! is the energy difference between jn0i and jn0 " 1i
and depends on the gate voltage. The gauge symmetry (3)
then becomes i#1#2sz ! (%1)n0 . The key to solving the
tunneling problem (7) is to combine Majorana and spin
operators into a singe fermion operator f.

#1s
" ! f"; #1s

% ! f;

#2s
" ! i(%1)n0f"; #2s

% ! i(%1)n0"1f:
(8)

We have checked that this transformation preserves all
commutation relations

f#js
";#js

%g ! 1; f#is
";#js

"g ! f#is
%;#js

%g ! 0;

f#1s
";#2s

%g ! #1#2sz ! i(%1)n0"1; (9)

where the gauge constraint is used in the last equation.
Conceptually, it is not surprising that the transformation (8)
works: after all, the two charge states jn0i and jn0 " 1i
differ by one electron. Using (8), we rewrite the
Hamiltonian ~H in terms of the fermion operator f:

~H ! HL " !
!
fyf% 1

2

"
" ("1c

y
1f" H:c:)

" (%1)n0(%i"2c
y
2f" H:c:): (10)

Equations (6)–(8) and (10) are the main results of this
work, and to the best of our knowledge they have not
been reported before. Equation (10) says that electron
tunneling in and out of two spatially separated Majorana
bound states is equivalent to resonant tunneling through a
single level, as shown schematically in Fig. 2. Since reso-
nant tunneling is a coherent process, we conclude that an
incident electron at E<U tunnels into one Majorana
bound state and comes out from its partner far apart still
maintaining phase coherence. Strikingly, the magnitude
and phase of the transmission amplitude—which we call
t—is independent of their distance. In this sense, we call
such a nonlocal electron transfer process ‘‘teleportation.’’

The phase coherence over a long distance shown here is
in fact a direct consequence of Majorana bound states.
Conceptually it can be best understood from electron’s
Green function Ge(o)(x; t; y; 0) * hc(x; t)cy(y; 0)ie(o) de-
fined in the even and odd ground state sector jei and joi,
respectively [20]. Using (5), we find

Ge;o(x; t ! 1; y; 0) ! +i$&
2(y)$1(x) ,O(1) (11)

is finite for x, R1, y, R2. The long-time limit corre-
sponds to the low-bias regime we are interested in. The
fact that (11) is independent of jR1 % R2j is most unusual,
as first pointed out in Ref. [21].
We now show that, interestingly, the phase of trans-

mission amplitude t depends on the gate charge Q0 in a
surprising way, and therefore it is sensitive to the fermion
occupation (jei versus joi) of the Majorana bound state
pair. Consider tuning gate voltage to make Q0 change by
one charge unit. The number of electrons in the supercon-
ductor ground state will correspondingly change by one.
Although the excitation energy spectrumUc comes back to
itself, we find

t ! %t; when Q0 ! Q0 # e; (12)

i.e., the transmission phase shift changes by %. This be-
havior is related to the change of fermion number parity in
the ground state. The property (12) is evident from the
(%1)n0 factor in ~H, which is valid in the two-level approxi-
mation. Using second-order perturbation theory in the
weak tunneling limit, one can easily show that this
(%1)n0 factor comes from the # sign in Eq. (11). In
general, we can prove (12) using the following symmetry
of the full Hamiltonian H and the gauge constraint (3):

UH(Q0;"2)U%1 ! H(Q0 " e;%"2);
Ui#1#2(%1)nU%1 ! i#1#2(%1)n; U * #2e

%i&=2:

To detect the phase coherence of the electron teleporta-
tion described above, we consider the interferometer setup
in Fig. 3: a point contact is introduced to partially scatter an
incident electron at the top edge directly to the bottom
edge, and partially transmit it to the superconductor which

SC

V

Vg

C
M

dI/dV h/2e

(2N,2N+1)
(2N-1,2N)

FIG. 3 (color online). Left: An interferometer that probes the
phase-coherent electron teleportation via two Majorana bound
states. Right: Schematic plot of zero bias differential conduc-
tance as a function of magnetic flux at two successive charge
degeneracy points (2N % 1; 2N) and (2N; 2N " 1). The h=2e
shift in conductance peak signals the change of fermion number
parity in the superconductor.
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feasible in quantum spin Hall state and nanowire.




