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Cooper effect and BCSà SC order parameterà Parityà Spin-orbit 
interaction àLattice group representationsà Energy spectrum 

Classes: crystalline classesà magnetic classesà the formal approach and  
simple examples à superconducting classesà Landau functional à 
two-and three - dimensional representations 
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The Cooper paper, 1956 

Consider two interacting particles  
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! Cooper: not so for two electrons near the Fermi surface 
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∫ ∫

 ! integrated over  {0, }ξ ω⊆ One finds: exp{ [2 / ( )]}Fg Eε ω ν= − ( | |)g V=

The solution always exists! The Fermi surface is unstable with respect to pairing at 
the arbitrary weak attractive interaction  ! 

(BCS, 1958) 

In 3D to form a bound state one needs a finite V   ! 
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(Gor’kov, 1958) 

The anomalous functions: 

the e-e interaction: 

Now 
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In the equations for the new Green functions:   

the “gaps”                         are the superconducting order parameters : ˆ ˆ( ), ( )k k+Δ Δ
r r
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Definition of the transition temperature Tc from the linearized gap equation: 
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Energy spectrum: ni Eω ⇒
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(       is the unit spin matrix) Î
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P odd: 
a “triplet”, S=1 

Strong spin-orbit coupling: 
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à Arises only as the solution for the gap at T=Tc 

the interaction V  expanded over representations of the point group: 

? Non-linear corrections below Tc from other representations 

? The multi-dimensional representation : what is the structure of the 
order parameter  just below Tc ? in the ground state ? 

What is the gap structure? 
 
?Strong coupling (say, higher order corrections in V) 



The total Symmetry Group in the normal phase: 
 

(1)G R U× ×

To warm up: how one builds the non-trivial magnetic classes? 

Then the Group of Symmetry in the normal phase is: 
 

G R×

R- the time reversal tà-t . Applying to a wave 
function: corresponds to the complex conjugation 

U(1) -multiplication by a phase factor 

At SC pairing Q =0:               Search for the superconducting classes ! 

G –the point group of all rotations and reflections 

<Common Crystalline classes and  the Space Group> 



General (formal) approach: single out a subgroup H of the group G  

Take all elements  ˆ
iG H∉ and  form all products  

1 2
ˆ ˆ ˆ, ,... iG H G H GH

These termed the left classes. Similarly, form the right classes : 

1 2
ˆ ˆ ˆ, ,... iHG HG HG

Multiplication of the classes à multiply as the elements constituting the classes: 

ˆ ˆ ˆ( )i k i kGH G H GG H× ⇒

If two manifolds coincide, Ĥ is the invariant sub-group or the normal 

divisor  of  Ĝ   . Let      be the number of elements in Ĝ and        in  Ĥ
. 
Then: ( 1)g h i= +

g h

1i + is called the index of  the sub-group 



The method  for building all non-trivial magnetic  classes is now clear: first find a 
sub-group of index 2 and distribute the remaining elements over its classes .  
                       Next step, form the direct product : 

ˆ ˆF R×

The new group of i+1 elements is called the factor-group: F̂
Two transformation (1, R) constitute the two elements forming the group: R̂

In practice, the method is that  all elements from each class, i.e., the elements of 
the factor group,except the identical class formed by the sub-group Ĥ  Itself, 
appear combined with the time reversal transformation R: tà-t. 

A couple of simple examples below ! 



D6h=D6 x Ci D4h=D4 x Ci 

Oh=O x Ci 

x 

y

z 

Ci (E, P) :P r r⇒−
r r

D2 



D4 

E   C2   2C4   2U2   2U’2 

1    1     1      1        1 

 1    1      1     -1      -1 

 1    1     -1       1      -1 

 1    1     -1      -1       1 

 2    -2     0       0        0 

A1 

A2, z 

B1 

B2 

E;  x, y 

U2 

U’2 

C4 

D4(C4) A2, z (E   C2   2C4   2RU2   2RU’2  ) 

B2 D4(D2) (E   C2   2RC4   2RU2   2U’2  ) 



U2 

U’’2 

D6 

E   C2   2C3   2C6   3U2   3U’2 

1     1      1       1       1       1 

1     1      1       1       -1     -1 

 1    -1     1      -1       1      -1 

 1    -1     1      -1       -1      1 

 2     2     -1      -1       0       0 

 2    -2     -1       1       0       0 

A1 

A2,z 

B1 

B2 

E2 

E1;x,y 

C6 

D6(C6) A2: 

B1 : D6(D3) 

(E   C2   2C3   2C6   3RU2   3RU’2 ) 

(E   RC2   2C3   2RC6   3U2   3RU’2 ) 



,
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Return to superconductivity and to the solutions for the gap at Tc 

Symmetry Group in the normal phase: 
 

(1)G R U× ×

For the crystal groups with the center of inversion one may write: 

iG G Cʹ′= ×

Gʹ′where is the group of the rotations only and study cases of the even 
and the odd parity separately 

     As one example, consider again  4D
4 (1)D R U× ×

. In the normal state: 

, ; ˆ ˆ( , ) ( ) ( )j j j
j

V k k A k kα β µλ ϕ ϕʹ′ ʹ′⇒ ⊗∑
r r r r



(1)R U×From the product one may construct the following groups: 

a) The only two groups with index 2 : R   and (1) (1, )iU e π−⇒

b)the product of /2 /2(1, , , )i i ie e e Rπ π π− ×
E   C2   2C4   2U2   2U’2 

1    1     1      1        1 

 1    1      1     -1      -1 

 1    1     -1       1      -1 

 1    1     -1      -1       1 

 2    -2     0       0        0 

A1 

A2, z 

B1 

B2 

E;  x, y 

a) Do as before: 

D4(C4) A2, z (E   C2   2C4   2RU2   2RU’2  ) 

D4(C4) (E   C2   2C4  2       U2  2     U’2  ) ie π ie π

D4(D2) B2 (E   C2   2RC4   2RU2   2U’2  ) 

D4(D2) (E   C2   2      C4  2      U2   2U’2  ) ie π ie π

! for one “gap” the magnetic superconducting phases in a) do not appear at Tc  

(In applying to the pair function ->R means taking the  complex 
conjugate)  

/2 /2(1, , , )i i ie e e Rπ π π− ×  b)  !? Non- Abelian group is isomorphic       (index 8 !) 4D
(See below) 



The wave functions for the representations of the  group       : 4D
1( 0) : .A S Symm function= 1( 1) : ( )z x yA S azk b xk yk= + +

r rr

2 2
1( 0) : ( )x yB S k k= − 1( 1) : x yB S xk yk= −

r r

( 0) : ;z x z yE S k k k k= ( 1) : ;x yE S zk zk=
r r

“d-wave”! 

2 2
2( 0) : ( )x y x yA S k k k k= − 2 2

2 ( 1) : ( )( )y x x yA S xk yk k k= + −
r r

4 4 2 4 2 2( ) : ( , , 2 , 2 ,2 )i iD C E C C e U e Uπ π ʹ′

2 ( 0) : x yB S k k= 2 ( 1) : y xB S xk yk= +
r r

4 2 2 4 2 2( )( , , 2 ,2 ,2 )i iD D E C e C e U Uπ π ʹ′

(For the classes that can be constructed on basis of the two-dimensional 
representation E                 see below) 

/2 /2(1, , , )i i ie e e Rπ π π− ×b)  !? Non- Abelian group is isomorphic       (index 8 !) 4D



ˆ ˆ( ) ( )A p Apψ ψ=
r r ˆ ˆ ˆ( ) ( )Ad p Ad Ap=

r rr r

D4(C4) (E ,  C2 ,  2C4,  2       U2,  2       U’2  ) ie π ie π

Symmetry Class and positions of zeroes 

( ,0, )zp x p=
r

2( ) 2( )( ) ( ) ( ) ( ,0, ) ( ,0, ) 0
i

x x z zp e U p U p x p x p
π

Δ = Δ = − Δ = −Δ − = −Δ ≡r r r

S=0: 

2( ) 2( )( ) ( ) ( ) ( , , ) ( , , ) 0i
x y x y z zp e U p U p x x p x x pπ

= =Δ = Δ = − Δ = −Δ − = −Δ ≡
r r r

Gap is zero on intersections of FS with the vertical symmetry planes 

( , , )zp x x p=
r

S=1: 

2( ) 2( ) 2( ) 0( ) ( ) [ ( )] (0,0, ) ( )i
x x x z zd p e U d p U d U p d p d pπ= = − ⇒ − = −

r r r rr r r r0 0(0,0, ); (0,0, )z zp p d d= =
rr

Gap is zero on FS at intersection with the 4-fold axis C4 



Now let                       be two functions realizing the  representation E. Then 
the superconducting order parameter,i.e., the “gap” can be presented as: 

( ); ( )x yk kϕ ϕ
r r

1,2
( ) ( )i i

i
k kηϕ

=

Δ =∑
r r

Near Tc  à the Landau functional            has the following general form: ( )TΦ

* * 2 2 2 4 4
1 2 3( ) ( )( ) ( ) | | (| | | | )c x yT T Tα η η β η η β η β η ηΦ = − ⋅ + ⋅ + + +

r r r r r

Depending on the coefficients, its minimization leads to the following solutions: 

2

1

β
β

3

1

β
β

3 22β β= −

(1,1)

(1, )i

(1,0)

Find Free energy minimum? Consider the second order transitions from the normal state  

( 0) : ;z x z yE S k k k k=

( 1) : ;x yE S zk zk=
r r

For instance (S=0): 

(1,0) : ( )z x z yk k or k k→ (1,1) : ( )z x yk k k±



? !Omit the U(1)-elements 
and compare with  D4(C4): 

Magnetic class!  
(E   C2  2C4  2RU2   2RU’2  ) 

(the moment is along the z-axis) 

( ) exp( )z x y zk k ik k iϕ+ ⇒
(1,i): 

( ) exp( )x yz k ik z iϕ+ ⇒
r r

Superconducting class   
D4(E): / /2 //2 3 //2

2 4 4 2 2 2( , , , , , ,2 )i i i i i
x yE e C e C e C e RU RU e RUπ π π π π− ± ʹ′

D4(E) is the most symmetric class that can be constructed from this two-dimensional 
representation without lowering symmetry of the lattice (of the crystalline class) 

Two symmetric classes preserving the crystalline symmetry for the cubic lattices :  

(1,0) : ( )z x z yk k or k k→ (1,1) : ( )z x yk k k±In fact, compare à 



8C3 6C2 

D2 

O 

T 

The cubic symmetry 



E  8C3   3C2  6C2   6C4 

1    1     1      1        1 

 1    1      1     -1      -1 

 2    -1     2       0      0 

 3    0     -1       1     -1 

 3    0     -1       -1      1 

A1 

A2 

E 

F2 

F1  x, y; z 

The Landau functional at Tc is analogous to that one for the 2D representation of D4: 

à For the three dimensional representations there are three parameters in 

1,2,3
( ) ( )i i

i
k kηϕ

=

Δ = ∑
r r

* * 2 2 2 4 4 4
1 2 3( ) ( )( ) ( ) | | (| | | | | | )c x y zT T Tα η η β η η β η β η η ηΦ = − ⋅ + ⋅ + + + +

r r r r r

A2    3 2 2 4( ,8 ,3 ,6 ,6 )i iE C C e C e Cπ π− − O(T) 

Two symmetric new classes that are possible        O(T), O(D2 ) 

Symmetry phases for  representations E, F1, F2  
just below Tc à from the Landau functional 

! Qualitative new results from F1 and F2 

Another high symmetric class formed from E:  O(D2 ) 
(Somewhat lengthy !)  

( ) 2
2 2 2 4 4 4
2 2 ( ) ( ) ( ) 2

3 3 2 2 2

( ) ( ,3 ,2 ,2 ,2 ,

4 ,4 ,2 ,2 ,2 )

perp x x y z

perp x perp y perp z

O D E C U RC R C R C R
C C U R U R U R

ε ε

ε ε ε ε

⇒



The analysis leads to the phase diagram: 

2

1

β
β

3

1

β
β

3 22β β= −

(1,1,1)

2(1, , )ε ε

(1,0,0) (1,1,0)

2(1, , )ε εIn /3ie πε =

( , , )x y zη η ηThree  components play role of the  

vector       in the 3D space of F1 or F2.  η
r

In the above case the components are complex: 

iη η ηʹ′ ʹ′ʹ′= +
r r r

and one may form the third vector 

[ ]m η ηʹ′ ʹ′ʹ′= ×
r rr

that has the meaning of a magnetic moment 

Excitations to be found from 

2 2 ˆ ˆ ˆ|| [ ( )] ( ) ( ) || 0Det E k I k kξ +− −Δ ×Δ =
r r r



2 2 ˆ ˆ ˆ|| [ ( )] ( ) ( ) || 0Det E k I k kξ +− −Δ ×Δ =
r r r

For P-even (“singlet”) 
2 2 2( ) | ( ) |E k kξ= + Δ

r r

For P-odd  (“triplet”): 

( ) ( ) ( )k k i kη η ηʹ′ ʹ′ʹ′= +
r r rr r r

and ( ) [ ( ) ( )]m k k kη ηʹ′ ʹ′ʹ′= ×
r r rr rr

* * *ˆ ˆ ˆˆ( ) ( ) ( ) ( [ ])d d d d I i d dσ σ σ⋅ ⋅ = ⋅ + ⋅ ×
r r r r r rr r rg2

ˆˆ ˆ( ) {( ( )) }k i d kσ σΔ =
r r rr

with using: 

2 2 2 ˆˆdet || [ ( ) | ( ) | ] ( ) || 0E k k I m kξ− − Δ − =
r r rr

à 

one finds that the excitations are split into the two and two branches 

2 2
1,2 ( ) | ( ) | | ( ) |kE k d k m kξ± = ± + ±r
r r r

(compare with two directions of spin for the “s-wave” superconductors) 



F2  (“singlet”): ; ;y z z x x yk k k k k k

; ;z y x z y xyk zk zk xk xk yk+ + +
rr r r rr r

(“triplet”): 

F1  (“singlet”): 2 2 2 2 2 2[ ( )];[ ( )];[ ( )]x z x z z x z x y x x yk k k k k k k k k k k k− − −

[ ];[ ];[ ]z y x z y xyk zk zk xk xk yk− − −
r r r rr r

(“triplet”): 

The  basis functions: 

2

1

β
β

3

1

β
β

3 22β β= −

(1,1,1)

2(1, , )ε ε

(1,0,0)

Symmetry zeros versus the point zeroes: 

“singlet” gaps  may have zeroes on the symmetry 
elements of the group (unstable at perturbations) 

“triplet” gaps  may have zeroes at the symmetry  
points on the Fermi surface. In the magnetic classes  
zeroes correspond to the non-zero magnetic moments: 
hence, are topologically stable 



What is achieved by the above methods? 

a) Knowing the symmetry class allows to identify the positions of the 
gap zeroes without model assumptions concerning the basis functions  

b) Lines of zeroes possible for “singlet” phases; “triplet” phases may possess  
zeroes only at the points on the Fermi surface.   T-square or T-cube dependence 
of the specific heat  at low T, correspondingly. 

c) Topologically stable magnetic moments in some “triplet” phases   

d) For two-and three-dimensional representations the phase transitions at  Tc 

can be split by external perturbations (? UBe13 and UPt3 ) 

e) Ordinary impurities decrease Tc and may result in ”gapless” SC.Lines of zeroes 
are absolutely unstable at the arbitrary small impurity concentrationà nonzero DOS 

f)The upper critical field can be anisotropic for some symmetry  
directions directly at T c in the cubic and tetragonal lattices à 
 

2 ( )cH ϕ

g) Non-trivial (phase-sensitive) boundary conditions with significant 
implications to the Josephson effect  

*( . )S L RF w c c∝ Δ Δ +
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Appendix : Impurities 

The Green function’s self-energy: 
p p’ p 

2| ( , ) |v p pʹ′r r

2
3

1 | ( , ) | Im ( ; )
(2 )i
dpn v p p G E p

τ π
ʹ′

ʹ′ ʹ′= ∫
r r r r

+… ˆ ( ) ( , )p V p pʹ′Δ ∝ ∫
r r r ˆ ( )p dpʹ′ ʹ′Δ

r r + ( , )V p p dpʹ′ ʹ′∫
r r r ( , )V p pʹ′ ʹ′ʹ′∫

r r ˆ ( )p dpʹ′ʹ′ ʹ′ʹ′Δ
r rP’ 

-P’ 

P’’ 

-P’’ 

( , )V p pʹ′ ʹ′ʹ′∫
r r ˆ ( ) 0p dpʹ′ʹ′ ʹ′ʹ′Δ ≡

r rP’’ 
P’’ 

-P’’ 

If gap belongs to any non-identical representation! 

Why MUST Tc decrease? 

Density of states (DOS): 



ˆ ˆ( ) ( )A p Apψ ψ=
r r ˆ ˆ ˆ( ) ( )Ad p Ad Ap=

r rr r

Example D4(C4) (E ,  C2 ,  2C4,  2       U2,  2       U’2  ) ie π ie π

Appendix : Symmetry Class and positions of zeroes 

( ,0, )zp x p=
r

2( ) 2( )( ) ( ) ( ) ( ,0, ) ( ,0, ) 0
i

x x z zp e U p U p x p x p
π

Δ = Δ = − Δ = −Δ − = −Δ ≡r r r

S=0: 

2( ) 2( )( ) ( ) ( ) ( , , ) ( , , ) 0i
x y x y z zp e U p U p x x p x x pπ

= =Δ = Δ = − Δ = −Δ − = −Δ ≡
r r r

Gap is zero on intersections of FS with the vertical symmetry planes 

( , , )zp x x p=
r

S=1: 

2( ) 2( ) 2( ) 0( ) ( ) [ ( )] (0,0, ) ( )i
x x x z zd p e U d p U d U p d p d pπ= = − ⇒ − = −

r r r rr r r r0 0(0,0, ); (0,0, )z zp p d d= =
rr

Gap is zero on FS at intersection with the 4-fold axis C4 



Appendix: Multi band SCs 
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gE Representation of the cubic group 
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