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Topology and New Excitations

2D Materials with large unit cell needed 
Can gate-dope considerably 

Flat bands are generic at certain “magic angles” or “magic regions”
Interactions are crucial

Remarkable phases come to life
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Moire

Pandora’s box and the infinite phase 
space of engineered materials



See also Torma, Heikilla, Zhang, Das Sarma, Guinea, Shizeng, others  for mechanisms 



Strategy
1. Model Rhombohedral Graphene Single Particle, completely new system
2. Get Rid of Details (can we?) 
3. Model Interactions 
4. See what phases emerge with a) Repulsive b) Attractive Interactions
5. Go beyond mean field, if necessary (it is necessary)
6. Find out Moire is necessary to explain CI/FCI (i.e. no AHC) 
7. Once Moire added, can we explain CI/FCI? – Moire capacitor effect
8. Find if SC emerges naturally under attraction

9. Go out have beer

10.Come back ask what is attraction mechanism



Rhombohedral multilayers

• Moiré engineering produces flat bands, 
but graphene has its own!

• SSH model out-of-plane

• Surface states when

hBN



Rhombohedral Graphene Single Particle Model

V

V

Too many details in the BS, anything simpler? 



intralayer Dirac term
𝑣𝐹𝝈 ⋅ 𝒌

interlayer hopping 𝑡1

Focus on valley 𝐾, keep dominant terms

keep only dominant 
𝑣𝐹 , 𝑡1, 𝑉 terms 

V



1. low-energy edge modes localized at 1A 
and nB for 𝑘 < 𝑘𝑏~𝑡1/𝑣𝐹

2. other ‘dimer’ states split by ≃ ±𝑡1

intralayer Dirac term 𝑣𝐹𝝈 ⋅ 𝒌

interlayer hopping 𝑡1

Resemblance to (finite) Su-Schrieffer-Heeger chain

𝐻 𝒌 =

0 𝑣𝐹𝑘− 0 0 ⋯
𝑣𝐹𝑘+ 0 𝑡1 0 ⋯

0 𝑡1 0 𝑣𝐹𝑘− ⋯
0 0 𝑣𝐹𝑘+ 0 ⋱
⋮ ⋮ ⋮ ⋱ ⋱

𝑘± = 𝑘𝑥 ± 𝑖𝑘𝑦

𝑡1 ≃ 360meV, 𝑣𝐹 ≃ 540meVnm →  𝑘𝑏 ≃ 0.7nm−1 →  𝑛𝑒𝑑𝑔𝑒 ≃ (1 → 3) × 1012cm−1



Low-energy non-dimer states captured by chiral basis

Exact as 𝑘 → 0

holomorphic 𝜓𝐴 𝒌
on A sublattice

exponentially localized to 
bottom layer

anti-holomorphic 𝜓𝐵 𝒌
on B sublattice

exponentially localized to 
top layer



=

0
𝑣𝐹

𝑛𝑘−
𝑛

𝑡1
𝑛−1

𝑣𝐹
𝑛𝑘+

𝑛

𝑡1
𝑛−1 0

approximate 𝑛th order Dirac cone

singularity of 𝑛𝜋 Berry phase at 𝑘 = 0

Zhang et al, PRB (2010)

𝐻𝑒𝑓𝑓 𝒌 = < 𝜓𝑖 𝒌 |H(𝒌)| 𝜓𝑗 𝒌 >,  𝑖, 𝑗 = 𝐴, 𝐵

Projection to the low-energy states

𝐸±
𝑒𝑓𝑓

𝑘 ≃ ±𝑡1

𝑣𝐹

𝑡1
𝑘

𝑛



𝐻𝑒𝑓𝑓 𝒌 =

−
𝑛 − 1

2
𝑉

𝑣𝐹
𝑛𝑘−

𝑛

𝑡1
𝑛−1

𝑣𝐹
𝑛𝑘+

𝑛

𝑡1
𝑛−1

𝑛 − 1

2
𝑉

low-energy states polarizable by displacement field 𝐷

→ regions of flat dispersion

broken 𝐼 symmetry → finite Berry curvature

Zhang et al, PRB (2010)

Add Displacement Field

𝑉 interlayer potential

Han et al, Nature (2024)

R5G

(higher-order hoppings)

𝐸±
𝑒𝑓𝑓

𝑘 ≃ ±𝑡1

𝑣𝐹

𝑡1
𝑘

2𝑛

+
𝑛 − 1 𝑉

𝑡1

2

 



RnG with displacement field (no moiré) 

Need to specify:
• kinetic dispersion
• Bloch functions (form factors) 

Physics happens in the 
conduction band with flat bottom

Goal: Extract minimal model capturing main features of RnG
→ analytical intuition

BAB, Kwan, arXiv (2025)

The Kinetic Model Of n > 3 Is A Trashcan

trashcan velocity 𝑣 trashcan radius 𝑘𝑏

can extract analytically:



For 𝑉 > 0, conduction band is 𝜓𝐵(𝒌) 

‘GMP algebra’, exact for 
𝑣𝐹𝑘

𝑡1
≪ 1 :

Ω 𝑘 = 2𝛽,  𝛽 =
𝑣𝐹

2

𝑡1
2

n=5: Berry flux 
enclosed by trashcan 
basin

Wavefunctions of the Trashcan Bottom: Constant Berry Curvature



trashcan dispersion

GMP form factors

chiral B basis creation 
operator

Berry Trashcan Interacting Model

is a density-density interaction, usually Coulomb and likely screened (due to gates, etc.) 



In one trashcan, system is gapless.

Goal: Study addition of moire

Goal: Study repulsive interactions, at fractional or integer filling

Goal: Study attractive interactions

Goal: Hartree-Fock, ED, analytic solutions possible?

Most of the above is not understood. 

If density is much smaller: many degenerate single-particle states, hard to 
analytically control HF equations; fluctuations will be important

If density is much larger: spin-valley polarization penalized by kinetic energy 
(but mean-field may be more controlled)

What do interactions do?

4 trashcans: 2 valleys (K, K’) and 2 spins  At finite filling <             ,  almost exact spin 
and flavor valley and spin ferromagnetism

Can be obtained in Hartree Fock and is exact

Breaks time-reversal

𝑘𝑏
2

(trivial and topological Wigner crystals (WCs) in Hartree-Fock when 
electronic density is commensurate with trashcan bottom ("𝜈 =
1"))

• Competition between WCs with different Chern number 𝐶?

• Analytical expressions for HF solutions?

• (Exact collective excitations and beyond-mean-field states?)
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(a) (b)

K G

K hB N

ΓM

q1

FIG. 1. (a) Crystalline and moiré BZs for rhombohedral
graphene (blue) and hBN (red). The K points of both mate-

rials are labeled, and the blue disks highlight the first shell of
moiré reciprocal lat t ices around K G . The q1 vector and it s

C3 partners are shown in orange about the moiré ΓM point .
(b) Real space lat t ice for 7 moiré unit cells.

In our setup, we take the rhombohedral graphenewith
lat t ice constant aG = 2.46Å to be situated on top of the
hBN with lat t ice constant to be ahB N = 2.50Å = (1 +
✏r i gi d)aG with ✏r i gi d = 0.0163. The di↵erence between
thegrapheneK point and hBN K point rotated clockwise
by ✓ is

q1 = K G − K hB N =
4⇡

3aG
(1−

R(−✓)

1 + ✏
)x̂ (1)

with its C3 partners q j + 1 = R( 2⇡
3
)q j , where ✓ is the

twist angle and R(✓) is a rotat ion mat rix. The moiré
reciprocal lat t ice vectors are bMj = q3 − q j for j = 1, 2.

The commensurat ion condit ion mbM1 + nbM2 = bG1 for
bG1 = 4⇡p

3aG
ŷ the graphene reciprocal lat t ice vector re-

sults in configurat ions labeled by m, n 2 Z (for ✏> 0):

1 + ✏=
⇣
1+

2n + m + 1

m2 + mn + n2

⌘− 1/ 2

tan(−✓) =

p
3m

2(m2 + mn + n2) + 2n + m

(2)

and wepick (m, n) = (34,− 54) so that ✏= 0.01673 (close
to✏r i gi d) for ✓= 0.76715

◦ , theexperimental angle. Using
the formulae, we find that the grapheneK point is folded
to

K G =
m − n

3
mod 1 (bM1 + bM2 ) (3)

within the moiré BZ. For the commensurate configura-
t ion (m, n) = (34,− 54) used here, K G folds onto the
moiré KM point (see Fig. 1).
We start by performing first -principle st ructural relax-

at ion of the RnG/ hBN commensurate superlat t ice with
a classical force field as implemented in LAMMPS [33].
During therelaxat ion, weheld thehBN layer fixed to sim-
ulate a thick substrate, and the moiré unit cell was pre-
served. Two empirical interatomic potent ials are used to
perform the relaxat ion. For int ra-layer interact ion within
graphene layers, we used the react ive empirical bond or-
der potent ial [34]. For inter-layer interact ion, we used

an inter-layer potent ial developed for graphene and hBN
systems[35].

The relaxat ion results of the the lowest graphene layer
which has direct contact with the hBN is shown in
Fig. 2(b-f ) for configurat ions ⇠= 0, 1. The out-of-plane
(inter-layer) relaxat ion is shown in Fig. 2(c,d) and the
in-plane (int ra-layer) relaxat ion is shown in Fig. 2(e,f ).
The inter-layer distance between the hBN and lowest
graphene layer is in the range of 3.29Å-3.52Å. The dis-
tance is minimal at the AB point and reaches a max-
imum at AA region (with a similar value at the BA
region). From Fig. 2(e,f ), we see the int ra-layer dis-
placement shows that the Carbon atoms near AB region
tend to rotate in the clockwise direct ion with respect to
hBN, against the global twist (counterclockwise). This
enlarges theAB region. Both t rends indicate that the lo-
cal stacking of CA , theA-sublat t ice carbon, on top of the
boron atom is energet ically favorable, and the bilayer re-
laxes to maximize this stacking at the expense of the AA
and BA regions. This is expected because of the polar-
ity of the boron-nit rogen bond, where the more elect ro-
negat ive nit rogen accepts boron’s valence elect rons to fill
its p-orbital shell. Thus the lowest unoccupied molecu-
lar orbital is localized to the boron. Furthermore, as we
will show in Sec. I I I, the low-energy wavefunct ions of the
pentalayer graphene have exponent ially larger weight on
the CA than CB of the lowest graphene layer. Thus the
AA and BA regions, where CA is aligned to nit rogen, is
disfavored, and the AB region, where CA is on top of
boron, is favored.

Wefind that thegraphene int ra-layer relaxat ion decays
quickly away from thehBN subst rate (seeApp. B). How-
ever, the out -of-plane relaxat ion pat tern of the bot tom-
most layer persists throughout the device (see Fig. 3) so
that the inter-layer graphene distances remain constant
for each r . This is consistent with recent measurements
in the graphene-graphite moiré system [36], where it was
found that the moiré potent ial a↵ects all layers of the
graphit ic thin film. Note that out-of-plane modulat ion
r ! r + h(r )ẑ of the graphene sheet does not couple at
first order to the Dirac cones due to the e↵ect ive mirror
symmetry of a single graphene sheet [37], and therefore
the e↵ect of spat ially varying h(r ) can be neglected. We
haveverified that this pat tern extendsout to n = 7 layers
in the relaxed structures.

A comparison of the relaxed and rigid band st ructures
can be found in Fig. 4 for 5 layers. (See the compari-
son for other layers in Figs. 26-30 in App. C.) While the
qualitat ive features of the bands remain similar between
the relaxed and rigid st ructures, there are non-negligible
quant itat ive changes of the band structure, e.g., ⇠= 1
case shows a significant ly reduced gap at charge neutral-
ity (the change is around ⇠10meV). Finally, wehavealso
computed the valley-resolved band st ructures by making
use of the emergent valley symmetry at low energy [38],
with the results and details of construct ion summarized
in App. D. To bet ter understand these band st ructures
and elucidate the physics behind them, we now turn the

Herzog-Arbeitman, Wang, Liu, Tam,…., Quansheng Wu, Jiabin Yu, arXiv:2311.12920

Jung, …, MacDonald PRB (2014)

Add Moire?

MIT Group (Ju)
Peking Group  (Lu)  

Similar story with MoTe2? Moire folds the band, scatters, opens single particle Chern number  
gaps (Chern Insulator), then fractional fill this band for FCI?  Not so fast



First Puzzle: Nothing Happens in Trashcan When Moire Added

doped electrons are away from aligned hBN and moire!

1. Moire barely opens any single 
particle gaps (0.1 mev)

2. Electron band has wrong Chern 
number (5)  

3. Valence band is close to moire, opens 
gaps but has Chern number 0 

4. All experimental action happens in 
conduction band 



3 momenta
(‘patch’)

2 momenta
(‘sliver’)

1 momentum

sharp dispersion leads to tight cutoff outside 1st BZ
‘thin-sliver approximation’

BZ encloses 𝜑𝐵𝑍  
Berry curvature

Can we open gap without Moire? In Hartree Fock, We can!

Berry Trashcan allows for analytic Hartree Fock calculation

Interaction projected in the Berry Trashcan

0



• patch treatment

only consider small patches at BZ 
corners at 𝐾𝑀 and 𝐾𝑀

′

small patches → set 𝒌 ≃ 𝒒2 etc

C mod 3

see also Soejima et al, 
Dong et al, Crepel et al

Hartree Fock

in
cr

e
a

si
n

g 
H

ar
tr

e
e

For small 𝜑𝐵𝑍:
• Hartree prefers 𝐶 = 1 𝑚𝑜𝑑 3 over 𝐶 = 0 𝑚𝑜𝑑 3
• Fock prefers 𝐶 = 0 𝑚𝑜𝑑 3 over 𝐶 = 1 𝑚𝑜𝑑 3

in
cr

e
a

si
n

g 
H

ar
tr

e
e

Analytical Solution of Berry Trashcan Hartree Fock Wigner Crystal

• Patch + slivers along 𝐾𝑀 − 𝑀𝑀 lines

ability to get HF wavefunction around entire BZ
→ obtain full Chern number 𝑪



Hartree Fock Wigner Crystal might fare worse for trashcan than the usual fermi sea

vFkvFk
Fermi Surface Hartree-Fock 

 Wigner Crystal Berry Trashcan Hartree-Fock 

 Wigner Crystal

Does not consider red to blue scattering

As important as blue to blue 



• Mean-field shows C=1 insulators at integer filling

• Hart

• Harvard/Berkeley, MIT, Johns Hopkins: Anomalous Hall Crystal

• Within HF, C=1 band is adiabatically connected to moiré-less limit

• But experiment clearly shows no FCI without hBN
• Kwan, Yu et al, MFCI III 2312.11617 showed instabilities, subtraction schemes, moire

• See Parameswaran cm journal club

The Hartree-Fock route to a C=1 band

C=1“C=5”

Hartree-Fock

Dong, ..., Parker, PRL 133, 206503 (2024)

Zhou, Yang, Zhang PRL.133,206504 (2024)

Guo,.., Liu, PRB 110, 075109 (2024)

Dong, Patri, Senthil, PRL 133, 206502 (2024)

Guo,.., Liu, PRB 110, 075109 (2024)

Huang, Li Sarma, Zhang, PRB 110 115146 
(2024). Yong Baek Kim, others  



Fractionally Filled Chern Insulator With Strong Interactions

Fractionally fill the “flat Chern band”

Regnault, BAB, Neupert, Chamon, Sheng, Sterdnyak, Bergholtz, et al on 



Post-Hartree-Fock

The ED problem is decomposed into
two parts in the HF basis:

• Intra-band doping (1-band projection)

• Inter-band excitations (cut-off n)

• “band-max” truncation n, along with orbital truncation, allows 3-band ED

Yu, Arbeitman …, Bernevig, arXiv:2407.13770 

Li, BAB, Regnault, arXiv:2504.20140



Fate of the FCI in the full Hilbert Space

• Clear signatures of FCI within the Chern band:

• What is the effect of fluctuations outside the HF band? 

• Conclusion: FCI is unstable to fluctuations

MIT JH Harvard Us

LSM: gapless

(MFCI IV)
Yu, Arbeitman …, Reganult, BAB, arXiv:2407.13770 



The root of the problem

Charge modes Collective (neutral) modes

• Not only is the proposed FCI unstable, the parent state is unstable!

• Easily seen from time-dependent HF calculations (MFCI III, see also MIT, Hopkins)



Parent State Possibilities

How do we obtain a stable C=1 state in rhombo?



Enhancement of moire potential: Moire capacitor effect

𝐷 𝐷

hBN

Background 
charge density

• 𝐷 field leads to charge concentration like a capacitor

• hBN coupling → background charge density modulation 

• Enhanced moire in conduction band from Coulomb interaction with holes

• Cannot get stable FCI without moire capacitor effect

Kwan, …, Regnault, B. A. B , arXiv:2312.11617

𝑉𝑐𝑜𝑢𝑙𝑜𝑚𝑏

See also Raquel Queiroz, Abhay Pasupathy (upcoming)  

Moire is crucial for FCI, but thru interactions: Moire Capacitor Effect

(See Kolar, ..., Lewandowski for description of 3D multi-layer Coulomb)



Twisting the Dirac Sea

+
(See Kolar, ..., Lewandowski for description of 3D multi-layer Coulomb)



Revisiting the Role of the hBN Moiré

Mystery (another)

• Experiment: FCIs appear only with 
hBN moiré 

• Theory: bare hBN hybridization 
negligible on conduction bands



“Moiré Capacitor Effect”

{-1, 1, -1}

{1, -1, 0}

{-1, 0, 1}



Stability through Electrostatics

• To pin and stabilize the C=1 insulator, we inspect its density

smooth rhombo parent band



Quantitative Theory of multi-band FCIs

Large-scale multi-band ED 
calculations at nu=2/3
(Hilbert space > 100mil)

“fluctuating” Laughlin state
• 30% density outside C=1 band

at K point

• Band-mixing strengthens the FCI



Chern Number of the CI: same sign as the Berry Curvature inside the Berry Trashcan 
Before gapping

moiré-induced 
electrostatic 
potential

Next Step: A Fully Analytical Theory of Time Dependent Hartree Fock of the Berry trashcan should show:
1. Instability Without Moire
2. Stability With Moire + which factors are essential. 



Moire-less samples show superconductivity

1. Superconductivity for same density as Berry Traschan bottom 

2. Implies same polarization of 4 valley/spin into 1

3. Implies single flavor, finite momentum superconductivity

4. What is the origin of the attraction (remember we start w repulsive interactions - valley/spin polarization)

5. What superconductivity does the Berry Traschan exhibit with attraction?

??????



GMP form factors

Berry Trashcan Attractive Model

• 𝑣𝐹 → ∞ (confinement to flat circular trashcan bottom of radius 𝑘𝑏)

equivalent to limit of 𝛼 = 𝛽 
Berry curvature is 2𝛽

For       interaction 𝑉𝑞 = −𝑐𝑜𝑛𝑠𝑡 is onsite attraction in real-space

Put in BY HAND. Still (1) system superconducts or phase separates? (2) what 
superconductivity kx, ky, kx + I ky , kx -I ky, (kx + I ky )

3
 , (kx -I ky )

3 etc

2𝛽

U<0



Exact solution for 2-electron GS is chiral p-wave pair (angular momentum 𝑚 = 1)

𝑘+ = 𝑘𝑥 + 𝑖𝑘𝑦

Ansatz for more electrons: 

all ED calculations performed on system with 
𝜋

2
 Berry flux

Exact Solution Berry Trashcan Attractive Model

Chirality of the superconductor is identical to the chirality of the Chern insulator in Moire



overlap of ansatz with ED wavefunction

all ED calculations performed on system with 
𝜋

2
 Berry flux

More non-trivially: To the first order of 𝜶𝒌𝒃
𝟐:

Exact restricted spectrum-generating algebra of order 1 
(RSGA-1)

O2=R0



Evidence for superconductivity: binding energies

𝐸𝑏,𝑚 𝑁𝑒 ≡ 𝐸 𝑁𝑒 − 𝑚 + 𝐸 𝑁𝑒 + 𝑚 − 2𝐸(𝑁𝑒)

all ED calculations performed on system with 
𝜋

2
 Berry flux

Even/odd effect in 𝐸𝑏,1 corresponds to binding 

into 2e pairs

𝐸𝑏,2 → 0 corresponds to 

condensation of 2e pairs

𝜈 𝜈

filling of trashcan bottom



Evidence for superconductivity: off-diagonal long-range order

superconductivity implies that 𝑃/𝑁𝑒 has finite 
eigenvalue in thermodynamic limit

only showing highest eigenvalue of 𝑃

𝜈

larger system
 size

𝑒𝑖𝑔(𝑃)/𝑁𝑒



Evidence for superconductivity: off-diagonal long-range order

pairing eigenvector consistent with chiral p-wave



Where is the attraction coming from?

If Berry trashcan model is correct

1. Luttinger Kohn not favored
2. Hence spin fluctuations or
3. Phonons

How to overcome Coulomb? 

Turns out there is a large degeneracy with 
just Coulomb
Attraction can act in this space



futire directions:

• add moiré potential
→ connect to RnG/hBN and FCI physics

• relax symmetries and assumptions
→ improve quantitative agreement

• obtain collective modes analytically
→ understanding of local stability (important for FCI!)

• exact diagonalization of Wigner crystals
→ stability beyond mean-field

• superconductivity (see next)

Berry Trashcan model



Oskar Vafek



Graphene ’04

→ One atomic layer of carbon atoms
→ True 2D material
→ Scotch tape

2010

2D materials: Transition-metal dichalcogenides (MoS₂, WSe₂) and black phosphorus provide 
direct gaps in atomically thin form, useful for flexible and photonic devices

Frontiers in Quantum Material Engineering and Classification
The “Alchemists“ of Today


	Slide 1:   Interacting Models For Moire Matter  FCI in Rhombohedral Graphene and The Berry Trashcan
	Slide 2
	Slide 4
	Slide 6
	Slide 7
	Slide 8: Rhombohedral multilayers
	Slide 9: Rhombohedral Graphene Single Particle Model
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24: The Hartree-Fock route to a C=1 band
	Slide 25
	Slide 26: Post-Hartree-Fock
	Slide 28: Fate of the FCI in the full Hilbert Space
	Slide 30: The root of the problem
	Slide 31: Parent State Possibilities
	Slide 32
	Slide 33: Twisting the Dirac Sea
	Slide 34: Revisiting the Role of the hBN Moiré
	Slide 35: “Moiré Capacitor Effect”
	Slide 36: Stability through Electrostatics
	Slide 37: Quantitative Theory of multi-band FCIs
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 43
	Slide 44
	Slide 45
	Slide 47
	Slide 48
	Slide 49
	Slide 51
	Slide 52



