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Quantum critical phenomena

Gapless spin liquid

Deconfined phase transition

Phase transition of topological order

Order-disorder transition

aµ



Critical phenomena in modern physics
• The study of critical phenomena gives birth to a number of fundamentally 

important physics concepts/theories:

A. Universality.

B. Renormalization group.

C. Conformal field theory (CFT).

Conformal transformation
(angle preserving transformation)

Polyakov 1970: discovered the 2D Ising transition has an emergent conformal 
symmetry, and conjectured it is also true for the 3D Ising transition.



Conformal field theories (CFTs)

Statistical mechanics Quantum matter

Quantum gravity, String theory Quantum field theory

Example:
Ising model,
liquid-gas 
transition

Example:
Quantum criticality, 
gapless spin liquid

Example:
AdS/CFT

aµ

RG fixed points of QFTs

UV CFT a

UV CFT b

UV CFT c

IR CFT



2D (1+1D) CFT

CFT Quantum Hall effect

Universal CFT data Gapless chiral edges 

Many 2D CFTs are exactly solvable quantum field theories. Belavin, 
Polyakov & Zamolodchikov (1984)

Exact algebraic 
structures

QH Wavefunctions
CFT correlators
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Pf

(
1

zi → zj

)∏

i<j

(zi → zj)
m

Scaling dimensions,
central charge, etc. Wen 1990

Laughlin 1983;  
Moore & Read 1991

Shift: scaling dimension of electron operator.
Read 2009



3D CFTs: a central open challenge

• Central to critical phenomena in statistical mechanics, quantum matter.

• Strongly interacting, no exact solutions (yet) — only a limited set of 
complementary methods, each probing a corner of the CFT landscape:

1. Perturbative RG Wilson, Fisher 1972

2. Lattice simulations (mostly Monte Carlo).

3. Conformal bootstrap Polyakov 1974; Rattazzi, Rychkov, Tonni, Vichi 2008

What is missing: a versatile nonperturbative framework for 3D CFT.



Quantum Hall 3D CFT

In this lecture

The gift returns — 
in an unexpected way. 



State-operator correspondence

Scaling operators in the CFT.

Eigenstates of the quantum Hamiltonian.

One-to-one correspondence
<latexit sha1_base64="LZRE9zwcOtSffY/bgOGwYnBG564="></latexit>

Energy gaps⇠scaling dimensions: �En = En � E0 = v
R�n

Radial quantization
of d-dimensional CFT

Weyl transformation

(a) (b)
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Sd→1 → R
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State-operator correspondence

Scaling operators in the CFT.

Eigenstates of the quantum Hamiltonian.

One-to-one correspondence

Primaries and descendants

Conformal
multiplet
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State-operator correspondence

Scaling operators in the CFT.

Eigenstates of the quantum Hamiltonian.

One-to-one correspondence

Primaries and descendants

Conformal
multiplet
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Energy gaps⇠scaling dimensions: �En = En � E0 = v
R�n

There are infinite number of primary operators in any 3D CFT!

3D
Ising

Radial quantization
of d-dimensional CFT

Weyl transformation

(a) (b)
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Radial quantization on a lattice
2D CFT: We can just study a quantum Hamiltonian on a circle.

3D CFT: We need to put a quantum Hamiltonian on a two-sphere.

Most conformal data can be extracted.
Cardy  

But a regular lattice won’t fit since two-sphere has a curvature… 

Milsted and Vidal 2017

Efforts along this line: Brower…



Our recipe: make it fuzzy

Spherical tiling 

Spherical rotation
is broken badly.

Discretize Fuzzify 
Lowest Landau 
level projection

Spherical rotation
is kept exactly.

Sphere is a curved space.

Ising Ferromagnent Paramagnent
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LLL projection
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(b)

fuzzy (non-commutative) sphere
Madore 1992

Haldane 1983



Fuzzy sphere regularization of 3D CFTs
Quantum mechanical model realizations of 2+1D CFTs.

Lattice
model

Spin-1/2
on each site

Spins point to +z or -z Spins point to +x

2+1D Ising CFT

Fuzzy  
sphere
model

Particles moving on sphere in the presence of a monopole.

Interaction term

• The model is local if interactions are local.
• 2+1D CFTs can be realized by tuning the interaction form.

This idea was firstly pursued on the torus. Ippoliti, Mong, Assaad, Zaletel (2018)

<latexit sha1_base64="2s2e0PryrmfyeMBfg5oAiex9+TM="></latexit>

H =
1

2m

Ne∑

i=1

(ωpi + ωA(ωxi))
2 +

Ne∑

i,j=1

U(ωxi → ωxj) + · · ·



Even 4 particles work!!!

Gaps of ALL the excited states of the system with N=4 “spin”.

6 primaries and 11 descendants in the fuzzy sphere model with 4 “spins”.

Zhu, Han, Huffman, Hofmann, YCH, arXiv:2210.13482 (PRX)



Landau level and non-commutative geometry
Particles moving in a strong magnetic field leads to non-commutative geometry.

• Quantized energy:

• Complete flat.

• Massive degeneracy at each level:

.

.

.

Landau level: single particle states in the presence of magnetic field.

Restrict/Project to the lowest Landau level:

Read 1998; Susskind 2001; Polychronakos 2001; Haldane 2011; Dong & Senthil 2020;  
Du, Mehta & Son 2021…



Spherical Landau levels

<latexit sha1_base64="q0DyHoFEKUwuGdRj54S/PVTDlbs=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLIFjLjBR1oxTcuKxgH9AOJZPJtKF5DElGKEM3/oobF4q49TPc+Temj4W2Hrhwcs693NwTJoxq43nfTm5peWV1Lb9e2Njc2t5xd/caWqYKkzqWTKpWiDRhVJC6oYaRVqII4iEjzXBwO/abj0RpKsWDGSYk4KgnaEwxMlbqugccXsMzXbJ16pdgB0fS2JfuukWv7E0AF4k/I0UwQ63rfnUiiVNOhMEMad32vcQEGVKGYkZGhU6qSYLwAPVI21KBONFBNjlgBI+tEsFYKlvCwIn6eyJDXOshD20nR6av572x+J/XTk18FWRUJKkhAk8XxSmDRsJxGjCiimDDhpYgrKj9K8R9pBA2NrOCDcGfP3mRNM7L/kW5cl8pVm9mceTBITgCJ8AHl6AK7kAN1AEGI/AMXsGb8+S8OO/Ox7Q158xm9sEfOJ8/ss2T7A==</latexit>

m = �s,�s+ 1, · · · , sLowest LL wavefunction

.

.

Landau levels (LLs)

Electrons moving 
under a magnetic  

monopole.
<latexit sha1_base64="GJGX9D9Rgtj4Yc5GZlDdlyIvbXM="></latexit>

H =
1

2Mr2
(@µ + iAµ)

2 +Hint

Single particle  
kinetic term

• Each LL has a level dependent quantized energy

• The states (orbitals) in each LL form a spin-(n+s) SO(3) representation.

• The wavefunctions of each LL are monopole Harmonics                      .  
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En =
n(n+ 1) + (2n+ 1)s

2Mr2
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Lowest Landau level (LLL) projection

LLL projection
.
.
.

Landau levels

E.g.
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H =

∫
dωx

(
ε
†
ω(ωx)

(ϑµ + iAµ)2

2M
εω(ωx) +Hint(ωx)

)
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Hint = U

∫
dωx (ε†(ωx)ϑµε(ωx))

2
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{ω†(εxa),ω(εxb)} = ϑ(εxab)
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ω†(εx) =
→∑

l=s

s∑

m=↑s

c†l,mY (s)
l,m(εx)
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ω†(εx) =
s∑

m=→s

c†s,m Y (s)
s,m(εx)

Haldane 1983



LLL projection and fuzzy sphere
On the LLL the sphere coordinates                            become:

Fuzzy two-sphere:

Madore 1992

<latexit sha1_base64="pMbeSzmNr7UqcXbAEJSvLOP5S+E="></latexit>

(Xi)m1,m2 =

∫
dωxxiȲ

(s)
s,m1

(ωx)Y (s)
s,m2

(ωx)
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Non-relativistic fermions
with an isospin.

Fuzzy sphere model for the 2+1D Ising CFT
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nω(ωx) = (ε̂†
→(ωx), ε̂
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↑(ωx))ϑ
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ε̂→(ωx)
ε̂↑(ωx)
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Hint(x) = n0(ωx)n0(ωx)→ Unz(ωx)↑2nz(ωx)→ hnx(ωx)
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H =

∫
dωx
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ε
†
ω(ωx)

(ϑµ + iAµ)2

2M
εω(ωx) +Hint(ωx)

)

Zhu, Han, Huffman, Hofmann, YCH, arXiv:2210.13482 (PRX)
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c†m,ω Y (s)
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Sondhi, Karlhede,  
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A closer look at the fuzzy sphere model
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spin-s rep of SO(3)
Many-body

Hilbert space

Hamiltonian for the 2+1D Ising model
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c†m = (c†m,", c
†
m,#)

Continuum limit:

Haldane
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ω(xi → xj) ↑ V0
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LLL projection

Zhu, Han, Huffman, Hofmann, YCH, arXiv:2210.13482 (PRX)
<latexit sha1_base64="ekrduk6+uCvjucjJsiY7mFHdbh4="></latexit>

nω(ωx) = (ε̂†
→(ωx), ε̂

†
↑(ωx))ϑ

ω

(
ε̂→(ωx)
ε̂↑(ωx)

)

<latexit sha1_base64="FO5TxeF4MmI6pFYLUFKDb64apDs="></latexit>

Hint(x) = n0(ωx)n0(ωx)→ Unz(ωx)↑2nz(ωx)→ hnx(ωx)

<latexit sha1_base64="n18Jz2aQ+wNn0NVGggVU9WeGDFg="></latexit>

H =

∫
dωx

(
ε
†
ω(ωx)

(ϑµ + iAµ)2

2M
εω(ωx) +Hint(ωx)

)

<latexit sha1_base64="4cgvTrnscB7Ub/oRGa+1sfeVF3g="></latexit>

ω†
ω(εx) =

s∑

m=→s

c†m,ω Y (s)
s,m(εx)

Ising Ferromagnet Paramagnet
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<latexit sha1_base64="CfbzNvgMD6nyu1zC9xeBGr/RIp0=">AAAB/XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1ZMUvHhswdRCG8pmM2mXbjZhdyOUUPwBXvUneBOv/hZ/gX/DbZuDtj4YeLw3w8y8IOVMacf5skpr6xubW+Xtys7u3v5B9fCoo5JMUvRowhPZDYhCzgR6mmmO3VQiiQOOD8H4duY/PKJULBH3epKiH5OhYBGjRBup7Q2qNafuzGGvErcgNSjQGlS/+2FCsxiFppwo1XOdVPs5kZpRjtNKP1OYEjomQ+wZKkiMys/nh07tM6OEdpRIU0Lbc/X3RE5ipSZxYDpjokdq2ZuJ/3rKnDLCcGm9jq79nIk00yjoYnuUcVsn9iwKO2QSqeYTQwiVzDxg0xGRhGoTWMUk4y7nsEo6F3W3UW+0L2vNmyKjMpzAKZyDC1fQhDtogQcUEJ7hBV6tJ+vNerc+Fq0lq5g5hj+wPn8AmTeVuQ==</latexit>

U

<latexit sha1_base64="MtTQ0sInDoWI7+6mPLaTvaIo7ks=">AAAB/XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1ZMUvHhswdZCG8pmM2mWbjZhdyOUUPwBXvUneBOv/hZ/gX/DbZuDtj4YeLw3w8w8P+VMacf5skpr6xubW+Xtys7u3v5B9fCoq5JMUuzQhCey5xOFnAnsaKY59lKJJPY5Pvjj25n/8IhSsUTc60mKXkxGgoWMEm2kdjSs1py6M4e9StyC1KBAa1j9HgQJzWIUmnKiVN91Uu3lRGpGOU4rg0xhSuiYjLBvqCAxKi+fHzq1z4wS2GEiTQltz9XfEzmJlZrEvumMiY7UsjcT//WUOSXCYGm9Dq+9nIk00yjoYnuYcVsn9iwKO2ASqeYTQwiVzDxg04hIQrUJrGKScZdzWCXdi7rbqDfal7XmTZFRGU7gFM7BhStowh20oAMUEJ7hBV6tJ+vNerc+Fq0lq5g5hj+wPn8At5KVzA==</latexit>

h

Sondhi, Karlhede,  
Kivelson, Rezayi 1993

Sweet
spot



Finite size scaling: order parameter
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M =
sX

m=�s

c†m
�z

2
cm

<latexit sha1_base64="JscKyurNMWqQYGkkx29Dy2xClNk="></latexit>

hM2i ⇠ L4�2�
x = N2��

Phase transition:

<latexit sha1_base64="DE/1iaCF+xx1ylSWP49D7PH8p/M=">AAACJ3icbVDLSgMxFM34rPU16tJNsAi6sMyUoq6koAs3SgX7gE5bMumdNjSTGZKMUIZ+g9/hB7jVT3AnunTlb5g+Ftp6IHA45z5yjx9zprTjfFoLi0vLK6uZtez6xubWtr2zW1VRIilUaMQjWfeJAs4EVDTTHOqxBBL6HGp+/3Lk1x5AKhaJez2IoRmSrmABo0QbqW0fe4EkNPU4EV0O+KZV8OSYDlN820oLJ9i7Aq7JcNi2c07eGQPPE3dKcmiKctv+9joRTUIQmnKiVMN1Yt1MidSMmvlZL1EQE9onXWgYKkgIqpmOTxriQ6N0cBBJ84TGY/V3R0pCpQahbypDontq1huJ/3rKfKUHnZn1OjhvpkzEiQZBJ9uDhGMd4VFouMMkUM0HhhAqmTkA0x4xwWkTbdYk487mME+qhbx7mi/eFXOli2lGGbSPDtARctEZKqFrVEYVRNEjekYv6NV6st6sd+tjUrpgTXv20B9YXz+iO6Y1</latexit>

hM2i
N2��

<latexit sha1_base64="OSMTOu2oxQeky6gf2YbAr/zu+m0=">AAACInicbZDLSgMxFIYz9VbrrerSTbAKrspMKepGKbhxoVLBXqAzHTLpaRuayQxJRiylL+Bz+ABu9RHciSvBva9hello6w+Bj/+cw8n5g5gzpW3700otLC4tr6RXM2vrG5tb2e2dqooSSaFCIx7JekAUcCagopnmUI8lkDDgUAt6F6N67R6kYpG40/0YvJB0BGszSrSx/OyBy4nocMDXzQJ25YRdxUJ85T80i/gM3zQLfjZn5+2x8Dw4U8ihqcp+9tttRTQJQWjKiVINx461NyBSM8phmHETBTGhPdKBhkFBQlDeYHzNEB8ap4XbkTRPaDx2f08MSKhUPwxMZ0h0V83WRua/NWW+0oXWzHrdPvUGTMSJBkEn29sJxzrCo7xwi0mgmvcNECqZOQDTLpGEapNqxiTjzOYwD9VC3jnOF2+LudL5NKM02kP76Ag56ASV0CUqowqi6BE9oxf0aj1Zb9a79TFpTVnTmV30R9bXDzEgoqc=</latexit>

hM2i ⇠ L4
x = N2

Ordered phase:

Disorder phase:
<latexit sha1_base64="I37LvBtQxfOKnTSN08mWn9JhJkk=">AAACHXicbZDLSgMxFIYz9VbrrerShcEi1E2ZKUVdScGNG7WCvUBnWjLpaRuayQxJRihDlz6HD+BWH8GduBWfwNcwvSy09YfAx3/O4eT8fsSZ0rb9ZaWWlldW19LrmY3Nre2d7O5eTYWxpFClIQ9lwycKOBNQ1UxzaEQSSOBzqPuDy3G9/gBSsVDc62EEXkB6gnUZJdpY7eyhy4noccDXrSJ25ZRdxQJ8m79p2SftbM4u2BPhRXBmkEMzVdrZb7cT0jgAoSknSjUdO9JeQqRmlMMo48YKIkIHpAdNg4IEoLxkcsgIHxung7uhNE9oPHF/TyQkUGoY+KYzILqv5mtj89+aMl/pQ2duve6eewkTUaxB0On2bsyxDvE4KtxhEqjmQwOESmYOwLRPJKHaBJoxyTjzOSxCrVhwTgulu1KufDHLKI0O0BHKIwedoTK6QhVURRQ9omf0gl6tJ+vNerc+pq0pazazj/7I+vwBuLSg4Q==</latexit>

hM2i ⇠ O(N0)

<latexit sha1_base64="9zovrzrTniuh6P2hV47M4nnPMHE=">AAACFHicbVDLSsNAFJ3UV62vqODGzWARXIVEqnYlBV24rGAf0IQymdy0QycPZiZiqf0NP8CtfoI7ceveL/A3nLZZaOuBC4dz7uXee/yUM6ls+8soLC2vrK4V10sbm1vbO+buXlMmmaDQoAlPRNsnEjiLoaGY4tBOBZDI59DyB1cTv3UPQrIkvlPDFLyI9GIWMkqUlrrmgXsNXBGXpKlIHrBtnTlVp1LtmmXbsqfAi8TJSRnlqHfNbzdIaBZBrCgnUnYcO1XeiAjFKIdxyc0kpIQOSA86msYkAumNpveP8bFWAhwmQles8FT9PTEikZTDyNedEVF9Oe9NxH89qU/pQzC3XoVVb8TiNFMQ09n2MONYJXiSEA6YAKr4UBNCBdMPYNonglClcyzpZJz5HBZJ89Ryzq3KbaVcu8wzKqJDdIROkIMuUA3doDpqIIoe0TN6Qa/Gk/FmvBsfs9aCkc/soz8wPn8AB3qdWg==</latexit>

� ⇡ 0.518148



State-operator correspondence

Scaling operators in the CFT.

Eigenstates of the quantum Hamiltonian.

One-to-one correspondence

Primaries and descendants

Conformal
multiplet

<latexit sha1_base64="LZRE9zwcOtSffY/bgOGwYnBG564="></latexit>

Energy gaps⇠scaling dimensions: �En = En � E0 = v
R�n

There are infinite number of primary operators in any 3D CFT!

3D
Ising

Radial quantization
of d-dimensional CFT

Weyl transformation

(a) (b)

<latexit sha1_base64="y6nFDa8AgoL5cde83rlp70GNCp8="></latexit>

Sd→1 → R

<latexit sha1_base64="bgkNXn6j5YuHV1NKA6dq2OZwrVY="></latexit>

Sd→1

<latexit sha1_base64="VW5HrbpVM2GNABjuBIc6u4SMbe8="></latexit>ω



Symmetries

<latexit sha1_base64="9e5N0BwnhCG/Y/Mep4y9UgxpPN8=">AAACCHicbVDLSgNBEJyNrxhfqx49OCQKghh2g6gnCXjxGME8IIZkdtIbB2dnl5leIQSPXvwVLx4U8eonePNvnDwOmljQUFR101QFiRQGPe/byczNLywuZZdzK6tr6xvu5lbNxKnmUOWxjHUjYAakUFBFgRIaiQYWBRLqwd3F0K/fgzYiVtfYT6AVsZ4SoeAMrdR2d/dK5tDfOzICgdJOJwQdWUNwym+ZUPm2W/CK3gh0lvgTUiATVNru10035mkECrlkxjR9L8HWgGkUXMJD7iY1kDB+x3rQtFSxCExrMAryQPet0qVhrO0opCP198WARcb0o8BuRgxvzbQ3FP/zmimGZ62BUEmKoPj4UZhKijEdtkK7QgNH2beEcS1wnF8zjra7nC3Bn448S2qlon9SPL4qFcrnkzqyZIfkyQHxySkpk0tSIVXCySN5Jq/kzXlyXpx352O8mnEmN9vkD5zPH/pWmBA=</latexit>

2s+ 1-site “fermionic chain”
<latexit sha1_base64="wrYyYc8HFIKl4zLHQTTviGWBNGQ="></latexit>

c†m = (c†m,", c
†
m,#)Fermions are at half filling: 

<latexit sha1_base64="DuJPqNddBmy9Lpf4BQduASsaE5E="></latexit>

N = 2s+ 1
<latexit sha1_base64="q0DyHoFEKUwuGdRj54S/PVTDlbs=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLIFjLjBR1oxTcuKxgH9AOJZPJtKF5DElGKEM3/oobF4q49TPc+Temj4W2Hrhwcs693NwTJoxq43nfTm5peWV1Lb9e2Njc2t5xd/caWqYKkzqWTKpWiDRhVJC6oYaRVqII4iEjzXBwO/abj0RpKsWDGSYk4KgnaEwxMlbqugccXsMzXbJ16pdgB0fS2JfuukWv7E0AF4k/I0UwQ63rfnUiiVNOhMEMad32vcQEGVKGYkZGhU6qSYLwAPVI21KBONFBNjlgBI+tEsFYKlvCwIn6eyJDXOshD20nR6av572x+J/XTk18FWRUJKkhAk8XxSmDRsJxGjCiimDDhpYgrKj9K8R9pBA2NrOCDcGfP3mRNM7L/kW5cl8pVm9mceTBITgCJ8AHl6AK7kAN1AEGI/AMXsGb8+S8OO/Ox7Q158xm9sEfOJ8/ss2T7A==</latexit>

m = �s,�s+ 1, · · · , s

<latexit sha1_base64="NPUbuFpuxIveOmtUEjvSsw36UmM=">AAACLHicbVDLSsNAFJ3UV62vqks3g0VwVRIRdSUFNy4r2Ac0MUwmk2boTCbMTNQS+hd+hx/gVj/BjYhb/Q0nbRe19cCFwzn3cu89Qcqo0rb9YZWWlldW18rrlY3Nre2d6u5eW4lMYtLCggnZDZAijCakpalmpJtKgnjASCcYXBV+555IRUVyq4cp8TjqJzSiGGkj+dW6y5GOgyjHI59DV9J+rJGU4gG6ivY5unuEsx1+tWbX7THgInGmpAamaPrVHzcUOOMk0ZghpXqOnWovR1JTzMio4maKpAgPUJ/0DE0QJ8rLx3+N4JFRQhgJaSrRcKzOTuSIKzXkgeksblTzXiH+6ylzSkzCufU6uvBymqSZJgmebI8yBrWARXIwpJJgzYaGICypeQDiGEmEtcm3YpJx5nNYJO2TunNWP705rTUupxmVwQE4BMfAAeegAa5BE7QABk/gBbyCN+vZerc+ra9Ja8mazuyDP7C+fwHDLKmH</latexit>

cm ! �xcm

UV model IR Ising transition

Z2 Ising symmetry

Space-time parity symmetry
<latexit sha1_base64="tYtloVwTWRMlQF7C9Dofm4o71SQ=">AAACMnicbVDLSsNAFJ3UV62vqks3g0VwVRIp6koKblxWsA9o2nIzmaRDZ5IwM1FK6I/4HX6AW/0D3YkLN36E0zYLbT1w4XDOvdx7j5dwprRtv1mFldW19Y3iZmlre2d3r7x/0FJxKgltkpjHsuOBopxFtKmZ5rSTSArC47Ttja6nfvueSsXi6E6PE9oTEEYsYAS0kQblmitAD70gI5OBwK5k4VCDlPEDZq5ioYD+GP9u6bs+hINyxa7aM+Bl4uSkgnI0BuUv149JKmikCQeluo6d6F4GUjPC6aTkpoomQEYQ0q6hEQiqetnsuwk+MYqPg1iaijSeqb8nMhBKjYVnOqeHqkVvKv7rKXPKkPoL63Vw2ctYlKSaRmS+PUg51jGe5od9JinRfGwIEMnMA5gMQQLRJuWSScZZzGGZtM6qznm1dlur1K/yjIroCB2jU+SgC1RHN6iBmoigR/SMXtCr9WS9Wx/W57y1YOUzh+gPrO8fyVasEw==</latexit>

cm ! i�yc†m
Particle-hole 
symmetry

SO(3):
<latexit sha1_base64="RSOVVYJqmbMakNfOP1t9mSg4lQk=">AAACGXicbVDLSsNAFJ3UV62vqMtuBovgopZEirpRCm5cVrAPaEKYTCbt0MkkzEyEErrwO/wAt/oJ7sStK7/A33DSZqGtBy4czrmXe+/xE0alsqwvo7Syura+Ud6sbG3v7O6Z+wddGacCkw6OWSz6PpKEUU46iipG+okgKPIZ6fnjm9zvPRAhaczv1SQhboSGnIYUI6Ulz6w6EVIjP8zw1Muiq1NZd3AQK1mHcuqZNathzQCXiV2QGijQ9sxvJ4hxGhGuMENSDmwrUW6GhKKYkWnFSSVJEB6jIRloylFEpJvNnpjCY60EMIyFLq7gTP09kaFIyknk6878ZLno5eK/ntSnjEiwsF6Fl25GeZIqwvF8e5gyqGKYxwQDKghWbKIJwoLqByAeIYGw0mFWdDL2Yg7LpHvWsM8bzbtmrXVdZFQGVXAEToANLkAL3II26AAMHsEzeAGvxpPxZrwbH/PWklHMHII/MD5/AB3IoMU=</latexit>cm=�s,··· ,s spin-s irrep SO(3) Lorentz rotation



State-operator correspondence
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<latexit sha1_base64="pKAjMRyVMHFPsVun4xsUprpA7eo=">AAACK3icbVDLSgMxFM3UV62vqks3wSK4aZmRom6Uggouq9gHdErJZO60oZnMkGQKZehX+B1+gFv9BFeKW/E3TB8LbT2Qy+Hcc7m5x4s5U9q2363M0vLK6lp2PbexubW9k9/dq6sokRRqNOKRbHpEAWcCapppDs1YAgk9Dg2vfzXuNwYgFYvEgx7G0A5JV7CAUaKN1MkXXR+4JvimI/DFpBZNtQ13A0loOhil9yPsXo9NHeMv2CV7ArxInBkpoBmqnfy360c0CUFoyolSLceOdTslUjPKYZRzEwUxoX3ShZahgoSg2unkrBE+MoqPg0iaJzSeqL8nUhIqNQw94wyJ7qn53lj8t6fMV3rgz63XwXk7ZSJONAg63R4kHOsIj4PDPpNANR8aQqhk5gBMe8RkpE28OZOMM5/DIqmflJzTUvmuXKhczjLKogN0iI6Rg85QBd2iKqohih7RM3pBr9aT9WZ9WJ9Ta8aazeyjP7C+fgDEnaYT</latexit>
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State-operator correspondence

<latexit sha1_base64="pKAjMRyVMHFPsVun4xsUprpA7eo=">AAACK3icbVDLSgMxFM3UV62vqks3wSK4aZmRom6Uggouq9gHdErJZO60oZnMkGQKZehX+B1+gFv9BFeKW/E3TB8LbT2Qy+Hcc7m5x4s5U9q2363M0vLK6lp2PbexubW9k9/dq6sokRRqNOKRbHpEAWcCapppDs1YAgk9Dg2vfzXuNwYgFYvEgx7G0A5JV7CAUaKN1MkXXR+4JvimI/DFpBZNtQ13A0loOhil9yPsXo9NHeMv2CV7ArxInBkpoBmqnfy360c0CUFoyolSLceOdTslUjPKYZRzEwUxoX3ShZahgoSg2unkrBE+MoqPg0iaJzSeqL8nUhIqNQw94wyJ7qn53lj8t6fMV3rgz63XwXk7ZSJONAg63R4kHOsIj4PDPpNANR8aQqhk5gBMe8RkpE28OZOMM5/DIqmflJzTUvmuXKhczjLKogN0iI6Rg85QBd2iKqohih7RM3pBr9aT9WZ9WJ9Ta8aazeyjP7C+fgDEnaYT</latexit>
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State-operator correspondence
Energy gaps with quantum numbers: N=15 electrons (spins)
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State-operator correspondence
Energy gaps with quantum numbers: N=15 electrons (spins)

<latexit sha1_base64="pKAjMRyVMHFPsVun4xsUprpA7eo=">AAACK3icbVDLSgMxFM3UV62vqks3wSK4aZmRom6Uggouq9gHdErJZO60oZnMkGQKZehX+B1+gFv9BFeKW/E3TB8LbT2Qy+Hcc7m5x4s5U9q2363M0vLK6lp2PbexubW9k9/dq6sokRRqNOKRbHpEAWcCapppDs1YAgk9Dg2vfzXuNwYgFYvEgx7G0A5JV7CAUaKN1MkXXR+4JvimI/DFpBZNtQ13A0loOhil9yPsXo9NHeMv2CV7ArxInBkpoBmqnfy360c0CUFoyolSLceOdTslUjPKYZRzEwUxoX3ShZahgoSg2unkrBE+MoqPg0iaJzSeqL8nUhIqNQw94wyJ7qn53lj8t6fMV3rgz63XwXk7ZSJONAg63R4kHOsIj4PDPpNANR8aQqhk5gBMe8RkpE28OZOMM5/DIqmflJzTUvmuXKhczjLKogN0iI6Rg85QBd2iKqohih7RM3pBr9aT9WZ9WJ9Ta8aazeyjP7C+fgDEnaYT</latexit>

�En = En � E0 =
v

R
�n

(-,+)

(+,+)

(+,-)

(-,-)

0 1 2 3 4
0

4

8

12

16

20

24

Z2 odd, Parity even
Z2 even, Parity even

Z2 even, Parity odd
Z2 odd, Parity odd

(-,+)

(+,+)

(+,-)

(-,-)

0 1 2 3 4
0

4

8

12

16

20

24

(-,+)

(+,+)

(+,-)

(-,-)

0 1 2 3 4
0

4

8

12

16

20

24

Primaries and 
descendants

SO(3) angular momentum



State-operator correspondence
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• We identified 15 primary operators, the numerical errors of all 
primaries are within 1.6%. 

• We looked at 70 lowest lying states with L<5, all of them match 
theoretical expectations with small errors~3%.

State-operator correspondence

Bootstrap data from Simmons-Duffin, 2017

Zhu, Han, Huffman, Hofmann, YCH, arXiv:2210.13482 (PRX)







Even 4 electrons work!!!

Gaps of ALL the excited states of the system with N=4 electrons.

6 primaries are found!!



Outline
• Lecture 1: Introduction: motivation and fuzzy sphere regularization

• Lecture 1: 3D Ising CFT

• State-operator correspondence

• Operators, correlators, OPEs, F-function

• Lecture 2: Recent progress: 

• Chern-Simons-matter theories: phase transitions between quantum 
Hall states

• Conformal defect

• Fermionic CFT and super-Ising



Let us continue with fuzzy journey

• We have explored the energy gaps of the states.

• A lot of information ready for exploration:

A. Wave-functions of the states.

B. Operators. 

The core of the story is the State-Operator correspondence.



From orbital space to real space
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spin-s rep of SO(3)
Many-body

Hilbert space
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2s+ 1-site “fermionic chain”

All the computations are done in the orbital space

Real space is continuous (NOT discrete like lattice models).

Any observables can be computed in real space!



Numerical data of 2-point correlator

CFT prediction:

Operators and their correlators are sharp, continuous and conformal.

We get a function defined in the continuum:

Han, Hu, Zhu, YCH, arXiv: 2306.04681
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Four-point correlator
Han, Hu, Zhu, YCH, arXiv: 2306.04681
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Numerical data: OPE coefficients

We have computed 13 OPE coefficients including a few new ones that have
not been computed by any approach. 

Hu, YCH, Zhu, arXiv:2303.08844 (PRL)



F-function of 3D Ising CFT

Giobmbi, Klebanov 2015;  
Fei, Giombi, Klebanov, Tarnopolsky 2015

Our estimates on fuzzy sphere:
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Almost everything can be studied

• Operators, OPE coefficients, correlators Hu, YCH, Zhu; Han, Hu, Zhu, YCH

• RG monotonic F-function Hu, Zhu, YCH

• Conformal generators Fardelli, Fitzpatrick, Katz

• Conformal defect and boundaries Hu, YCH, Zhu; Zhou, Gaiotto, YCH, Zou; Zhou, 
Zou; Dedushenko

• Free boson and free fermion and Super-Ising CFT YCH; Taylor, Voinea, Papic, 
Fan; Zhou, Gaiotto, YCH; Tang, Voinea, Papic, Zhu

• Gauged Ising, Majorana Zhou, Gaiotto, YCH; Voinea, Zhu, Regnault, Papic 

• O(N) WF  Han, Hu, and Zhu; Lauchli, Rychkov, Herviou; Guo, Zhou, Wei, YCH

• Deconfined phase transition and non-Abelian gauge theories Zhou, Hu, Zhu, 
YCH; Zhou, YCH

• 3D Yang-Lee non-unitary CFT Fan, Dong, Vishwanath; Cruz, Klebanov, Tarnopolsky, 
Xin; Miro, Delouche

• Chern-Simons matter theories Zhou, Wang, YCH

A partial list of results in this new “fuzzy” world.



Welcome to the era of fuzzy sphere

1000~100,000 spins 4~20 spins

Millions of CPU hours 30 mins on a laptop

Very limited information Almost everything

No access to conformal symmetry Fingerprint of conformal symmetry

Simulating 3D (2+1D) CFT? Easier than ever!

Zhu, Han, Huffman, Hofmann, YCH, arXiv:2210.13482 (PRX);  Hu, YCH, Zhu, 
arXiv:2303.08844 (PRL);  Han, Hu, Zhu, YCH, arXiv:2306.04681 (PRB); 
Zhou, Hu, Zhu, YCH, arXiv:2306.16435 (PRX); Hu, YCH, Zhu, arXiv:2308.01903 (Nat. 
Comm.); Zhou, Gaiotto, YCH, Zou, arxiv:2401.00039 (Sci. Post); Hu, Zhu, YCH, 
arXiv:2401.17362;  Cuomo,  YCH, Komargodski, arXiv:2406.10186 (JHEP); Zhou, YCH 
arXiv:2410.00087 (PRL); YCH arXiv:2506.14904; Zhou, Wang, YCH arXiv:2507.19580; 
Zhou, Gaiotto, YCH, arXiv: 2509.08038 

Lattice model simulation Fuzzy sphere



Everything made easy by FuzzifiED

Numerical package (FuzzifiED): www.fuzzified.world Zheng Zhou
10mins~1hr coding, 1min-1hr simulation on a laptop!

http://www.fuzzified.world


Two wavefunctions reshaped condensed matter physics:

Can wavefunction be the hero once again?
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Superconductors  
Bardeen, Cooper, Schrieffer

Fractional quantum  
Hall Laughlin 
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YCH arXiv:2506.14904A wavefunction ansatz for 3D Ising on fuzzy sphere:
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N = 12 N = 16 N = 20 N = 24 N = 28 N = 32

Ising CFT 0.9967 0.9951 0.9935 0.9918 0.9902 0.9885

1. Power law correlation function.  
2. High wavefunction overlap with the Ising CFT.



Thank you!



A Fuzzy Sphere Regularization of 3D CFT: 
Lecture II 

Yin-Chen He
（何寅琛）

Perimeter Institute
Tallahassee, 2026 January



Fuzzy sphere regularization of 3D CFTs

Quantum mechanical model realizations of 2+1D CFTs.

Lattice
model

Spin-1/2
on each site

Spins point to +z or -z Spins point to +x

2+1D Ising CFT

Fuzzy  
sphere
model

Particles moving on sphere in the presence of a monopole.

Interaction term

• The model is local if interactions are local.
• 2+1D CFTs can be realized by tuning the interaction form.

This idea was firstly pursued on the torus. Ippoliti, Mong, Assaad, Zaletel (2018)
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H =
1

2m

Ne∑

i=1

(ωpi + ωA(ωxi))
2 +

Ne∑

i,j=1

U(ωxi → ωxj) + · · ·

Zhu, Han, Huffman, Hofmann, YCH, arXiv:2210.13482 (PRX)



State-operator correspondence

Scaling operators in the CFT.

Eigenstates of the quantum Hamiltonian.

One-to-one correspondence

Primaries and descendants

Conformal
multiplet

<latexit sha1_base64="LZRE9zwcOtSffY/bgOGwYnBG564="></latexit>

Energy gaps⇠scaling dimensions: �En = En � E0 = v
R�n

There are infinite number of primary operators in any 3D CFT!

3D
Ising

Radial quantization
of d-dimensional CFT

Weyl transformation

(a) (b)
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Sd→1 → R
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Sd→1
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• We identified 15 primary operators, the numerical errors of all 
primaries are within 1.6%. 

• We looked at 70 lowest lying states with L<5, all of them match 
theoretical expectations with small errors~3%.

State-operator correspondence

Bootstrap data from Simmons-Duffin, 2017

Zhu, Han, Huffman, Hofmann, YCH, arXiv:2210.13482 (PRX)



Welcome to the era of fuzzy sphere

1000~100,000 spins 4~20 spins

Millions of CPU hours 30 mins on a laptop

Very limited information Almost everything

No access to conformal symmetry Fingerprint of conformal symmetry

Simulating 3D (2+1D) CFT? Easier than ever!

Zhu, Han, Huffman, Hofmann, YCH, arXiv:2210.13482 (PRX);  Hu, YCH, Zhu, 
arXiv:2303.08844 (PRL);  Han, Hu, Zhu, YCH, arXiv:2306.04681 (PRB); 
Zhou, Hu, Zhu, YCH, arXiv:2306.16435 (PRX); Hu, YCH, Zhu, arXiv:2308.01903 (Nat. 
Comm.); Zhou, Gaiotto, YCH, Zou, arxiv:2401.00039 (Sci. Post); Hu, Zhu, YCH, 
arXiv:2401.17362;  Cuomo,  YCH, Komargodski, arXiv:2406.10186 (JHEP); Zhou, YCH 
arXiv:2410.00087 (PRL); YCH arXiv:2506.14904; Zhou, Wang, YCH arXiv:2507.19580; 
Zhou, Gaiotto, YCH, arXiv: 2509.08038 

Lattice model simulation Fuzzy sphere



Outline

• Application of fuzzy sphere scheme to study open problems:

• Chern-Simons-matter theories: phase transitions between quantum 
Hall states

• Fermionic CFT and super-Ising

• Conformal defect

• Conclusion and outlook



Fractional quantum Hall state

Stormer, Tsui, Laughlin

Rxy = 1/�xy ⇠ B

Classical

�xy = ⌫
e2

hQuantum

Jain sequence: 1/3, 2/5,…, 3/5, 2/3

Phase transition?

TQFT
k

4⇡
ada
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Fractional quantum Hall on the lattice

A. Young group, Science 2018

15

20

25

30

B 
(T

)

n0/c (V)

0.5 1.0CP/CRefA

-8 -6 -4 -2 0

2/3

4/5

1

6/5

E

C

ne

-6 -4 -2 0 0 2 4 6

D

B

G

0.5 1.0CP/CRef

2/3

4/5

1

6/5

n
φ

n0/c (V)
2 4 6 8 10

F

IQH
FQH

CI
FCI

SBCI

ne

Contacts

Gates

n φ

graphite

hBN

BLG

graphite
hBN

vt

vb

X. Xu group, Nature 2023

Lattice + Magnetic field No magnetic field

New opportunities for studying quantum phase transitions (CFTs) in experiments.

Fractional Chern Insulators (FCI)



Phase transition between FCI/FQH

• Disorder is not necessary

• Lattice symmetry

n = C�+ s

New family of quantum critical points Lee, Wang, Zaletel, Vishwanath, YCH 2018

L =

NfX

I=1

 ̄I(i/@ + /a�m) I +
K

4⇡
ada+ · · ·

Chern-Simons-matter theories

Transition between
Jain QH states.



Confinement transition of chiral spin liquid

Kalmeyer-Laughlin chiral spin liquid
a.k.a. 1/2 bosonic Laughlin state

Trivial phase: gapped, no SSB, 
no topological order?
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One boson with U(1)2

<latexit sha1_base64="d1dL+Qziq1ljLg4fK8neQ03C5mY="></latexit>

One fermion with U(1)→3/2

Candidate theories: gapless boson/fermion coupled to CS field

“Simplest” interacting CS-matter theory

Is this a CFT, or is it even a continuous transition?

Wen, Wu 1993; Chen, Fisher, Wu 1993
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Duality conjectures

Conjecture: a SO(3) CFT with four dual Lagrangians
Benini, Hsin, Seiberg 2017
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One boson with U(1)2
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One fermion with U(1)→3/2
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One boson with SU(2)1
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One fermion with SU(2)→1/2

A CFT with
SO(3) symmetry?

Confinement transition of Chiral spin liquid (1/2 bosonic Laughlin state)



Duality conjectures

Conjecture: a SO(3) CFT with four dual Lagrangians
Benini, Hsin, Seiberg 2017
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One boson with U(1)2
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One fermion with U(1)→3/2
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One boson with SU(2)1
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One fermion with SU(2)→1/2

A CFT with
SO(3) symmetry?

Doping leads to superconductors!!

Confinement transition of Chiral spin liquid (1/2 bosonic Laughlin state)
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†
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Hofstadter-Hubbard model
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U

C=2 Chern  
insulator

Chiral spin liquid
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ωxy = 2
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ωxy = 1

Key question: Is it really a continuous phase transition?

At phase transition: Single electron gap:
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!Ecω > 0
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!Ec→c↑ = 0Cooper pair gap:

Kuhlenkamp, Kadwo, Imamoglu,  
Knap, 2022;  
Divic, Crepel, Soejima, Song,  
Millis, Zaletel, Vishwanath 2025

Superconductors from quantum criticality?



Superconductors from quantum criticality?
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U

C=2 Chern  
insulator

Chiral spin liquid
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ωxy = 2
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ωxy = 1

Doping

Superconductor

Key question: Is it really a continuous phase transition?

At phase transition: Single electron gap:
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!Ecω > 0
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!Ec→c↑ = 0Cooper pair gap:

Kuhlenkamp, Kadwo, Imamoglu,  
Knap, 2022;  
Divic, Crepel, Soejima, Song,  
Millis, Zaletel, Vishwanath 2025



Make it fuzzified

Boson-fermion mixture system
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H =

∫
d
2
ωr
[
(nb + 2nf )

2 → 1
2 (b

†
f
1
f
2 + h.c.) + µnf

]
,

Liou, Hu, Yang 2018

Relevant to Feshbach resonance in cold atom systems.

Zhou, Wang, YCH arXiv:2507.19580
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ω = 2 Bosonic Laughlin state
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S: tuning operator for the transition !S = 1.52(18)
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Jµ: SO(3) conserved current, ! = 2

Two relevant  
operators:

This transition is continuous and conformal.

Zhou, Wang, YCH arXiv:2507.19580



More evidence
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• Conformal correlators of local operators

• Robustness of the scaling dimensions at different parameter points.
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Fermionic CFT

• CFTs with local fermionic operators. 
 
 
 

• More relevant for materials and has cleaner experimental diagnostics.

• Challenging for fuzzy sphere approach.
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Gross-Neveu-Yukawa CFT, super-Ising

Magnetic spatial symmetries forbids microscopic 
particles (fermions) to be be a part of CFT. 

CFT operators are charge neutral.
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Fermionic CFT on fuzzy sphere
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Local fermion
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f†b, b†f

Angular momentum
of boson and fermion
has 1/2 mismatch*.

Spin-statistics theorem

*Wen-Zee shift

Zhou, Gaiotto, YCH, arXiv: 2509.08038 
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For t → (0.2, 0.5) the free Majorana CFT appears at µ = 0.
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Super-Ising

a.  Critical real scalar

σ ~ f1†f0+f0†f1 f0

f1 ϵ ~ n1

ϵ ~ n1

χχ ~ nb¯

σ ~ f1†f0+f0†f1

χ ~ (b†f0, f0†b)

f0

f1

b
c.  Super-Ising

χ ~ (b†f, f †b)f

b
b.  Free Majorana

χχ ~ nb¯
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Majorana fermion coupled to critical scalar (Ising)Emergent supersymmetry

Grover, Sheng, Vishwanath, 2014

Potential realization on the surface of  
3+1D topological superconductor. 

Fuzzy sphere realization
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H = H1 +H2

Fermi kinetic term Scalar interaction Yukawa

Tuning of 3 relevant
perturbation.
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t = 1.5, U = 0.25, g = 1

Bootstrap data 
Atanasov, Hillman,  
Poland, Rong, Su
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Conformal defect and boundary

Bulk conformal 
symmetry

Defect conformal 
symmetry

• New operators living on the defect.

• Non-trivial interplay between bulk and defect.

Line defect Surface criticality
Kondo impurity Surface criticality

Classical system

Quantum system



Solving conformal defect using fuzzy sphere
(a)

(c)
Wely transformation

Line defect (b)

Magnetic line defect of 3D Ising:

Hu, YCH, Zhu, arXiv:2308.01903
Zhou, Gaiotto, YCH, Zou, arXiv:2401.00039
YCH, Komargodski, arXiv:2406.10186 

State-operator correspondence
still works for conformal defects.

Defect operators Defect creation Defect changing

Cusp anomalous 
dimension



State-operator correspondence

(a) (b)Defect operators
Hu, YCH, Zhu, arXiv:2308.01903
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Zhou, Gaiotto, YCH, Zou, arXiv:2401.00039

(a)

(c)
Wely transformation

Line defect (b)

Defect conformal symmetry:



g-function (defect central charge)

g-function: Monotonic under RG flow of defect

• 2D bulk: Affleck & Ludwig 1991; Friedan & Konechny 2004
• 3D bulk: Cuomo, Komargodski, Raviv-Moshe 2022
• General dim bulk: Casini, Landea, Torroba 2023

Our results:

Zhou, Gaiotto, YCH, Zou,  
arXiv:2401.00039

Cuomo,  Komargodski & Mezei 2022
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Bootstrap confirms our prediction

Lanzetta, Liu, Metlitski 2025



Conformal boundary
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• Fermionic CFT and super-Ising

• Conformal defect

• Conclusion and outlook



A lot to explore in this fuzzy world

A numerical tool to solve open problems of CFTs/QFTs:
• Critical gauge theories: QED3, QCD3, Chern-Simons 

matter theories, etc.
• 2+1D CFT at finite temperature, Cardy formula
• Conformal defect
• Non-equilibrium dynamics, quantum chaos
• Complex fixed point, complex CFT
• Landscape of CFTs, new CFTs
• Higher dimensional generalizations
• …

Direction 1

Direction II

Unreasonable effectiveness of mathematics (fuzzy geometry):
• Regulating QFTs using non-commutative geometry?!
• Exact solution or hidden structure of 3D CFTs?!



Non-commutative geometry

Heisenberg’s original idea in 1930s: to cure the 
infamous UV divergence in quantum field theory

non-commutativity
in phase space

non-commutativity
in real space

Heisenberg

A letter to

Peierls

1930

Pauli Oppenheimer Snyder

A PhD 
project

1947

Mathematical foundation was developed  
by Connes during 1970s-1980s.



Ground state is little entangled

<latexit sha1_base64="gwq0aEkCV53kz0rJQFFq8a0MIro="></latexit>

S =
1

6
ln

[
N

ω

]
+ 0.478558014(5)

1+1D Transverse Ising model
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S = ω
→
N + ε

2+1D CFT on fuzzy sphere

Entanglement entropy with the system cut into two halves.



Two wavefunctions reshaped condensed matter physics:

Can wavefunction be the hero once again?

<latexit sha1_base64="ynsEf9v1u1D4ZDYMlIoZOu5T0RI="></latexit>∣∣BCS
〉
=

∏

k

(
uk + vk c

†
k→ c

†
↑k↓

) ∣∣ 0
〉

Superconductors  
Bardeen, Cooper, Schrieffer

Fractional quantum  
Hall Laughlin 
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!m(z1, z2, . . . , zN ) =
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i<j

(zi → zj)
m exp

(
→ 1

4ω2B

N∑

i=1

|zi|2
)
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YCH arXiv:2506.14904A wavefunction ansatz for 3D Ising on fuzzy sphere:
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N = 12 N = 16 N = 20 N = 24 N = 28 N = 32

Ising CFT 0.9967 0.9951 0.9935 0.9918 0.9902 0.9885

1. Power law correlation function.  
2. High wavefunction overlap with the Ising CFT.



Summary

• We proposed a new scheme called fuzzy sphere regularization to study 
3D CFTs by making use of the quantum Hall physics and non-
commutative geometry.

• A major surprise is that it miraculously works for a very small system 
size, i.e. N=4~16 spins. 

• A wealth of information (e.g. operator spectrum, OPE coefficients, F-
function) as well as different CFTs (e.g. Wilson-Fisher, SO(5) deconfined 
phase transitions, defect CFTs, QED3-Chern-Simons theory, Majorana 
fermion, super-Ising) can be computed efficiently in this scheme.

Thank you!

Let’s explore the fuzzy world! 
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