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Signatures of chiral superconductivity in
rhombohedral graphene
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Fractional quantum anomalous Hall effectin
multilayer graphene
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Strategy

Model Rhombohedral Graphene Single Particle, completely new system
. Get Rid of Details (can we?)

. Model Interactions

See what phases emerge with a) Repulsive b) Attractive Interactions

. Go beyond mean field, if necessary (it is necessary)

Find out Moire is necessary to explain CI/FCI (i.e. no AHC)

Once Moire added, can we explain CI/FCI? — Moire capacitor effect
Find if SC emerges naturally under attraction

0NV A WN R

. Go out have b

10.Come back ask what is attraction mechanism



Rhombohedral multilayers

* Moiré engineering produces flat bands, .
but graphene has its own! I;-"

* SSH model out-of-plane
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Rhombohedral Graphene Single Particle Model
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Too many details in the BS, anything simpler?



Focus on valley K, keep dominant terms

keep only dominant
Vg, t1, V terms

interlayer hopping t4

A@ BO

N\

intralayer Dirac term
UFO' * k




Resemblance to (finite) Su-Schrieffer-Heeger chain

0 vpk_ 0 0
vrk, 0 tq 0
interlayer hopping t; H(k)=| 0 tq 0 vk _
~0-® 0 0 wvgk, O
ky =k, * iky

- A@ BO

1. low-energy edge modes localized at 1A
and nB for k < ky~t;/vg

intralayer Dirac term vp0 - k

N.\./l\/. 2. other ‘dimer’ states split by = +t;

t; = 360meV, vy = 540meVnm - k;, =~ 0.7nm™" - ngq4, = (1 - 3) x 10*%cm™



Low-energy non-dimer states captured by chiral basis

Exactask — 0

ky =k =+ ik,

va

(—vrky/t1)*

(—vrk /1)

holomorphic 4 (k)
on A sublattice

exponentially localized to
bottom layer

(—vrk-/t1)*.

1
—’UFk_/tl
(—vrk_/t1)?
(—vrk—/t1)’

anti-holomorphic Y5 (k)
on B sublattice

exponentially localized to
top layer



Projection to the low-energy states

Zhanget al, PRB (2010)

HS (k) = < ;(K) [H(K) | ¥;(k) >, i,j=AB

i 0 v k™
|y
-~ |vRER 0

1

n/— fold winding

approximate nth order Dirac cone

singularity of nm Berry phaseatk =0



Ad d D|S pla cem ent F|e | d low-energy states polarizable by displacement field D

— regions of flat dispersion

I interlayer potential =
I _______ Y5 (k) broken I symmetry — finite Berry curvature
Ya(k)
$S
(@) 15
n-1 v v k™ _
2 tn—l ;}'
HIT () = on i 20
VK n—1 s
(-t 2 .

-150

A@ BO

2n 2
EJ_erff(k) ~ ih\/(? k) 4 ((Tl —t 1)V>
1 1



The Kinetic Model Of n > 3 Is A Trashcan

BAB, Kwan, arXiv (2025)

Physics happens in the
conduction band with flat bottom

> 3
~

can extract analytically:

trashcan velocity v trashcan radius k;,
2 2
e o (s
v = VF ( L= le) Kb = o 18(7n2+ 2 (n2—1)/10(7n2 12) +2)

v~ 0.450p kp ~ 0.51 %



Wavefunctions of the Trashcan Bottom: Constant Berry Curvature

For V > 0, conduction band is Y5 (k)

‘UF 2 .
— 5 (q"+2igxk)
My.q = (p(k +q)|l¢B(k)) =e *i
5D
~Ne
/
e
v,% n=5: Berry flux
ky e O(k) = 23, b= — enclosed by trashcan
t basin ~ 0.527
. - o _ Moy
‘GMP algebra’, exact for?—k K1: |Pgp+igl = —2i ain [.ﬂ kL 7 == ::' Fay +1q5;
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Berry Trashcan Interacting Model

trashcan dispersion

/T chiral B basis creation
k)’)/k’}/k GMP form factors operator

2
||
~ =
=

Vqu,qu’,—q — qu—ﬁqze—iﬁqx(k—k')

Vq is a density-density interaction, usually Coulomb and likely screened (due to gates, etc.)



What do interactions do?

4 trashcans: 2 valleys (K, K’) and 2 spins

-
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At finite filling < 7T kg, almost exact spin
and flavor valley and spin ferromagnetism

Can be obtained in Hartree Fock and is exact

Breaks time-reversal

In one trashcan, system is gapless.

Goal: Study addition of moire

Goal: Study repulsive interactions, at fractional or integer filling
Goal: Study attractive interactions

Goal: Hartree-Fock, ED, analytic solutions possible?

Most of the above is not understood.



Ad d M Oi re = lung, ., Maconald PRE (2014)

Herzog-Arbeitman, Wang, Liu, Tam,...., Quansheng Wu, Jiabin Yu, arXiv:2311.12920

: LT
L LI ITLTL

0.2 0.4 0.6 0.8 1.0

MIT Group (Ju)
Peking Group (Lu)

Similar story with MoTe,? Moire folds the band, scatters, opens single particle Chern number
gaps (Chern Insulator), then fractional fill this band for FCI? Not so fast



First Puzzle: Nothing Happens in Trashcan When Moire Added

doped electrons are away from aligned hBN and moire!

+ Ve(r) o 0-0 ®

=D (c) rhombohedral graphene o W =19:99mey
2 80.
I~ /N o\ T\ ,
E |\ — ~—F ~—~ ~—" 60.
hBN e 0. £
= 920
s C =5 — .
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= —20.
— (=0 1. Moire barely opens any single _?:' a0, e ; Pl
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—80.1 /== o\
number (5) 2 AN
: - —100. &= = LA\ .
C— _§ 3. Valence band is close to moire, opens Iy K s My s K.
2 gaps but has Chern number 0
4. All experimental action happens in

V> O, ‘/g(r) 7& 0 conduction band



Can we open gap without Moire? In Hartree Fock, We can!

Berry Trashcan allows for analytic Hartree Fock calculation

Interaction projected in the Berry Trashcan

sharp dispersion leads to tight cutoff outside 15 BZ
‘thin-sliver approximation’

" 1
& momentum -
/ T
N 4
- 2momenta 7|
— (e

3 momenta
(‘patch’)

BZ encloses g,
Berry curvature



Analytical Solution of Berry Trashcan Hartree Fock Wigner Crystal

* patch treatment

see also Soejima et al,
Dong et al, Crepel et al

only consider small patches at BZ
corners at K, and K,

small patches = set k ~ q, etc

Cmod 3

* Patch + slivers along K,; — My, lines

ability to get HF wavefunction around entire BZ
—> obtain full Chern number C

Hartree Fock

EHF X e_¢b% COS ( Bz + 27TC> — e_¢q§ CcoSs ( PBZ — 27TC>

increasing Hartree

3

For small ¢g:
* Hartree prefers C = 1 mod 3 over C = 0 mod 3
* Fock prefers C = 0 mod 3 over C = 1 mod 3

3.0

2.5

@pz/Tt



Hartree Fock Wigner Crystal might fare worse for trashcan than the usual fermi sea

iy k i iy k i
! 5 !
% VF Illl' VF Illl|
l".. Fermi Surface Hartree-Fock g II'-. g
! Wigner Crystal

'y ! Berry Trashcan Hartree-Fock 'y
!II".._ Wigner Crystal ll|"r

- @ m

Kb

Does not consider red to blue scattering
As important as blue to blue




Dong, ..., Parker, PRL 133, 206503 (2024)
'he Hartree-Fock route to a C=1 band oo

Guo,.., Liu, PRB 110,075109 (2024)

Dong, Patri, Senthil, PRL 133, 206502 (2024)

* Mean-field shows C=1 insulators at integer filling

100. e 100.
80. | 80.
60. 60. -
Hartree-Fock
40. 40. -
S T S C=1
20. “C=5" 20, ~__ _
FM K]'vf Mﬂ/j FM FM K]'Vj MM K;\/[ FM

* Harvard/Berkeley, MIT, Johns Hopkins: Anomalous Hall Crystal
* Within HF, C=1 band is adiabatically connected to moiré-less limit

* But experiment clearly shows no FCl without hBN
Kwan, Yu et al, MFCI 111 2312.11617 showed instabilities, subtraction schemes, moire Guo,.., Liu, PRB 110, 075109 (2024)

) Huang, Li Sarma, Zhang, PRB 110 115146
See Parameswaran cm journal club (2024). Yong Baek Kim, others



Fractionally Filled Chern Insulator With Strong Interactions

Fractionally fill the “flat Chern band”
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P O St— H d rt ree- F OC k Yu, Arbeitman ..., Bernevig, arXiv:2407.13770

Li, BAB, Regnault, arXiv:2504.20140

The ED problem is decomposed into 100,
two parts in the HF basis:
* Intra-band doping (1-band projection) 80. -
L r i
{a I — n I'""“_m_ |I::I|| 60. -
' 40. -
* Inter-band excitations (cut-off n) '
o] 2. e
]___I "1k r':.."'l'I ro ||:-FI | | | | |
i< L Ky My Ky I'ar

* “band-max” truncation n, along with orbital truncation, allows 3-band ED
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Fate of the FCl in the full Hilbert Space

Clear signatures of FCl within the Chern band:
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The root of the problem

* Not only is the proposed FCl unstable, the parent state is unstable!

e Easily seen from time-dependent HF calculations (mrci i, see also MIT, Hopkins)

Charge modes

N -——
- \_
25"
LN i
T~ —m
:l = 7 — K
T - K’

I-i'l- HF

w (meV)

30

254 1

20 A

15 -

10 =

Collective (neutral) modes




Parent State Possibilities

1-band FCI parent state  multi-band FCI parent state Unstable & = 1: No FCI

How do we obtain a stable C=1 state in rhombo?



Moire is crucial for FCI, but thru interactions: Moire Capacitor Effect

1 4 Background

charge density
I/coulomb A4

D D » »
- ° .

. »

e

hBN

Kwan, ..., Regnault, B. A. B, arXiv:2312.11617
D field leads to charge concentration like a capacitor

* hBN coupling = background charge density modulation
 Enhanced moire in conduction band from Coulomb interaction with holes
 Cannot get stable FCl without moire capacitor effect

(See Kolar, ..., Lewandowski for description of 3D multi-layer Coulomb)
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Twisting the Dirac Sea
80. |- L
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Revisiting the Role of the hBN Moiré

Mystery (another)

* Experiment: FCls appear only with
hBN moiré

* Theory: bare hBN hybridization
negligible on conduction bands

||:'1.'J.|U||:|:[r:|



“Moiré Capacitor Effect”
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Stability through Electrostatics

* To pin and stabilize the C=1 insulator, we inspect its density

F'E—l':r::l ealunce [f:l

smooth rhombo parent band

I:]I:i. = Eﬂr[k]fﬁ:.n‘r

o= E-ﬂk + Gl g
=




- fhe=led
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Quantitative Theory of multi-band FCls

HF W -fl'rrmal-’

'_l_;_ﬁ_L_'._ ;;;; i Large-scale multi-band ED s
_ﬁ_' || calculations at nu=2/3 f
| (Hilbert space > 100mil) |

2 251

Muoar Hr.-l:tn:u Potential 0]

v
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15
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* 30% density outside C=1 band L

0'3* . atK point
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Chern Number of the Cl: same sign as the Berry Curvature inside the Berry Trashcan
Before gapping

E
— @
FL;-T-}::'"____J FA W AW AN

- moiré-induced
electrostatic
potential

hBN

Next Step: A Fully Analytical Theory of Time Dependent Hartree Fock of the Berry trashcan should show:
1. Instability Without Moire

2. Stability With Moire + which factors are essential.



Moire-less samples show superconductivity

=0
DD

D/geq (Vinm)

0.4 0.6 0.8 1.0
ne (1012 cm~2)

"_-I-b.
-
h.f
s
T
e

1. Superconductivity for same density as Berry Traschan bottom

2. Implies same polarization of 4 valley/spin into 1

3. Implies single flavor, finite momentum superconductivity

2?77?77
4. WHhat'is the origin of the attraction (remember we start w repulsive interactions - valley/spin polarization)

5. What superconductivity does the Berry Traschan exhibit with attraction?



Berry Trashcan Attractive Model

* vp — o (confinement to flat circular trashcan bottom of radius k) GMP form factors

/

1 T
H = 29 Y VaMieqMyr gV g b o Vi Ve
tot
q.k.k’
2p
I 1'-II — e Lm— &) Ig~ U<0
/ . ,
":'Ill-' 252lf:r:-i: Z’-T:k:kf e~ —HPlx (R )},TL-I-IIWFE:’—QITJ‘!"?E
Forfk¥ = [Finteraction V, = —const is onsite attraction in real-space

Put in BY HAND. Still (1) system superconducts or phase separates? (2) what
superconductivity k,, k, k. +1k,, k.-1k, (k. +1k )3 (k.-lIk, )3ete



Exact Solution Berry Trashcan Attractive Model

Exact solution for 2-electron GS is chiral p-wave pair (angular momentum m = 1)

Oy = Z kfﬁ—alkl :}’L’}’i ky = ky + ik,
k

Ansatz for more electrons:

|dfiddne ) l!'.;'h. | VAL

iy i
|y 1) 0 O,y [vac)

Chirality of the superconductor is identical to the chirality of the Chern insulator in Moire



More non-trivially: To the first order of ak:
Exact restricted spectrum-generating algebra of order 1

(RSGA-1)
[ k—qg}
Ry = E L P
i overlap of ansatz with ED wavefunction
1 g |I|. |:t[.-r g
H™ = E R Ry 1.00{ e . . . .
0. : *
0.95 .
o N . e 37 sites
L : . e 43 sites
O,=R, g 0.90 . Zi sites
. sites
. 2 A 0.851
[H™ O] |vac) = E,Ol|vac)
At A &
[[H™, O;]a O;] =0, : ~ - : - -
2 4 6 8 10 12

Particle number N



Evidence for superconductivity: binding energies

Ey m(N) = E(N, —m) + E(N, + m) — 2E(N,)

—
9
w

Even/odd effect in E}, 1 corresponds to binding

into 2e pairs

1.0
e * e N=19
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all ED calculations performed on system withg Berry flux
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Evidence for superconductivity: off-diagonal long-range order

(GS|Q/);¢Q/)_M/;JLIC,1/;L, |G8> superconductivity implies that P /N, has finite
eigenvalue in thermodynamic limit

Prgr =

(GS|GS)
0.5 e .
0.4- Te.
. "l * 90 . ’ 2.8
eig(P)/N, 0-31 ° « 30 |g
. 35 |3
0-21 . 3.8 :
0'11 4 )
0.0

0.1 0.2 0.3
V

only showing highest eigenvalue of P



Evidence for superconductivity: off-diagonal long-range order

(GS|rtp—rt T ibh |G S)
(GS|GS)

Prgr =

4 electrons
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Where is the attraction coming from?

If Berry trashcan model is correct

1. Luttinger Kohn not favored
2. Hence spin fluctuations or

o
7@ 3. Phonons
-
S

g > How to overcome Coulomb?

Turns out there is a large degeneracy with

just Coulomb
Attraction can act in this space




Berry Trashcan model

futire directions:

 add moiré potential
- connect to RnG/hBN and FCl physics

* relax symmetries and assumptions
—> improve quantitative agreement

* obtain collective modes analytically
- understanding of local stability (important for FCI!)

e exact diagonalization of Wigner crystals
—> stability beyond mean-field

e superconductivity (see next)
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Frontiers in Quantum Material Engineering and Classification
The “Alchemists® of Today

- One atomic layer of carbon atoms
- True 2D material
- Scotch tape
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