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Peotta, Huhtinen, PT, arXiv:2308.08248 (Varenna Enrico
Fermi summer school proceedings)

PT, Peotta, Bernevig, Nat. Rev. Phys. (2022)

And references therein, plus an Essay…
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Perspective on quantum geometry
PT, PRL 2023
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Quantum geometric tensor
Metric for the distance between quantum states

Introduce gauge invariant version

Quantum geometric tensor (Fubini-Study metric)

quantum metric

Berry curvature

Provost, Vallee, Comm. Math. Phys. 76, 289 (1980)

Chern number:



quantum metric
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Quantum Geometric Tensor (QGT) observation

Gianfrate, Bleu, Dominici, Ardizzone, De Giorgi, Ballarini, Lerario, West, Pfeiffer,
Solnyshkov, Sanvitto, Malpuech, Nature 578, 381 (2020)

Microcavity polaritons

Coupled qubits in diamond

Yu, Yang, Gong, Cao, Lu, Liu,
Plenio, Jelezko, Ozawa,
Goldman, Zhang, Cai,
National Science Review 7,
254 (2020)

Yi, Yu, Yuan, Jiao, Yang, Jiang, Zhang, Chen, Pan,
Phys. Rev. Research 5, L032016 (2023)

Optical Raman Lattice

Ren, Liao, Li, Li, Bleu, Malpuech, Yao, Fu,
Solnyshkov, Nat Commun 12, 689 (2021)

Asteria, Tran, Ozawa, Tarnowski, Rem, Fläschner,
Sengstock, Goldman, Weitenberg, Nature Physics 15, 449 (2019)

Optical lattices



Quantum Geometric Tensor (QGT) observation

Cuerda, Taskinen, Källman, Grabitz, PT, arXiv:2305.13174, arXiv:2305.13244 (2023)Plasmonic lattices
Two-band

model



Quantum geometric tensor (QGT) with projectors

quantum metric

Berry curvature

Projector to the band(s) of interest:

(In this lecture) The periodic Bloch function:

The projector is gauge invariant:



is positive semidefinite complex matrix; i.e. of the form where b is an arbitrary vector:

The real part is the quantum metric:

And the imaginary one is the Berry curvature:

Berry connection:



Quantum geometric tensor in physics
Quantum metric
Theory
 Quantum information

Bengtsson, Życzkowski (2006)
 Quantum phase transition

S. J. Gu (2006)
 Signatures in current noise

Neupert, Chamod, Murdy, PRB (2013)
 Fractional Chern insulators

Dobardžić, Milovanović, Regnault, PRB (2013)
Roy, PRB (2014)

 Superconductivity (our work, since 2015)
 Excitons in transition metal dichalcogenides

Srivastava, Imamoglu, PRL (2015)
 Orbital paramagnetism

Gao, Yang, Niu, PRB (2016)
Piéchon, Raoux, Fuchs, Montambaux, PRB (2016)

 Photonic systems
Ozawa, PRB (2018)

 Plus increasing number of works since
2019: especially on superconductivity,
Fractional Chern insulators, various
transport phenomena, even electron-
phonon coupling (Bernevig et al. 2023)

• (Fractional) quantum Hall effect
• Topological insulators
• Topological semimetals
• Topological defects and textures
• Topological superconductors
• etc

Berry curvature
(Chern number)

Perspective on quantum geometry
PT, PRL 2023
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Superconductivity: Cooper pair formation
competes with kinetic energy

Weak interaction U
Large kinetic energy (Fermi level)
Low critical temperature

Constituents: interactions, density of states (DOS)

Remove the kinetic energy/maximize DOS:
interaction effects dominate!



Flat bands: interactions dominate

(periodic part of) the Bloch function

Group velocity:

No interactions: insulator at any filling

for Cooper pairing

constant

Dispersive band U<<W:

Flat band U>>W:

High        for pairing
(Khodel, Shaginyan, Volovik,
Kopnin, Heikkilä)

This is the critical temperature for Cooper pairing



Superfluid weight:
supercurrent and Meissner Effect

Supercurrent Current

Invariant under gauge transformations

Order parameter phase gradient

Free energy change associated with phase gradient

London equation and penetration depth



Superfluid weight:
supercurrent and Meissner Effect

Supercurrent Current

Invariant under gauge transformations

Order parameter phase gradient

Free energy change associated with phase gradient

Particle density

Bandwidth

Conventional BCS:
Zero at a flat
band!!!



Flat bands

Trivial: the extreme atomic limit

Non-trivial: due to interference effects
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Review: Leykam, Andreanov, Flach,
Advances in Physics 2018



Superfluidity and quantum geometry

Peotta, PT, Nat Comm 2015
Julku, Peotta, Vanhala, Kim, PT, PRL 2016
Tovmasyan, Peotta, PT, Huber, PRB 2016
Liang, Vanhala, Peotta, Siro, Harju, PT, PRB 2017
Liang, Peotta, Harju, PT, PRB 2017
Tovmasyan, Peotta, Liang, PT, Huber, PRB 2018
PT, Liang, Peotta, PRB(R) 2018
Huhtinen, Herzog-Arbeitman, Chew, Bernevig, PT, PRB 2022
Herzog-Arbeitman, Chew, Huhtinen, PT, Bernevig, arXiv 2022
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Our multiband approach

MULTIBAND BCS MEAN-FIELD THEORY
multiband two-component attractive
Fermi-Hubbard model   –U < 0

Introduce supercurrent

Cooper pair momentum



Superfluid weight in a multiband system

Can be nonzero also in a flat band
Present only in a multiband case
Proportional to the quantum metric

Peotta, PT, Nat Comm 2015
Liang, Vanhala, Peotta, Siro, Harju, PT, PRB 2017
Huhtinen, Herzog-Arbeitman, Chew, Bernevig, PT, PRB 2022



Isolated flat band:

Uniform pairing:

Superfluid weight and quantum metric

Peotta, PT, Nat Comm 2015
Huhtinen, Herzog-Arbeitman, Chew, Bernevig, PT, PRB 2022
Herzog-Arbeitman, Chew, Huhtinen, PT, Bernevig, arXiv 2022

Mean-field
Exact many-body

Valid when orbitals
related by symmetry!

quantum metric



Finite temperature, general case (non-isolated flat band)



The geometric contribution originates from the
interband part of the current operator

Superfluid weight from linear response (current-current correlator):

Expectation value of the current operator:



Lower bound for flat band superfluidity

The quantum geometric tensor
is complex positive semidefinite

Time reversal symmetry assumed; C is a spin Chern number

Peotta, PT, Nat Comm 2015

Constituents: interactions, density of states (DOS)
and Bloch functions = quantum geometry and topology



Lower bound for flat band superfluidity

The quantum geometric tensor
is complex positive semidefinite

Berry curvature:

Chern number:

Mean-field results confirmed by:
exact diagonalization, DMFT, DMRG, perturbation theory

Time reversal symmetry assumed; C is a spin Chern number



The Cooper problem: two particles



The two-body problem in a multiband lattice
PT, Liang, Peotta, PRB(R) 2018

The Cooper problem Add the Fermi sea: instability of the Fermi sea towards
pairing.

Now we claim
Flat band No Fermi sea but large degeneracy: instability towards breaking the
degeneracy, and thus towards ordered states, is given by the pair effective mass.



Quantum metric and the two-body effective mass

periodic part of the Bloch function

For uniform pairing we get approximately

quantum metric

PT, Liang, Peotta, PRB(R) 2018

Same as the multiband BCS result!



Why can there be transport in a flat band?

non-localized
Brouder, Panati, Calandra, Marzari, PRL 2007

Non-interacting

Interacting



Julku, Peotta, Vanhala, Kim, PT, PRL 2016
Tovmasyan, Peotta, PT, Huber, PRB 2016

Julku, Peotta, Vanhala, Kim, PT, PRL 2016
Liang, Vanhala, Peotta, Siro, Harju, PT, PRB 2017
Mondaini, Batrouni, Grémaud, PRB 2018
Hofmann, Berg, Chowdhury, PRB 2020
Peri, Song, Bernevig, Huber, PRL 2021
Chan, Grémaud, Batrouni, PRB 2022 (x 2)
Herzog-Arbeitman, Peri, Schindler, Huber, Bernevig, PRL 2022
Hofmann, Berg, Chowdhury, PRL 2023

Tovmasyan, Peotta, Liang, PT, Huber, PRB 2018

Quantum geometric superconductivity:
confirmed beyond mean-field

Exact diagonalization, DMFT, QMC, DMRG

BCS-state is the exact ground state at T=0

Exact results on the excitations possible!  …. next ….

Perturbation theory with a Hamiltonian projected to a flat band
Tovmasyan, Peotta, Törmä, Huber, PRB 2016

Preformed pairs



Herzog-Arbeitman, Chew, Huhtinen, PT, Bernevig, arXiv 2022

Quantum geometric superconductivity: exact results
on Cooper pair mass and excitations

Project to the flat band
and assume the uniform
pairing condition

Ground state

Cooper pair excitations governed
by an effective single particle
Hamiltonian

• Single particles immobile
• Cooper pair mass from

quantum geometry
• Leggett and Goldstone modes



Uniform Pairing Condition from symmetry

Are uniform pairing flat bands just fine-
tuning?
No! Uniform pairing is guaranteed by space

group symmetry and the orbitals

Intuition: orbitals related by symmetry
have uniform pairing

Precise statement: Orbitals forming an
irrep of the site-symmetry group of a
single Wyckoff position have uniform
pairing



Non-isolated bands:
Band touchings increase the critical temperature

Huhtinen, Herzog-Arbeitsman, Chew, Bernevig, PT, PRB (2022)



Haldane-Hubbard model

• Linear dependence of
Δ, Tc, Ds on U

• Dramatic effect for
small U

Liang, Vanhala, Peotta, Siro, Harju, PT, PRB 2017



Isolated flat band:

Uniform pairing:

quantum metric

The first mean-field results:

(Peotta, PT, 2015)

Problem: Ds is independent of orbital positions (basis
independence), while QGT depends on them!

Devil in the details (devil in the supplementary)



Isolated flat band:

Uniform pairing:

Superfluid weight and quantum metric

Peotta, PT, Nat Comm 2015
Huhtinen, Herzog-Arbeitman, Chew, Bernevig, PT, PRB 2022
Herzog-Arbeitman, Chew, Huhtinen, PT, Bernevig, arXiv 2022

Mean-field
Exact many-body

Valid when orbitals
related by symmetry!

quantum metric



When the orbitals are at high-symmetry positions, the
quantum metric is guaranteed to be minimal

TRS:

Complete equation for the superfluid weight

Conserved Not conserved Not conserved



Example: the Lieb lattice

At worst,                        can give an incorrectly nonzero superfluid weight.

When the orbitals are at high-symmetry positions, the
quantum metric is guaranteed to be minimal



Non-isolated band, non-TRS results exist as well (but more cumbersome)
Note: whether to use free energy or grand potential is subtle in the non-
TRS case (for TRS, they produce the same result since (q) = (-q))

Superfluid weight: the general case

Peotta, PT, Nat Comm 2015 (the first paper)
PT, Peotta, Bernevig 2022 (easy-to-access review)
Huhtinen, Herzog-Arbeitman, Chew, Bernevig, PT, PRB 2022 (corrections identified)
Peotta, Huhtinen, PT, arxiv:2308.08248 (pedagogical review)

Up-to-date basis-independent formulas

Basis-independent formulas can be derived also based on RPA (Peotta, NJP
2022; Minh, Peotta, arXiv 2023)


