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rule out this possibility. By placing our emphasis on monolayer-thin 
samples of an established dx2!y2

I
 superconductor, we argue that the 

present work promises to finally break the logjam in the quest for a 
chiral topological phase. As we show below, for the ~45° twist, the 
T
I
-breaking d ± id0

I
 phase is nucleated robustly and reliably through 

the simple and well understood mechanism of interlayer Cooper 
pair tunnelling, which is largely insensitive to microscopic details.

Ginzburg–Landau theory
The phenomenon outlined above is most easily quantified by exam-
ining the phenomenological Ginzburg–Landau (GL) theory. For 
the sake of clarity and simplicity, we begin by considering models 
with a single CuO2 plane per monolayer. This is directly relevant to 
Bi2Sr2CuO6 + δ (Bi2201), but, as we show in the subsequent sections, 
our results are broadly applicable to cuprates with a multiple CuO2 
plane structure, such as Bi2212, which has already been exfoliated1 
to the monolayer limit.

The GL free energy density for two coupled monolayers can be 
written as

F ½ψ1;ψ2" ¼ f 0½ψ1" þ f 0½ψ2" þ Ajψ1j
2jψ2j

2

þ Bðψ1ψ
&
2 þ c:c:Þ þ Cðψ2

1ψ
&2
2 þ c:c:Þ

ð2Þ

where ψa = 1,2 are complex order parameters of the two layers and 
f 0½ψ " ¼ αjψ j2 þ 1

2 βjψ j
4

I
 is the free energy of a monolayer. We are 

interested in spatially uniform solutions, so the gradient terms have 
been omitted. If the two layers are physically identical, then the 
order parameter amplitudes must be the same and the most general 
solution (up to an overall phase) is

ψ1 ¼ ψ ; ψ2 ¼ ψeiφ ð3Þ

where we take ψ to be real and positive.
Because ψa describe order parameters with d-wave symme-

try, they transform as ψa → −ψa under a 90° rotation. Suppose we 
increase the twist angle θ continuously from 0 to π/2. Because ψ2 
changes sign under this operation, we conclude that for the free 
energy (equation (2)) to remain invariant, the parameter B must 
also change sign. The simplest dependence consistent with this  

constraint is B ¼ "B0 cosð2θÞ
I

, where we take B0 > 0. The negative 
sign is chosen to allow the phase difference between the layers to 
vanish as the twist angle approaches zero. This also implies that B = 0 
for θ = π/4, consistent with the intuition that a dx2!y2

I
 Cooper pair 

cannot tunnel between the layers in this configuration. Parameters 
A and C are not required by symmetry to depend on θ, so we treat 
them as constants henceforth. Incorporating these ingredients into 
equation (2), we find

F ðφÞ ¼ F 0 þ 2B0ψ
2 % cosð2θÞ cosφþK cosð2φÞ½ ' ð4Þ

where K ¼ Cψ2=B0
I

 and F 0
I

 contains all terms independent of φ. It 
is now a simple matter to minimize F ðφÞ

I
 for a given twist angle θ. 

An interesting scenario arises when K>0
I

, as indicated by Fig. 2c.  
Although symmetry alone does not constrain the sign of K

I
, a simple 

physical argument suggests that K
I
 should, in general, be positive. 

One can interpret the ψ2
1ψ

!2
2

I
 term in equation (2) as representing 

the coherent tunnelling of two Cooper pairs between the layers. 
Up to an overall scale factor, its coefficient should, therefore, be 
proportional to the square of the coefficient B, which itself corre-
sponds to single pair tunnelling. Coefficient C (and hence also K

I
) 

will then be positive, regardless of the sign of B. In the following, we 
demonstrate that microscopic models fully support this argument,  
yielding K>0

I
.

At θ = 45° and for K>0
I

, the free energy minimum clearly occurs 
at φmin ¼ ± π=2

I
, which indicates a d ± id0

I
 superconducting state. 

For θ ≠ 45°, the free energy is minimized by

φmin ¼ arccos
cos 2θ
4K

! "
ð5Þ

As illustrated in Fig. 2f, a non-trivial phase difference occurs for a 
range of angles θ!c <θ<θþc

I
, with θ ±

c ¼ 1
2 arccosð#4KÞ

I
. This indicates 

a T
I
-broken phase with order parameter dx2!y2 þ e ± iφmindxy

I
, which is 

fully gapped and topologically non-trivial as long as φmin≠0; π
I

 (also 
Fig. 2a,b). As K

I
 depends on temperature through its dependence  

on ψ, the critical temperature ~Tc
I

 of the topological phase will be a 
function of the twist angle θ. If we adopt the standard GL tempera-
ture dependence for the order parameter ψðTÞ ¼ ψ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1$ T=Tc

p

I
, it 

is straightforward to deduce

~TcðθÞ ¼ Tc 1$ j cos 2θj
4K0

! "
; θ$c <θ<θþc ð6Þ

where K0 ¼ Cψ2
0=B0

I
. This defines the phase diagram in Fig. 2d. We 

observe that ~Tcð45"Þ
I

 coincides with the Tc of a single monolayer, 
which can be as high as 90 K in carefully prepared Bi2212 flakes. 
Away from the ideal 45° twist, the critical temperature falls approxi-
mately as ~TcðθÞ ’ Tcð1# jθ # π=4j=2K0Þ

I
. Microscopic models 

with realistic Bi2212 parameters, as discussed in the following, give 
typical values of K0 ’ 0:1! 0:2

I
, implying a significant extent for 

the topological phase, as indicated in Fig. 2d.

Microscopic models
We now turn to the microscopic theory. Although the pairing 
mechanism in high-Tc cuprates remains a subject of debate, it is 
widely accepted that most physical properties of the superconduct-
ing state in the optimally doped and overdoped regime are accu-
rately described within the framework of the standard BCS theory 
with a dx2!y2

I
 order parameter. Therefore, we begin by modelling the 

twisted bilayer using a simple continuum model of coupled d-wave 
superconductors, and complement this with a calculation based 
on an attractive Hubbard model on the square lattice. The contin-
uum formulation has the advantage of being applicable to an arbi-
trary twist angle θ, similar to the Bistritzer–MacDonald model for  
graphene8. In contrast with the continuum model above, the lattice  

Fig. 1 | Schematic view of two copper–oxygen square lattices with twist 
angle close to 45°. The superconducting order parameter with dx2!y2

I
 

symmetry in the twisted layer (red) resembles a dxy order parameter in 
the original untwisted coordinate frame (blue). Although each Bi2212 
monolayer contains two CuO2 planes, for simplicity and concreteness 
we primarily focus on models with a single CuO2 plane per monolayer, as 
would be the case in Bi2Sr2CuO6!+!δ and other high-Tc compounds.
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Figure 1: Twist Josephson junctions with intrinsic junction quality. A. Schematic of the key
fabrication step, where a single BSCCO crystal is cleaved using PDMS below �90� C. B. Opti-
cal micrograph of a BSCCO twist junction. Dashes outline identical shapes of the two crystals.
Corresponding schematic in upper inset of F. C. Atomic force microscope topography show-
ing atomically flat interface. Line trace shows topography along dotted line. D. Cross-sectional
scanning TEM image of junction at ✓ = 0�, showing crystalline order at the interface. Bright
spots are columns of atoms which scatter electrons, the brightest of which are Bi. E. Inte-
grated intensity at each layer. F. In-plane resistance in each bulk crystal vs resistance through
a twist junction between them, showing nearly identical junction TC . Lower Inset shows TC

distribution among all 24 JJs in the angle dependence analysis. G. I � V curve for a ✓ = 0�

junction in both sweep directions (arrows). Blue triangle highlights JC comparable to intrinsic
junctions. Green triangles highlight inelastic scattering features seen at the same voltages in
intrinsic junctions (15).

obtain a critical current density JC ⇡ 1.2 kA/cm2 for this junction, similar to JC of intrinsic

junctions (28). We observe small voltage jumps on the retrapping side (green triangles) at the
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d-mon: transmon with strong anharmonicity
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We propose a novel qubit architecture based on a planar c-axis Josephson junction between a thin
flake d-wave superconductor (dSC), such as a high-Tc cuprate Bi2Sr2CaCu2O8+x, and a conventional
s-wave superconductor. When operated in the transmon regime the device – that we call “d-mon” –
becomes insensitive to o↵set charge fluctuations and, importantly, exhibits at the same time energy
level spectrum with strong anharmonicity that is widely tunable through the device geometry and
applied magnetic flux. Crucially, unlike previous qubit designs based on d-wave superconductors
the proposed device operates in a regime where quasiparticles are fully gapped and can be therefore
expected to achieve long coherence times.

Introduction – Transmon qubit, based on a supercon-
ducting Josephson junction shunted by a large capaci-
tance [1], is the workhorse component powering the ma-
jority of intermediate scale quantum computers currently
in operation [2–4]. Its chief advantage over other su-
perconducting qubit architectures is the insensitivity of
its active energy levels to the fluctuations in the o↵set
charge ng that are typically di�cult or impossible to con-
trol. This insensitivity, however, comes at a price: the
energy spectrum of the transmon is only weakly anhar-
monic which imposes limits on the speed of operation
due to the possibility of the escape from the code space
formed by the two lowest energy eigenstates [5–7].

We propose here a transmon variant that retains the
o↵set charge insensitivity of the original device but has
an arbitrarily large and easily tunable energy level anhar-
monicity. The key to this advance is usage of a Josephson
junction between superconductors with orhogonal order
parameter symmetries. In this paper we consider specif-
ically junctions comprised of a d-wave and an s-wave
superconductor, but the idea is applicable more gener-
ally. As is well known ordinary Cooper pair tunneling is
symmetry-prohibited across a c-axis d/s Josephson junc-
tion [8]. The leading process that enables passage of su-
percurrent is co-tunneling of two Cooper pairs that re-
sults in the anomalous ⇡-periodic current-phase relation
(CPR), I(') ' Ic2 sin (2'). We will demonstrate be-
low that the underlying ⇡-periodic Josephson free energy
F (') and its two degenerate minima at ' = ±⇡/2 enable
the above mentioned key features of d-mon qubit.

The basic d-mon design is illustrated in Fig. 1(a) and
consists of a very thin (several monolayers) d-wave flake
resting on a large s-wave superconducting substrate.
High-Tc cuprate Bi2Sr2CaCu2O8+x (BSCCO) is a well
established dSC which has been recently exfoliated down
to a monolayer thickness (while retaining its high critical
temperature ⇠ 90K) [9] and would be a natural mate-
rial for the flake. As a matter of principle the s-wave
substrate can be fabricated of any conventional super-
conductor. However, as we discuss in more detail be-
low, a material compatible with BSCCO – in that it can
proximity-induce a significant nodal gap – is required for
practical qubit operation.
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d-flake

s-flake
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FIG. 1. Schematic of the proposed d-mon device. a) Basic
d-mon architecture and its circuit representation with one s/d
junction and a capacitor C. b) Split d-mon: A large dSC flake
resting on top of an s-wave substrate. A small s-wave flake
bridges the gap threaded by magnetic flux �. The equivalent
circuit contains two s/d junctions, one ordinary s/s junction
and a capacitance C.

The Ginzburg-Landau (GL) free energy of the system
depicted in Fig. 1(a) can be written as

F [ s, d] = Fs[ s] + Fd[ d] +A| s|2| d|2 (1)

+ B( s 
⇤
d
+ c.c.) +D( 2

s
 ⇤
d

2 + c.c.),

where  s/d are complex scalar order parameters and Fs/d

denote GL free energies of the individual superconduc-
tors. If both superconductors obey tetragonal symmetry
then, importantly, the coe�cient B is required to van-
ish. This is because under C4 rotation  s !  s while
 d ! � d. In this situation the leading Josephson cou-
pling arises from the last term in Eq. (1), which is al-
lowed by symmetry and represents coherent tunneling
of two Cooper pairs across the junction. Denoting the
phase di↵erence between two order parameters by ' the
resulting Josephson free energy becomes

F (') = F0 + 2D| s|2| d|2 cos 2', (2)

where F0 contains terms independent of '. We note
that although symmetry alone does not fix the sign of D
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1. Recap: Ginzburg-Landau theory for 
twisted d-wave bilayers

ℱ[ψ1, ψ2] = f0[ψ1] + f0[ψ2] + A |ψ1 |2 |ψ2 |2

+B(ψ1ψ*2 + c . c.) + C(ψ2
1ψ*2

2 + c . c.)

d-wave symmetry dictates  B = − B0 cos(2θ)
π/40 π/2
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Assuming  we obtain free energy as 
a function of the phase 

ψ1 = ψ, ψ2 = ψeiφ
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Applications: Majorana Fermions?

• Topological superconductors often host Majorana zero modes at 
vortices, corners, or other defects. Are there such zero modes in 
a  superconductor? dx2−y2 + idxy
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community (and beyond) by reporting 
tantalizing Majorana transport signatures 
in such a device7. Other groups soon 
after published supporting observations. 
A healthy debate continues, however, 
as alternative explanations for these 
measurements were later proposed. 
Although none of the alternatives fits all 
aspects of the data, so far neither does a 
single theoretical framework invoking 
Majorana physics. Thus the field awaits 
‘smoking gun’ Majorana experiments 
that quell skepticism beyond reasonable 
doubt. In Erice, Kouwenhoven outlined 
second-generation experiments designed to 
unambiguously identify Majorana modes. 
The results should help in the development 
of devices based on these modes. The 
group’s latest devices exhibit numerous 
materials improvements expected to make 
it easier to access the required topological 
superconducting state. Moreover, multi-
terminal detection schemes are now being 
used to separately probe both wire ends 
(Fig. 1a). The group has even fabricated 
wire networks (Fig. 1b) needed for 
swapping Majorana modes to demonstrate 
the exotic exchange statistics that they 
underpin. These developments bode well for 
technological prospects of Majorana wires.

Another increasingly prominent 
Majorana platform consists of 

magnetic impurities deposited on 
a superconductor8,9. The impurities 
effectively create a wire in the 
superconductor made of so-called Shiba 
states. A spiral texture in the magnetic 
moments (should one form) mimics 
both spin–orbit coupling and the applied 
magnetic field in semiconducting-wire 
proposals, allowing Majorana modes to 
appear under analogous conditions. But 
how can one tune parameters to fulfill 
such conditions? Daniel Loss from the 
University of Basel and Marcel Franz 
from the University of British Columbia 
described how such systems can, 
remarkably, ‘self-tune’ to the topological 
phase through interactions between the 
magnetic moments and Shiba states10–12 — 
potentially eliminating one challenge in 
more traditional wire set-ups. This route, 
moreover, naturally lends itself to scanning 
tunnelling microscopy (STM) studies that 
probe the entire wire. Ali Yazdani from 
Princeton presented preliminary STM 
measurements that establish these systems 
as an extremely promising avenue in the 
search for Majorana modes.

The original Fu–Kane proposals3,4 seek 
Majorana modes in topological insulators, 
materials with novel metallic boundary 
states surrounding an electrically inert 
bulk. This route received a major boost 

from recent experiments13, reported by 
Rui-Rui Du from Rice University, that 
strikingly reveal topological insulator 
edge transport in InAs/GaSb quantum 
wells (Fig. 1c). Edge states in such a two-
dimensional topological insulator can 
acquire a gap either from superconductivity 
or magnetism, with Majorana zero modes 
localizing at domain walls separating 
regions gapped by these different means. 
Interestingly, InAs/GaSb readily inherits 
superconductivity from conventional 
superconductors such as niobium. The 
edge states appear stubbornly resilient 
to magnetism, however, even with 
several-tesla fields. Understanding this 
resilience, and devising efficient schemes 
for magnetically manipulating the 
edges, present important challenges for 
harnessing Majorana modes in this setting. 
Carlo Beenakker from Leiden University 
proposed one strategy14.

These examples constitute only a 
fraction of the actively pursued avenues 
towards realizing Majorana zero modes. 
Others include three-dimensional 
topological insulators, cold atoms, oxide 
interfaces and quantum Hall systems. 
Progress was reported in all of these 
areas. It is fascinating conceptually, and a 
potential game-changer experimentally, 
that one can combine ‘ordinary’ materials 
in so many ways to trap Majorana 
modes — excitations that carry great 
quantum computing potential and push 
the boundary of our understanding of 
quantum mechanics. ❐

Jason Alicea is at the Department of Physics at 
the California Institute of Technology, Pasadena, 
California 91125, USA.  
e-mail: aliceaj@caltech.edu
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Figure 1 | Promising platforms for stabilizing Majorana modes. a, Multi-terminal transport set-up used 
by the Kouwenhoven group to search for Majorana zero modes at both ends of a semiconducting wire 
contacted to a superconductor. b, Semiconducting-wire T-junction synthesized by the Kouwenhoven 
team. This set-up allows one to swap positions of Majorana zero modes to demonstrate the novel 
exchange statistics that they generate, and perform elementary quantum bit operations. c, An InAs/
GaSb quantum well for which striking topological insulator edge transport signatures have been 
measured. When subjected to magnetism and superconductivity, the edge states can host Majorana 
modes. All images are at the micrometre scale. Images courtesy of the Kouwenhoven group (a,b) and 
Lingjie Du (c). 
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two configurations is due to the position 
of a single aluminium atom. The combined 
set of experiments and calculations 
therefore provides evidence that the 
rearrangement of a single atom leads to the 
switching effect.

A critical issue to address in the future 
is whether this proof-of-principle device 
could be modified to operate in ambient 
conditions. To achieve this, aluminium 
could, for example, be replaced by a more 
noble metal to prevent oxidation. The key 
challenge will be to learn how to reconfigure 
the device repeatedly, compensating for the 
high atomic mobility at room temperature, 
which would lead to limited device stability.

Nevertheless, the significance of this 
study stretches well beyond the new device 
concept itself: it provides an important new 
platform for studying electromigration 
at the atomic scale. Electromigration 
is a serious issue in the semiconductor 
industry, where high current densities 
lead to the breakdown of interconnects9. 
In the macroscopic picture, electrons 

scattering off defects give rise to atomic 
displacements, just like strong winds can 
push back a cyclist. However, at the scale of 
an atomic junction, where atomic transport 
is quasi-ballistic, electromigration is 
poorly understood. At this scale, current-
induced forces should be seen as the 
result of asymmetric corrections to 
the interatomic bond forces10,11. Daniel 
Dundas and colleagues have previously 
proposed a viewpoint on this by exploring 
the non-conservative nature of current-
induced forces at the atomic scale and 
demonstrating the possibility of work 
being done at the nanoscale11. However, 
despite such recent theoretical progress, 
atomic-scale experiments remain scarce. 
The system investigated by Scheer and 
colleagues seems to be the ideal test bed for 
fundamental studies of electromigration 
at the atomic scale. Advancing our 
understanding of this phenomenon would 
not only be scientifically rewarding; it 
could actually prove essential for the 
semiconductor industry’s success in 

creating ultrahigh-density chips with 
nanoscale interconnects. ❐

Sense Jan van der Molen is at the Kamerlingh 
Onnes Laboratory at Leiden University, Niels 
Bohrweg 2, 2333 CA Leiden, The Netherlands. 
e-mail: molen@physics.leidenuniv.nl
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Condensed matter is composed of 
electrons and ions. Nevertheless, 
interactions in a material can 

generate novel emergent excitations that 
bear little resemblance to these microscopic 
constituents. Majorana modes are one 
example that has captivated physicists 
during the past few years. They are named 
after a type of fermion that constitutes its 
own antiparticle, first envisioned by Ettore 
Majorana over 70 years ago in the context 
of elementary particles. Today, condensed-
matter researchers chase Majorana modes 
that correspond not to particles, but rather 
to localized, zero-energy excitations in 
‘topological’ superconductors. The problem 
enjoys broad appeal both for fundamental 
and applied reasons that stem from the 
novel exchange statistics generated by 
Majorana zero modes. Exchange statistics 
characterizes how wavefunctions evolve 
when indistinguishable particles swap 
positions, and underlies countless 
phenomena ranging from superfluidity to 

the stability of neutron stars. Contrary to 
all fundamental particles, interchanging 
Majorana zero modes ‘rotates’ the system 
from one quantum state to another — the 
most exotic manifestation of exchange 
statistics permitted by nature. Because of 
this fascinating property, Majorana modes 
allow one to manipulate quantum bits 
encoded in the system’s wavefunctions 
in a manner that largely circumvents the 
infamous decoherence problem, that is, 
the corruption of quantum information by 
interaction with the environment.

In July this year, experts in the 
field convened, fittingly, at the Ettore 
Majorana Centre in Erice, Sicily, to attend 
the Majorana Physics in Condensed 
Matter conference and report on new 
developments in this area. Historically, the 
subject of Majorana modes in condensed 
matter originated from studies of exotic 
quantum Hall states1 and helium-3 
(ref. 2). As it became clear during the 
conference, however, the field now boasts 

impressive progress in a much more 
diverse array of experimental settings. 
This diversity is noteworthy because 
stabilizing Majorana zero modes entails 
mixing superconductivity and magnetism 
— usually antagonistic to one another 
— in a precise way unlikely to appear 
serendipitously in any material. Since the 
work by Fu and Kane3,4, researchers have 
devised powerful methods of ‘engineering’ 
the physics using surprisingly simple 
ingredients — essentially forcing electrons 
into Majorana-supporting topological 
superconducting states.

One influential proposal, made 
independently by two groups, combines 
semiconducting wires with strong spin–
orbit coupling, ordinary superconductors 
and modest magnetic fields; upon 
appropriately tuning the electron density 
Majorana zero modes are predicted to 
localize at the wire ends5,6. In 2012, Leo 
Kouwenhoven’s group from Delft University 
spurred great excitement in the physics 

EXOTIC MATTER

Majorana modes materialize
Condensed-matter physicists are steadily closing in on exotic excitations known as Majorana modes that could 
advance both fundamental science and quantum computing.
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on Fe chains demonstrate that topological states
can be identified using STM by establishing (i)
ferromagnetism on the chain, (ii) spin-orbit cou-
pling in the host superconductor (or at its surface),
(iii) a superconducting gap in the bulk of the chain,
and finally (iv) a localized ZBP due to MQPs at the
ends of the chain. One can overconstrain these
conditions by providing evidence that the system
has an odd number of band crossings at EF. The
disappearance of edge-localized ZBPs when the
underlying superconductivity is suppressed pro-
vides an additional check to show that the MQP
signature is associated with superconductivity
and not with other phenomena, such as the
Kondo effect (20–22).

Ferromagnetic Fe atomic chains on the
Pb(110) surface

To fabricate an atomic chain system on the sur-
face of a superconductor with strong spin-orbit
coupling, we used a Pb(110) single crystal, which
we prepared with cycles of in situ sputtering and
annealing. Following submonolayer evaporation
of Fe on the Pb surface at room temperature and
light annealing, STM images (temperature was
1.4 K for all experiments reported here) show
large atomically ordered regions of the Pb(110)
surface, as well as islands and chains of Fe atoms
that have nucleated on the surface (Fig. 2A). The
islands appear to provide the seed from which
chains self-assemble following the anisotropic
structure of the underlying surface. Depending
on growth conditions, we find Fe chains as long
as 500 Å, usually with an Fe island in the middle
(inset, Fig. 2A). In longer chains, the ends are
separated from the islands in themiddle by atom-
ically ordered regions that are 200 Å long. High-
resolution STM images show that the chains
(with an apparent height of ~2 Å) are centered
between the atomic rows of Pb(110), display
weak atomic corrugation (5 to 10 pm), and strain
the underlying substrate (Fig. 2, B to D). Approx-
imate periodicities of 4.2 and 21 Å measured on
the chain show that the Fe chain has a structure
that is incommensurate with that of the under-
lying Pb surface. To identify the atomic structure
of our chains, we performed density functional
theory (DFT) calculations of Fe on the Pb(110)
surface; these calculations show that strong
Fe-Pb bonding results in a partially submerged
zigzag chain of Fe atoms between Pb(110) atom
rows [Fig. 2, E and F; see section 3 of (36) for DFT
details]. From these calculations, we find that
among several candidate structures with the ex-
perimental periodicity, a three-layer Fe zigzag
chain partially submerged in Pb has the lowest
energy and gives contours of constant electron
density most consistent with our STM images.
We use a combination of spectroscopic and

spin-polarizedmeasurements to demonstrate that
Fe atomic chains on Pb(110) satisfy the criteria
[conditions (i) to (iv) above] required to demon-
strate a 1d topological superconductor. First, we
discuss spin-polarized STM studies that show
experimental evidence for ferromagnetism on
the Fe chains and strong spin-orbit coupling on
the Pb surface (Fig. 3, A to C). Using Cr STM tips,

which have been prepared using controlled in-
dentation of the tip into Fe islands, wemeasured
tunneling conductance (dI/dV) at a low bias volt-
age (V = 30 mV) as a function of magnetic field
perpendicular to the surface on both chains and
on the Pb substrate (Fig. 3, A and B). We val-
idated our preparation of spin-polarized tips by
also performing experiments on Co on Cu(111),
now a standard system (40) for verifying spin-
polarized STM capabilities, in situ during the
same experimental runs. The spin-polarizedmea-
surements on the Fe chains showhysteresis loops
characteristic of tunneling between two ferro-
magnets with the field switching only one of
them (at ~0.25 T) (42, 43). The strength of the
spin-polarized STM signal varies along the chain,
probably due to the electronic and structural
properties of our zigzag Fe chains. We find that
tunneling with the same tip on the Pb(110) surface
far from the Fe chains also shows field-dependent
conductance. In contrast to the asymmetric be-
havior observed on the chains, the field depen-
dence on the substrate is symmetric with field, as
expected for tunneling into nonmagnetic Pb, but
still shows the switching behavior that is due to

magnetization reversal of the tip. Similar tun-
neling magnetoresistance curves have previously
been reported for tunneling from a ferromagnet
into semiconductors and have been attributed to
spin-polarized tunneling in the presence of strong
spin-orbit interactions (44). The field-dependent
signal on Pb is consistent with a preference for
spins to be in the plane of the surface, in which
case further polarization of the tip’s magnetiza-
tion perpendicular to the surface suppresses tun-
neling conductance. The size of this signal depends
on the orientation of the tip’s magnetization
relative to that of the spins at the surface. This
observation is consistent with a Rashba-like
(k · s, where k is the electron's momentum and
s is the spin) spin-orbit coupling at the Pb(110)
surface upon which our ferromagnetic Fe chain
is self-assembled.
Our DFT calculations confirm that the zigzag

Fe chains in Pb(110) are ferromagnetic [section
3 of (36)], as expected given that the distance
between the Fe atoms is close in that of bulk
Fe. These calculations also demonstrate that
Fe chains on Pb have an exchange energy J of
~2.4 eV andamagnetic anisotropy energy (1.4meV

SCIENCE sciencemag.org 31 OCTOBER 2014 • VOL 346 ISSUE 6209 603

Fig. 1. Topological superconductivity and Majorana fermions in ferromagnetic atomic chains on a
superconductor. (A) Schematic of the proposal for MQP realization and detection: A ferromagnetic
atomic chain is placed on the surface of strongly spin-orbit–coupled superconductor and studied using
STM. (B) Band structure of a linear suspended Fe chain before introducing spin-orbit coupling or
superconductivity.Themajority spin-up (red) andminority spin-down (blue) d-bands labeled by azimuthal
angular momentum m are split by the exchange interaction J (degeneracy of each band is noted by the
number of arrows). a, interatomic distance. (C) Regimes for trivial and topological superconducting
phases are identified for the band structure shown in (B) as a function of exchange interaction in presence
of SO coupling.The value J for Fe chains based on DFTcalculations is noted [sections 1 and 3 of (36)].
m is the chemical potential. (D) Model calculation of the local density of states (LDOS) of the atomic chain
embedded in a 2D superconductor [section 2 of (36)].The left panel shows an image of the chain and the
locations at which the LDOS is represented in the right panel; the LDOS curves are offset for clarity. In-gap
(Shiba) and zero-energy (MQP) features in LDOS are noted. (E) Spatially resolved LDOS calculated at
various energies noted at the bottom using the samemodel. Red (or blue) indicates regions of the high (or
low) LDOS. a.u., arbitrary units.
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TOPOLOGICAL MATTER

Observation of Majorana fermions in
ferromagnetic atomic chains on
a superconductor
Stevan Nadj-Perge,1* Ilya K. Drozdov,1* Jian Li,1* Hua Chen,2* Sangjun Jeon,1

Jungpil Seo,1 Allan H. MacDonald,2 B. Andrei Bernevig,1 Ali Yazdani1†

Majorana fermions are predicted to localize at the edge of a topological superconductor,
a state of matter that can form when a ferromagnetic system is placed in proximity to a
conventional superconductor with strong spin-orbit interaction.With the goal of realizing a
one-dimensional topological superconductor, we have fabricated ferromagnetic iron (Fe)
atomic chains on the surface of superconducting lead (Pb). Using high-resolution
spectroscopic imaging techniques, we show that the onset of superconductivity, which
gaps the electronic density of states in the bulk of the Fe chains, is accompanied by the
appearance of zero-energy end-states. This spatially resolved signature provides strong
evidence, corroborated by other observations, for the formation of a topological phase and
edge-bound Majorana fermions in our atomic chains.

T
opological superconductors are a distinct
form of matter that is predicted to host
boundary Majorana fermions (1–3). These
quasi-particles are the emergent condensed
matter analogs of the putative elementary

spin-1/2 particles originally proposed by Ettore
Majorana (4) with the intriguing property of
being their own antiparticles. Supersymmetric
theories in particle physics and some models
for dark matter in cosmology motivate an on-
going search for free Majorana particles (5, 6).
The search for Majorana quasi-particle (MQP)
bound states in condensed matter systems is mo-
tivated in part by their potential use as topolog-
ical qubits to perform fault-tolerant computation
aided by their non-Abelian characteristics (7, 8).
Spatially separated pairs of MQP pairs can be
used to encode information in a nonlocal fashion,
making them more immune to quantum deco-
herence. Early proposals for the detection of
MQPs were based on the properties of super-
fluid 3He, on exotic fractional quantumHall states,
or on correlated superconductors (9–12). The fo-
cus in the past few years has shifted to the search
for these exotic fermions in weakly interacting
synthetic systems inwhich proximity to a conven-
tional Bardeen-Cooper-Schrieffer (BCS) supercon-
ductor is used in concert with other electronic
properties to create the topological phase that
hosts MQPs.
The idea that MQPs can be engineered in the

laboratory grew from the theoretical observation

that proximity-induced superconductivity on the
surface state of a topological insulator is topo-
logical in nature (13). Pairing on a spinless Fermi
surface (1), created in this case by the spin-
momentum locking of topological surface states,
must be effectively p-wave to satisfy the pair–
wave function antisymmetry requirement and is
therefore topological. This approach was later ex-
tended to systems in which a semiconductor
nanowire with strong spin-orbit interactions in a
parallel magnetic field is in contact with a su-
perconductor (14, 15). Experimental efforts to im-
plement the nanowire proposal have uncovered
evidence for a zero-bias peak (ZBP) in tunneling
spectroscopy studies of hybrid superconductor-
semiconductor nanowire devices, as expected in
the presence of the MQP states of a topological
superconductor (16–19). However, the ZBPs de-
tected in such devices could also be caused by the
Kondo effect or disorder (20–24). A key disad-
vantage of the nanowire studies is that they lack
the ability to spatially resolve ZBP features in
order to demonstrate that they are localized at
the boundary of a gapped superconducting phase.
Here we introduce a method of fabricating one-
dimensional (1D) topological superconductors
and detecting their MQPs that achieves both
spatial and spectral resolution.

Magnetic atomic chains as a platform
for topological superconductivity

Magnetic atom chains on the surface of a con-
ventional s-wave superconductor have been pro-
posed to provide a versatile platform for the
realization of topological superconductors (25).
This platform lends itself to the detection ofMQPs
by scanning tunneling microscopy (STM). In the
absence of intrinsic spin-orbit coupling, previ-
ous theoretical work (25–30) has shown that a

topological phase emerges in an atomic chain
when its magnetic atoms have a spatially modu-
lated spin arrangement—for example, a spin
helix. The spin texture of the chains emulates
the combination of spin-orbit and Zeeman inter-
actions required to create a topological phase.
Helical spin configurations are, however, much
less common in atomic chains than simple ferro-
magnetic and antiferromagnetic ones or may be
more influenced by disorder (31). We therefore
explore an alternate, more realizable scenario by
placing an Fe chain on the surface of Pb (Fig. 1A).
We will show that the essential ingredients for
topological superconductivity in this scenario are
the ferromagnetic interaction between Fe atoms
realized at the Fe-Fe bond distance and the strong
spin-orbit interaction in superconducting Pb (32).
Our approach is related to earlier proposals for
topological superconductivity using half-metal fer-
romagnets or metallic chains placed in contact
with superconductors in the presence of spin-
orbit interactions (33–35).
To illustrate the key ingredient of our approach,

we first consider an idealized ferromagnetic chain
of Fe atoms described by a tight-binding model
calculation [section 1 of (36)]. We use hopping
parameters appropriate for d orbitals of bulk Fe
to compute the band structure of a freely sus-
pended linear Fe chain (Fig. 1B). The large ex-
change interaction results in a fully occupied
majority spin band with the Fermi level (EF) re-
siding in the minority spin bands. Coupling the
Fe chain to a BCS superconductor with strong
spin-orbit interaction (such as Pb), we find that
the spin-orbit interactions lift many of the de-
generacies in the chain’s band structure shown
in Fig. 1B, while at the same time allowing for the
occurrence of p-wave superconductivity [section
1 of (36)]. Because only the Fe d-bands will be
strongly spin-polarized, other bands are unlikely
to influence the topological character of the sys-
tem,whether they residemainly on the Fe chains
or on the substrate. Notably, for large exchange
interaction, topological superconductivity is ubi-
quitous to the type of band structure shown in
Fig. 1B—occurring for nearly all values of the
chemical potential [Fig. 1C and (36) for details].
In this idealized situation, the number of mi-
nority spin bands that cross the Fermi level is
almost always odd, making the presence of MQPs
at the ends of the chains almost guaranteed.
We consider another idealized situation for

topological superconductivity by modeling a fer-
romagnetic chain embedded in a 2D supercon-
ductor, which allows us to identify its signatures
in STM measurements [section 2 of (36)]. The
spatially resolved density of states (DOS) of this
2D model at positions on the chain differs from
that of a BCS superconductor by the presence of
Yu-Shiba-Rusinov in-gap states (Fig. 1, C and D)
(37–41). These calculations also exhibit the spa-
tial and spectroscopic signatures of MQPs at the
chain ends (Fig. 1, D and E). Other more realistic
models for our experimental systemare alsoworth
exploring (see below), and nontopological phases
can occur for some chain geometries. These mod-
el studies of proximity-induced superconductivity
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(19, 20) and is consistent with tunneling into an
isolated MBS in a vortex core of a SC topolog-
ical material (5, 25–27). We then extracted the
position-dependent values of the ZBP height and
width using simple Gaussian fits of the data in
Fig. 2C and obtained the spatial profile shown in
Fig. 2E; the decaying profile has a nearly constant
line width of ~0.3meV in the center, which is close
to the total width (~0.28 meV) contributed from
theSTMenergy resolution [~0.23meVas shown in
part I of (24)] and the thermal broadening [3.5kBT
at 0.55 K ~ 0.17 meV, where kB is the Boltzmann
constant]. We further compared the observed ZBP
height with a theoretical MBS spatial profile ob-
tained by solving the Bogoliubov–de Gennes equa-
tion analytically (5, 25) or numerically (26, 27). By
using theparameters ofEF=4.4meV,Dsc = 1.8meV,
and x0 = vF/Dsc = 12 nm,which are obtaineddirectly
from the topological surface state by our scanning
tunneling spectroscopy (STS) and ARPES results
(Fig. 2F) (18), the theoretical MBS profile matches
well the experimental one (Fig. 2G).
The observation of a nonsplit ZBP, which is

different from the split ZBP observed in a vortex
of the Bi2Te3/NbSe2 heterostructure (13, 28, 29),
indicates that theMBS peak in our system ismuch
less contaminated by nontopological CBS peaks,

which is made possible by the large Dsc/EF ratio
in this system. In a usual topological insulator/
superconductor heterostructure, this ratio is tiny,
on the order of 10−3 to 10−2 (28). This has been
shown to induce, in addition to theMBSat the zero
energy, many CBSs, whose level spacing is pro-
portional to Dsc

2/EF. As a result, these CBSs were
crowded together very close to the zero energy,
making difficult a clean detection of MBS from
the dI/dV spectra (29). However, on the surface of
FeTe0.55Se0.45, the value of Dsc

2/EF is ~0.74 meV,
which is sufficiently large to push most CBSs away
from the zero energy (24), leaving the MBS largely
isolated and unspoiled. A large energy separation
(0.7 meV) between the ZBP and the CBS was ob-
served in fig. S3, E to H, which is in agreement
with Dsc

2/EF of the topological surface states [(24),
part IV]. Also, all the bulk bands in this multi-
bandmaterial have fairly small values of EF owing
to large correlation-induced mass renormaliza-
tion, ranging from a few to a few tens of milli–
electron volts; thus, their values of Dsc

2/EF are
also quite large (>0.2 meV) (table S1) (24). These
large bulk ratios enlarge the energy-level spacing
of CBSs inside the bulk vortex line, which helps
reduce quasiparticle poisoning of theMBS at low
temperature [(24), part II].

It has been predicted (30) that the width of
the ZBP from tunneling into a single isolated
MBS is determined by thermal smearing (3.5kBT),
tunneling broadening, and STM instrumentation
resolution. We measured the tunneling barrier
evolution of the ZBP (Fig. 3A). Robust ZBPs can
be observed over two orders of magnitude in
tunneling barrier conductance, with the width
barely changing (Fig. 3B). Also, the line width of
ZBPs is almost completely limited by the com-
bined broadening of energy resolution and STM
thermal effect, suggesting that the intrinsic width
of the MBS is much smaller, and our measure-
ments are within the weak tunneling regime.
However, we did observe some other ZBPs

with a larger broadening (Fig. 3C). A larger ZBP
broadening is usually accompanied with a soft-
er SC gap, or the FWHM of ZBP increases with
increasing subgap background conductance.
The subgap background conductance, which
is determined by factors such as the strength of
scattering from disorder and quasiparticle in-
teractions (31–33), introduces a gapless fermion
bath that can poison the MBS, as explained pre-
viously (34). The effect of quasiparticle poisoning
is to reduce the MBS amplitude and increase
its width. This scenario is likely the origin of a
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Fig. 2. Energetic and spatial profile of ZBPs. (A) A ZBC map (area,
15 nm by 15 nm) around vortex cores. (B) A line-cut intensity plot along
the black dashed line indicated in (A). (C) A waterfall-like plot of (B) with
65 spectra, with the black curve corresponding to the one in the core
center. (D) An overlapping display of eight dI/dV spectra selected from
(C). (E) Spatial dependence of the height (top) and FWHM (bottom) of the
ZBP. (F) Comparison between ARPES and STS results. (Left) ARPES
results on the topological surface states. [Adapted from (18)] Black dashed

curves are extracted from a first-principle calculation (37), with the
calculated data rescaled to match the energy positions of the Dirac point
and the top of the bulk valence band (BVB). (Right) A dI/dV spectrum
measured from –20 to 10 meV. (G) Comparison between the measured
ZBP peak intensity with a theoretical calculation of MBS spatial profile
[(24), part VIII]. The data in (B) to (G) are normalized by the integrated
area of each dI/dV spectrum. Settings are Vs = –5 mV, It = 200 pA,
T = 0.55 K, and perpendicular magnetic field (B⊥) = 0.5 T.
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Evidence for Majorana bound states
in an iron-based superconductor
Dongfei Wang1,2*, Lingyuan Kong1,2*, Peng Fan1,2*, Hui Chen1, Shiyu Zhu1,2,
Wenyao Liu1,2, Lu Cao1,2, Yujie Sun1,3, Shixuan Du1,3,4, John Schneeloch5,
Ruidan Zhong5, Genda Gu5, Liang Fu6, Hong Ding1,2,3,4†, Hong-Jun Gao1,2,3,4†

The search for Majorana bound states (MBSs) has been fueled by the prospect of using their
non-Abelian statistics for robust quantum computation. Two-dimensional superconducting
topological materials have been predicted to host MBSs as zero-energy modes in vortex cores.
By using scanning tunneling spectroscopy on the superconducting Dirac surface state of
the iron-based superconductor FeTe0.55Se0.45, we observed a sharp zero-bias peak inside a
vortex core that does not split when moving away from the vortex center. The evolution of the
peak under varying magnetic field, temperature, and tunneling barrier is consistent with the
tunneling to a nearly pure MBS, separated from nontopological bound states. This observation
offers a potential platform for realizing and manipulating MBSs at a relatively high temperature.

M
ajorana bound states (MBSs) in condensed-
matter systems have attracted tremen-
dous interest owing to their non-Abelian
statistics and potential applications in
topological quantum computation (1, 2).

A MBS is theoretically predicted to emerge as a
spatially localized zero-energy mode in certain
p-wave topological superconductors in one and
two dimensions (3, 4). Although the material
realization of such p-wave superconductors has
remained elusive, other platforms for MBSs have
recently been proposed, using heterostructures
between conventional s-wave superconductors
and topological insulators (5), nanowires (6–8),
quantum anomalous Hall insulators (9), or atomic
chains (10), where the proximity effect on a spin-
nondegenerate band creates a superconducting
(SC) topological state. Various experimental sig-
natures of MBSs (11–14) or Majorana chiral modes
(15) have been observed in these heterostructures,
but clear detection and manipulation of MBSs
are often hindered by the contribution of non-
topological bound states and complications of
material interface.
Very recently, using high-resolution angle-

resolved photoemission spectroscopy (ARPES),
a potential platform forMBSs was discovered in
the bulk superconductor FeTe0.55Se0.45, with a SC
transition temperature Tc = 14.5 K and a simple
crystal structure (Fig. 1A). Because of the topo-
logical band inversion between the pz and dxz/dyz

bands around the !G point (16, 17) and the multi-
band nature (Fig. 1B), this single material naturally
has a spin-helical Dirac surface state, with an in-
duced full SCgapanda small Fermi energy (Fig. 1C)
(18); these properties would create favorable con-
ditions for observing a pureMBS (5) that is isolated
from other nontopological Caroli–de Gennes–
Matricon bound states (CBSs) (19, 20). The com-
bination of high-Tc superconductivity and Dirac
surface states in a single material removes the

challenging interface problems in previous pro-
posals and offers clear advantages for the detec-
tion and manipulation of MBSs.
Motivated by the above considerations, we

carried out a high-resolution scanning tunneling
microscopy/spectroscopy (STM/S) experiment on
the surface of FeTe0.55Se0.45, which has a good
atomic resolution that reveals the lattice formed by
Te/Se atoms on the surface (Fig. 1D). We started
with a relatively lowmagnetic field of 0.5 T along
the c axis at a low temperature of 0.55 K, with a
clear observation of vortex cores in Fig. 1E. At the
vortex center, we observed a strong zero-bias peak
(ZBP) with a full width at half maximum (FWHM)
of 0.3 meV and an amplitude of 2 relative to the
intensity just outside the gapped region. Outside
of the vortex core, we clearly observed a SC spec-
trumwithmultiple gap features, similar to the ones
observed in previous STM studies on the samema-
terial (21, 22). These different SC gaps correspond
well with the SC gaps on different Fermi surfaces
of thismaterial observed inpreviousARPES studies
(table S1) (23, 24). A similar ZBP was reported
previously (22).
We next demonstrate in Fig. 2 and fig. S4 (24)

that across a large range of magnetic fields, the
observed ZBP does not split when moving away
from a vortex center. It can be clearly seen from
Fig. 2, A to D, that the ZBP remains at the zero
energy, while its intensity fades awaywhenmoving
away from the vortex center. The nonsplit ZBP con-
trasts sharply with the split ZBP originating from
CBS observed in conventional superconductors
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Fig. 1. Band structure and vortex cores of FeTe0.55Se0.45. (A) Crystal structure of FeTe0.55Se0.45.
Axis a or b indicates one of the Fe–Fe bond directions. (B) A first-principle calculation of the
band structure along the G-M direction. In the calculations, t = 100 meV, whereas t ~ 12 to 25 meV
from ARPES experiments, largely depending on the bands (23). [Adapted from (18), figure 1C]
(C) Summary of SC topological surface states on this material observed by ARPES from (18).
(D) STM topography of FeTe0.55Se0.45 (scanning area, 17 nm by 17 nm). (E) Normalized zero-bias
conductance (ZBC) map measured at a magnetic field of 0.5 T, with the area 120 nm by 120 nm. (F) A
sharp ZBP in a dI/dV spectrum measured at the vortex core center indicated in the red box in (E).
Settings are sample bias, Vs = –5 mV; tunneling current, It = 200 pA; and temperature, T = 0.55 K.
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• Because of spin degeneracy Majorana zero modes are not expected to 
appear in a  superconductor. 


• Can we think of a variant on the construction that could host Majoranas? 
dx2−y2 + idxy



Majorana idea 1: Twisted cuprate bilayer on top of a topological insulator 
Variation on the Fu-Kane construction

High-temperature Majorana zero modes

Alejandro Mercado,1 Sharmistha Sahoo,1, 2 and M. Franz1

1Department of Physics and Astronomy, and Quantum Matter Institute,
University of British Columbia, Vancouver, BC, Canada V6T 1Z1

2Department of Physics, Indian Institute of Technology-Kanpur, Kanpur, India 208016
(Dated: September 28, 2021)

We employ analytical and numerical approaches to show that unpaired Majorana zero modes
can occur in cores of Abrikosov vortices at the interface between a three-dimensional topologi-
cal insulator, such as Bi2Se3, and a twisted bilayer of high-Tc cuprate superconductor, such as
Bi2Sr2CaCu2O8+�. When the twist angle is close to 45o the latter has been predicted to form a
fully gapped topological superconductor up to temperatures approaching its native Tc ' 90K. Majo-
rana zero modes in these structures will be protected by large gaps and persist up to unprecedented
high temperatures.

Introduction – Unpaired Majorana zero modes
(MZMs) continue to capture the imagination of re-
searchers due to their promise in new technologies but
also as an outstanding intellectual challenge in the
physics of quantum matter. An important component in
the ongoing worldwide e↵ort is design and fabrication of
new platforms where MZMs occur robustly under a wide
range of conditions and at accessible temperatures [1–6].
In this Letter we discuss a novel platform based on high-
Tc cuprate superconductors where MZMs could persist
up to the native critical temperature of these materials,
which can be as high as 90K in Bi-based superconductors
such as Bi2Sr2CaCu2O8+� (Bi2212). The proposed plat-
form is a variation on the Fu-Kane paradigm [7] which
takes advantage of the anomalous nature of the surface
state in the 3D strong topological insulator (STI) prox-
imitized by an ordinary superconductor. The Fu-Kane
superconductor may have already been realized in the
FeSe family of materials [8–11] although many questions
remain, owing primarily to the complexities associated
with the unambiguous MZM detection which remains a
key outstanding challenge [12].

An appealing route towards realizing MZMs at higher
temperatures is to employ high-Tc cuprate superconduc-
tors whose critical temperatures exceed 140K in some
families. However, the SC order parameter in all cuprates
is known to have a dx2�y2 symmetry [13] which implies
Dirac nodes in the low-energy quasiparticle excitation
spectrum. As a result, even though proposals exist to
engineer MZMs in the cuprates [14–17], they would oc-
cur on the background of a sea of gapless Dirac exci-
tations. Unambiguous detection and technological ap-
plications, however, demand MZMs protected by a gap,
preferably with a large amplitude. In this Letter we pro-
pose a strategy to circumvent these inherent limitations
of cuprates by exploiting the recently discussed novel
physics in twisted bilayers. According to the theoretical
work [18, 19] a bilayer assembled from two monolayers
of high-Tc cuprate spontaneously breaks time reversal T
and forms a fully gapped superconductor when the twist
angle ✓ is close to 45o. Bi2212 has been demonstrated to

STI

twisted 
bilayer

vortex

FIG. 1. Schematic of the proposed setup. A twisted cuprate
bilayer, forming a d+ id0 superconducting state, is deposited
on the surface of a strong topological insulator.

superconduct at high temperature in its monolayer form
[20] and would thus be a natural candidate material for
such a bilayer. The T -broken state of the bilayer is topo-
logical with Chern number C = 2 or 4 (depending on sys-
tem parameters) and can be regarded as a dx2�y2 + idxy

superconductor, or d + id
0 for short. Lacking significant

spin-orbit coupling (SOC), however, such a system will
not by itself host an MZM in the core of an Abrikosov
vortex [21].
Our idea, illustrated in Fig. 1, is to use the twisted

cuprate bilayer to proximitize a surface of an STI, which
supplies the requisite SOC. Although similar to the
canonical Fu-Kane construction, we note that the exis-
tence of MZMs in this setup is not a priori obvious; due to
the T -breaking nature of the d+id

0 phase the two belong
to di↵erent symmetry classes under the Teo-Kane topo-
logical classification [22]. Nevertheless we demonstrate
here that a simple model describing the structure in Fig.
1 hosts an unpaired MZM in the core of an Abrikosov
vortex. Given the topological stability of isolated MZMs
we argue that their existence is a robust feature of an STI
surface proximitized with a d+ id

0 SC order, insensitive
to microscopic details.
The key potential advantages of this setup compared

to either conventional STI/SC heterostructures or FeSe
materials include larger excitation gaps and higher criti-

• Twisted cuprate bilayer supplies fully gapped high-Tc 
superconductivity 


• TI surface provides the requisite spin-orbit coupling

• Will this setup host Majorana zero mode in the vortex?
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• We solve the problem by an approximate analytic 
approach and exact numerical diagonalization


• Clear evidence for MZM bound to the vortex core
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with l integer and ��(r) assumed real. Recalling that
p± = e

±i' (�i@r ± @'/r) Eq. (8) becomes
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where �̂l,l0 = e
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�il0'. Because �̂ ⇠ e
i(n+2)' the

requirement that �̂l,l+1 and �̂l+1,l are '-independent
implies 2l + 1 = n + 2. It follows that a non-degenerate
zero-energy solution can exist only when l = (n + 1)/2,
that is, l = 1 for a vortex and l = 0 for an antivortex.
Working out the required �̂l,l0 operators and passing

to a dimensionless coordinate ⇢ = rkF with kF = µ/v

Eqs. (10) become, for the n = 1 vortex,
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with � = �0µa
2
0/v

2 the dimensionless gap amplitude.
While we were unable to find an exact analytical solution
of these coupled second order di↵erential equations, it is
straightforward to find exact numerical solutions for an
arbitrary gap parameter �. An example of the resulting
wavefunction components is given in Fig. 2. We also show
in Supplementary Material (SM) that a simple analytic
form

�1(⇢) = Ae
�⇢�

✓
J1(⇢)
J2(⇢)

◆
(12)

solves Eqs. (11) in the asymptotic region at large ⇢ for
small �. As seen in Fig. 2 �1(⇢) actually turns out to
be a very good approximation to the full solution for
all distances ⇢. Similar results can be established for an
antivortex (n = �1) and are given in SM along with some
additional details of the calculation.
Lattice model results – To confirm the existence of the

zero mode in a broader context we performed numerical
simulations within a minimal lattice model. These do
not depend on the assumption of pure chiral limit and in
addition provide useful information on the entire vortex
spectrum, not just the zero mode.
Although strictly speaking the STI surface cannot be

described by a T -invariant 2D lattice model [27, 28] a
workaround exists for situations, such as in the presence
of an Abrikosov vortex, where T is explicitly broken. As
demonstrated in Refs. [29, 30] a simple lattice model can
be constructed that faithfully describes the low-energy
physics of the STI surface in the presence of various per-
turbations, such as the magnetic or SC coating. The
Hamiltonian is given by

h
latt
k = �(�y sin kx � �

x sin ky) + �
z
Mk, (13)
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FIG. 2. Radial components of the zero-mode wavefunction
u(r,') near a vortex. a) Normalized solutions obtained by
numerical integration of Eqs. (11) with � = 0.08 using the ND-
Solve algorithm implemented in Wolfram Mathematica pack-
age (solid lines). Dashed lines represent the asymptotic solu-
tion �1(⇢) given in Eq. (12). b) The same solutions shown on
a logarithmic scale to emphasize the exponential decay. The
dashed line represents the envelope ⇠ e�⇢�/

p
⇢ expected on

the basis of the long-distance solution Eq. (12).

where Mk = M(2 � cos kx � cos ky). The term pro-
portional to � is T -invariant and gives 4 massless Dirac
fermions in the Brillouin zone. The Mk term breaks T
and leaves only one massless Dirac fermion at the � point
k = (0, 0), gapping out the remaining three. Near the �
point the T -breaking term is small and the model pro-
vides a good basis for describing the STI surface state in
situations where preserving T is not essential. The SC
order is captured by defining a lattice version of Eq. (3),

�latt
k = �(cos kx � cos ky) + 2i�0 sin kx sin ky (14)

and the lattice BdG Hamiltonian H
latt
k is then con-

structed as in Eq. (2).

To implement the Abrikosov vortex we express H latt
k in

the real-space representation. We consider a square sam-
ple containing L ⇥ L lattice sites with open boundary
conditions and the vortex placed at the center. In this
representation the BdG Hamiltonian becomes a hermi-
tian matrix of size 4L2 which we diagonalize numerically
for system sizes up to L = 59. More details on the model
and its real-space implementation in the presence of vor-
tices can be found in Ref. [31]. Fig. 3 shows the local

2

cal temperatures. In addition, due to its extremely short
coherence length ⇠, the cuprate bilayer will exhibit very
few Caroli-de Gennes-Matricon states [23] in the vortex
core thus enhancing the MZM protection from quasipar-
ticle poisoning and decoherence e↵ects.
In the conventional Fu-Kane setup, i.e. the STI sur-

face state with an s-wave SC order parameter [7], the
Dirac equation describing the surface electrons is su�-
ciently simple and the solution for the zero mode in the
presence of a vortex can be found analytically. For the
d+ id

0 order parameter the system of equations becomes
more complicated due to the fact that the gap function is
now represented by a di↵erential operator and also that
one must work at non-zero chemical potential to ensure
a fully gapped state, as explained below. We were still
able to establish the existence of the exact zero mode in
certain limits of the continuum theory by a combination
of analytical and numerical techniques. We have further-
more explicitly confirmed the existence of the vortex core
MZM by numerical calculations within a minimal lattice
model describing a STI surface proximitized with a d+id

0

SC order.
The model – The low-energy theory of the STI surface

is described, in the simplest case, by a single massless
Dirac fermion [24]

hk = v(�y
kx � �

x
ky). (1)

Here v is the mode velocity, �↵ are Pauli matrices in spin
space. When the SC order is induced in the surface state
the situation is described by the Bogoliubov-de Gennes
(BdG) Hamiltonian

Hk =

✓
hk � µ �k

�†
k �h

T
k + µ

◆
. (2)

Here h
T
k = �

y
h
⇤
�k�

y is the time-reversed normal-state
Hamiltonian and µ denotes the chemical potential. The
d+ id

0 order parameter is defined by

�k = �(k2x � k
2
y) + i�0(2kxky) (3)

and is, in this representation, proportional to the unit
matrix in spin space. � and �0 denote the dx2�y2 and
dxy components, respectively. The energy eigenvalues
can be written as

E
2
k = (vk ± µ)2 + |�k|2. (4)

It is important to note that in view of Eq. (3) the d +
id

0 order parameter yields a fully gapped spectrum only
when µ 6= 0. As we shall see having to work at non-
zero chemical potential is one reason why solving for the
zero mode analytically becomes more di�cult than in
the corresponding s-wave case where �k is a constant
and one can work at µ = 0.
In order to model a vortex in the SC order parameter

it will be necessary to reformulate the Hamiltonian (2)

in the real-space representation. It reads

H =

✓
v� · p � µ �̂

�̂† �v� · p+ µ

◆
. (5)

where p = �ir is the momentum operator and we per-
formed a uniform ⇡/2 rotation around �

z for future con-
venience. In order to enable analytical progress we focus
here on the pure chiral limit � = �0 which, for a single
vortex placed at the origin, yields a system with full ro-
tation symmetry. The gap operator can be constructed
as described in Ref. [25] and is given by

�̂ = a
2
0


{p+, {p+,�(r)}} � i

2
�(r)

�
@
2
+✓(r)

��
. (6)

Here a0 is the lattice constant of the underlying lattice
model, p± = px ± ipy, {a, b} = 1

2 (ab + ba) and ✓(r)
denotes the phase of the space dependent gap function
�(r). The double symmetrization is required to ensure
that the resulting operator is hermitian and the last term
is needed to maintain gauge invariance [25].
Vortex core zero mode solution – The order parameter

in the presence of a single vortex is given by

�(r) = �0(r)e
in' (7)

where (r,') represent the polar coordinates of vector r
and integer n encodes vorticity. For the sake of simplicity
we assume �0(r) to be constant for all r, although in
reality the amplitude is required to vanish at the origin.
To find the zero-energy eigenstate  0(r) bound to the

vortex we follow the strategy outlined in Ref. [26]. The
Hamiltonian (5) obeys the antiunitary particle-hole sym-
metry ⌅H⌅ = �H with ⌅ = ⌧

y
�
yK, where ⌧

↵ are Pauli
matrices in the Nambu space and K denotes complex
conjugation. The p-h symmetry dictates that for every
eigenstate of H with energy E there exists an eigenstate
 0 = ⌅ with energy �E. A non-degenerate eigenstate
at zero energy must therefore be also an eigenstate of ⌅,
that is ⌅ 0 = � 0. Furthermore, because ⌅2 = 1 it fol-
lows that |�| = 1, that is � = e

i� is a pure phase. When
seeking the zero mode we can always perform a global
U(1) rotation  0 ! e

�i�/2 0 fixing � = 1, which we will
assume to be the case henceforth.
If we denote  0 = (u, v)T with u, v two-component

spinors in spin space, it is easy to see that the zero-mode
condition ⌅ 0 =  0 implies that v = i�

y
u
⇤. Thus,  0 is

fully determined in terms of only two independent com-
plex components u = (u", u#)T which obey the following
equation

(v� · p � µ)u+ i�
y�̂u

⇤ = 0. (8)

We solve this equation by passing to polar coordinates
and adopting the ansatz [26]

u(r,') = e
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with l integer and ��(r) assumed real. Recalling that
p± = e

±i' (�i@r ± @'/r) Eq. (8) becomes
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requirement that �̂l,l+1 and �̂l+1,l are '-independent
implies 2l + 1 = n + 2. It follows that a non-degenerate
zero-energy solution can exist only when l = (n + 1)/2,
that is, l = 1 for a vortex and l = 0 for an antivortex.

Working out the required �̂l,l0 operators and passing
to a dimensionless coordinate ⇢ = rkF with kF = µ/v

Eqs. (10) become, for the n = 1 vortex,
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with � = �0µa
2
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2 the dimensionless gap amplitude.
While we were unable to find an exact analytical solution
of these coupled second order di↵erential equations, it is
straightforward to find exact numerical solutions for an
arbitrary gap parameter �. An example of the resulting
wavefunction components is given in Fig. 2. We also show
in Supplementary Material (SM) that a simple analytic
form
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solves Eqs. (11) in the asymptotic region at large ⇢ for
small �. As seen in Fig. 2 �1(⇢) actually turns out to
be a very good approximation to the full solution for
all distances ⇢. Similar results can be established for an
antivortex (n = �1) and are given in SM along with some
additional details of the calculation.

Lattice model results – To confirm the existence of the
zero mode in a broader context we performed numerical
simulations within a minimal lattice model. These do
not depend on the assumption of pure chiral limit and in
addition provide useful information on the entire vortex
spectrum, not just the zero mode.

Although strictly speaking the STI surface cannot be
described by a T -invariant 2D lattice model [27, 28] a
workaround exists for situations, such as in the presence
of an Abrikosov vortex, where T is explicitly broken. As
demonstrated in Refs. [29, 30] a simple lattice model can
be constructed that faithfully describes the low-energy
physics of the STI surface in the presence of various per-
turbations, such as the magnetic or SC coating. The
Hamiltonian is given by

h
latt
k = �(�y sin kx � �

x sin ky) + �
z
Mk, (13)
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FIG. 2. Radial components of the zero-mode wavefunction
u(r,') near a vortex. a) Normalized solutions obtained by
numerical integration of Eqs. (11) with � = 0.08 using the ND-
Solve algorithm implemented in Wolfram Mathematica pack-
age (solid lines). Dashed lines represent the asymptotic solu-
tion �1(⇢) given in Eq. (12). b) The same solutions shown on
a logarithmic scale to emphasize the exponential decay. The
dashed line represents the envelope ⇠ e�⇢�/

p
⇢ expected on

the basis of the long-distance solution Eq. (12).

where Mk = M(2 � cos kx � cos ky). The term pro-
portional to � is T -invariant and gives 4 massless Dirac
fermions in the Brillouin zone. The Mk term breaks T
and leaves only one massless Dirac fermion at the � point
k = (0, 0), gapping out the remaining three. Near the �
point the T -breaking term is small and the model pro-
vides a good basis for describing the STI surface state in
situations where preserving T is not essential. The SC
order is captured by defining a lattice version of Eq. (3),

�latt
k = �(cos kx � cos ky) + 2i�0 sin kx sin ky (14)

and the lattice BdG Hamiltonian H
latt
k is then con-

structed as in Eq. (2).

To implement the Abrikosov vortex we express H latt
k in

the real-space representation. We consider a square sam-
ple containing L ⇥ L lattice sites with open boundary
conditions and the vortex placed at the center. In this
representation the BdG Hamiltonian becomes a hermi-
tian matrix of size 4L2 which we diagonalize numerically
for system sizes up to L = 59. More details on the model
and its real-space implementation in the presence of vor-
tices can be found in Ref. [31]. Fig. 3 shows the local
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with l integer and ��(r) assumed real. Recalling that
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requirement that �̂l,l+1 and �̂l+1,l are '-independent
implies 2l + 1 = n + 2. It follows that a non-degenerate
zero-energy solution can exist only when l = (n + 1)/2,
that is, l = 1 for a vortex and l = 0 for an antivortex.

Working out the required �̂l,l0 operators and passing
to a dimensionless coordinate ⇢ = rkF with kF = µ/v

Eqs. (10) become, for the n = 1 vortex,
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with � = �0µa
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2 the dimensionless gap amplitude.
While we were unable to find an exact analytical solution
of these coupled second order di↵erential equations, it is
straightforward to find exact numerical solutions for an
arbitrary gap parameter �. An example of the resulting
wavefunction components is given in Fig. 2. We also show
in Supplementary Material (SM) that a simple analytic
form
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solves Eqs. (11) in the asymptotic region at large ⇢ for
small �. As seen in Fig. 2 �1(⇢) actually turns out to
be a very good approximation to the full solution for
all distances ⇢. Similar results can be established for an
antivortex (n = �1) and are given in SM along with some
additional details of the calculation.

Lattice model results – To confirm the existence of the
zero mode in a broader context we performed numerical
simulations within a minimal lattice model. These do
not depend on the assumption of pure chiral limit and in
addition provide useful information on the entire vortex
spectrum, not just the zero mode.

Although strictly speaking the STI surface cannot be
described by a T -invariant 2D lattice model [27, 28] a
workaround exists for situations, such as in the presence
of an Abrikosov vortex, where T is explicitly broken. As
demonstrated in Refs. [29, 30] a simple lattice model can
be constructed that faithfully describes the low-energy
physics of the STI surface in the presence of various per-
turbations, such as the magnetic or SC coating. The
Hamiltonian is given by

h
latt
k = �(�y sin kx � �

x sin ky) + �
z
Mk, (13)
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FIG. 2. Radial components of the zero-mode wavefunction
u(r,') near a vortex. a) Normalized solutions obtained by
numerical integration of Eqs. (11) with � = 0.08 using the ND-
Solve algorithm implemented in Wolfram Mathematica pack-
age (solid lines). Dashed lines represent the asymptotic solu-
tion �1(⇢) given in Eq. (12). b) The same solutions shown on
a logarithmic scale to emphasize the exponential decay. The
dashed line represents the envelope ⇠ e�⇢�/

p
⇢ expected on

the basis of the long-distance solution Eq. (12).

where Mk = M(2 � cos kx � cos ky). The term pro-
portional to � is T -invariant and gives 4 massless Dirac
fermions in the Brillouin zone. The Mk term breaks T
and leaves only one massless Dirac fermion at the � point
k = (0, 0), gapping out the remaining three. Near the �
point the T -breaking term is small and the model pro-
vides a good basis for describing the STI surface state in
situations where preserving T is not essential. The SC
order is captured by defining a lattice version of Eq. (3),

�latt
k = �(cos kx � cos ky) + 2i�0 sin kx sin ky (14)

and the lattice BdG Hamiltonian H
latt
k is then con-

structed as in Eq. (2).

To implement the Abrikosov vortex we express H latt
k in

the real-space representation. We consider a square sam-
ple containing L ⇥ L lattice sites with open boundary
conditions and the vortex placed at the center. In this
representation the BdG Hamiltonian becomes a hermi-
tian matrix of size 4L2 which we diagonalize numerically
for system sizes up to L = 59. More details on the model
and its real-space implementation in the presence of vor-
tices can be found in Ref. [31]. Fig. 3 shows the local
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Non-Abelian topological superconductivity in maximally twisted double-layer
spin-triplet valley-singlet superconductors

Benjamin T. Zhou,⇤ Shannon Egan, Dhruv Kush, and Marcel Franz†

Department of Physics and Astronomy & Stewart Blusson Quantum Matter Institute,
University of British Columbia, Vancouver BC, Canada V6T 1Z4

Recent theoretical and experimental studies point to a novel spin-triplet valley-singlet (STVS) su-
perconducting phase in certain two-valley electron liquids, including rhombohedral trilayer graphene,
Bernal bilayer graphene and ZrNCl. This fully gapped phase is exotic in that it combines into Cooper
pairs same-spin electrons from valleys centered around the opposing corners of a hexagonal Brillouin
zone, but is, nevertheless, topologically trivial. Here, we predict that upon stacking two layers of
an STVS material with an angular twist, a novel chiral topological phase – an f ± if

0-wave super-
conductor – emerges in the vicinity of the ‘maximal’ twist angle of 30� where the system becomes
an extrinsic quasi-crystal with 12-fold tiling. The resulting composite is a non-Abelian topological
superconductor with an odd number of chiral Majorana modes at its edges and a single Majorana
zero mode (MZM) localized in the vortex core. As the twist angle deviates from 30�, the system
generically becomes a nodal f -wave topological superconductor supporting non-dispersive MZMs
on the edge. Through symmetry analysis and detailed microscopic modelling based on a novel
quasi-crystal band structure technique, we demonstrate that the chiral phase forms when the iso-
lated Fermi pockets coalesce into a single connected Fermi surface around the center of the moiré
Brillouin zone and is stable over a wide range of electron density. Our results thus establish a new
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(b) Schematic of a chiral f± if

0 phase formed by twisting two
layers of STVS superconductors at ✓ ' 30�. Chiral Majorana
edge modes (white arrows) emerge on the edge and a single
Majorana zero mode (red dot) forms at the vortex core.

Despite its promise for realizing high-Tc topological su-
perconductivity, a chiral d ± id

0 superconductor cannot
host truly non-Abelian excitations due to its spin-singlet
pairing nature, which is always associated with an even
number of MZMs that combine to form usual Abelian
fermions. The scheme can in principle be applied to spin-
triplet superconductors with nodal p-wave or f -wave or-
der parameters to create chiral SC phases with an odd
number of MZMs [33]. This strategy, however, once again
faces the scarcity of nodal p-wave and f -wave supercon-
ductors in nature.

Recent progress in superconducting two-dimensional
materials, however, has uncovered a growing amount of
evidence for f -wave spin-triplet superconductivity, al-
beit in the disguise of a fully gapped phase: in a re-
cent experiment, rhombohedral trilayer graphene (RTG)
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• Rhombohedral trilayer graphene, Bernal bilayer graphene and  
ZrNCl are thought to be spin-triplet valley-singlet 
superconductors with f-wave order parameter.


• We consider a bilayer formed of such a STVS material close to 
‘maximal’ twist angle of 300. 

• For a range of electron density and twist angles the 
combined system forms a spontaneously T-broken 
phase with  order parameter.


• This chiral phase exhibits non-Abelian topology: it 
hosts an odd number of chiral Majorana edge 
modes and a single Majorana zero mode in the 
vortex core.
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perconducting phase in certain two-valley electron liquids, including rhombohedral trilayer graphene,
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0-wave super-
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FIG. 2. (a) Real-space triangular lattices for two layers of STVS superconductors stacked with angular twist ✓. Dots in red
(blue) denote lattice sites in layer 1 (2) with a = 2.46Å. Hopping parameter t = 1 eV in all figures. (b) Fermi surface (FS)
contours of two decoupled layers at ✓ = 30� for chemical potential 2.4t < µ < 3t. G2,G3 denote reciprocal lattice vectors in
layer 1. (c) Dual-momentum space lattice points km (red dots) and p̃n (blue dots) for a fixed k0 in units of 2⇡/a (see subsection
A in Methods). Red (blue) hexagons denote Wigner-Seitz cells in reciprocal lattice of layer 1 (2). Note that the original location
of each km in the first Brillouin zone is exactly the location measured from the center of the red hexagon that contains it.
Bloch momenta near ±K and ±K̃ in (b) are covered by m,n = 1, 2, ..., 6 (encircled dots) as k0 varies in momentum-space.
Inset: Fourier transform t?(q) of inter-layer coupling, t?(K) extrapolated at Ka/⇡ = 4/3. (d) Band structure of H0,e↵ with
topmost bands indexed by p = 1, 2, 3. Dashed lines indicate chemical potentials of FS contours shown in panels (e-h). Units of

k0,x, k0,y axes are in Å
�1

. Red (blue) ± symbols indicate signs of pairing in layer 1 (2).

Upon an angular twist ✓, the normal-state Hamiltoni-
ans of the two decoupled layers are given by

H
(1)
0 =

X

k

⇠1(k)c
†
1(k)c1(k),

H
(2)
0 =

X

k̃

⇠2(k̃)c
†
2(k̃)c2(k̃),

(1)

where ⇠1(k) = �2t
P

j=1,3,5 cos(k ·Rj)� µ is the kinetic

energy term in layer 1, and ⇠2(k̃) = �2t
P

j=1,3,5 cos(k̃ ·

R̃j) � µ in layer 2, µ is the chemical potential. For
µ 2 (2t, 3t), the triangular lattice model produces discon-
nected Fermi pockets around K and �K points shown in
Fig. 2b.

Studies of twisted 2D materials have established that
the interlayer coupling within a twisted bilayer structure
has the general form [21, 24, 43–45]

HT =
X

k,k̃

h
c
†
1(k)T (k, k̃)c2(k̃) + h.c.

i

T (k, k̃) = �

X

G,G̃

t?(k +G)�k+G,k̃+G̃,

(2)

where t?(q) is the Fourier transform of the inter-layer
coupling t?(r) as a function of spatial separation r be-
tween two atomic positions in di↵erent layers. Impor-
tantly, t?(q) decays rapidly as a function of |q| in general
and becomes negligibly small on the scale of q ' 2⇡/a
where a denotes the monolayer lattice constant. To be
concrete, we model t?(r) by an empirical exponential for-
mula describing �-bonds formed by pz-orbitals from the
two layers (see Supplementary Note 1) and extrapolate
an e↵ective interlayer coupling strength of t?(K) ' 0.15t
for states near K-points (inset of Fig. 2b).

In twisted cuprates, superconductivity is borne out of
large Fermi surfaces and Dirac nodes of the d-wave or-
der parameter are located well inside the Brillouin zone
of each layer. The leading-order inter-layer coupling ac-
cording to Eq. 2 is simply the momentum-preserving term
with k = k̃ and G = G̃ = 0. This allows treating the
inter-layer coupling as a constant in the continuum model
[30]. In contrast, superconductivity in an STVS super-
conductor emerges from two disconnected pockets sur-
rounding the +K and �K points, and, as indicated in
Fig. 2b, the leading-order inter-layer terms for a Bloch
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FIG. 3. Chiral f ± if
0 superconductivity at 30� twist. (a) Basis functions f1,p(k0), f2,p(k0) of the projected pair wavefunctions

in band p = 2 along the circular Fermi surface at µ = 2.9t with |k0| ' 0.11 Å�1 shown in Fig. 2d. �k0 is the polar angle of k0

in the 2D plane. (b) Phase diagram of a twisted double-layer STVS superconductor in the µ-✓ plane. A robust chiral f ± if
0

phase (regions depicted in blue) is found over the entire chemical potential range for ✓ ' 30�. (c) Evolution of the free energy
landscape as a function of ✓ at µ = 2.9t. Unit of y-axis set in eV. (d) Phase diagram in the T -✓ plane obtained at µ = 2.9t
and U0 = 0.013t, corresponding to Tc ' 3K. (e-g) Bulk Bogoliubov excitation gap at (e) ✓ = 29.5�, (f) ✓ = 30.0�, and (g)
✓ = 30.5�, corresponding to dots A, B and C in panel (b), respectively. �0 = 1 meV is used here in line with values of µ,U0

used in (d).

pairing on the Fermi surface from each layer must change
continuously and a nodal point is mandated whenever a
sign change in real order parameter occurs. In analogy
with twisted d-wave superconductors [30], this suggests
that, in order to avoid node formation and thus lower the
overall superconducting free energy, the twisted STVS
double-layer may develop a spontaneous complex phase
di↵erence between the order parameters of the two layers.
This realizes the chiral f ± if

0 phase.

In the following we support this intuitive picture of the
chiral T -broken phase formation with an explicit micro-
scopic calculation. We note that the self-consistency of
�1(k) and �2(k̃) in isolated layer 1 and layer 2 implic-
itly rests upon the translational invariance within each
decoupled layer. Upon introducing the inter-layer cou-
pling, this translational symmetry is strongly modified.
This forces us to reformulate the superconducting gap
equations in terms of wave functions and energy bands
derived from the DMSTB model H0,e↵ (see subsection
B of Methods section), so that e↵ects from inter-layer
coupling are properly incorporated. In the following, we
focus on the topmost three bands indexed by p = 1, 2, 3
(inset of Fig. 2d) that are accessible by experimentally
relevant doping levels.

In terms of fermionic operators a
†
p(k0) which create

electrons at k0 in band p, the Bogoliubov-de Gennes
(BdG) Hamiltonian for the superconducting state in the
twisted double-layer

HBdG =
X

p,k0

⇠p(k0)a
†
p(k0)ap(k0) (4)

+
X

p,k0

⇥
�p(k0)a

†
p(k0)a

†
p(�k0) + h.c.

⇤
,

where ⇠p(k0) = Ep(k0) � µ with Ep(k0) the kinetic
energy of band p, and �p(k0) the pairing in band p:
�p(k0) = �1,pf1,p(k0) + �2,pf2,p(k0), where fl,p(k0)
are dimensionless basis functions characterizing the pro-
jected f -wave pairing in layer l and band p. The rela-
tions between fl,p(k0) and f1(k), f2(k̃) in Eq. 3 are ex-
plicitly given in subsection B of Methods section. Note
that mean-fields �1,p,�2,p serve as the superconducting
order parameters in band p of layer 1 and layer 2, respec-
tively.
To demonstrate that the projected pairings from two

di↵erent layers form two orthogonal f -wave components
at ✓ = 30�, we plot the dimensionless basis functions
fl,p(k0) for projected pairing in band p = 2 along the
circular Fermi surface (Fig. 2d) at µ = 2.9t in Fig. 3a.
Clearly, f1,2(k0) and f2,2(k0) have f -wave symmetries
with 6 nodes, and the relative phase shift between the
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FIG. 4. Exact diagonalization results for edge and vortex core modes in lattice model. a) Pairing amplitudes for the f -wave
order parameter on the triangular lattice. b) Spectral function A(!, k) evaluated at the edges and in the bulk of an infinite strip
with width of 200 sites. c) Local density of states ⇢(!, r) computed on a hexagon-shaped sample with N = 3169 sites and a
vortex located at its center. d) Real-space probability distribution of zero-energy eigenstates  ±

0 = ( 0 ± 
0
0)/

p
2, normalized

to the maximum site amplitude for each state. In all panels parameters (µ,�N ,�NN ) = (0.8t0, 0.5t0,�N/3
p
3) were used.

the DMSTB model above (Fig.2d). The lattice model
well captures both the parabolic dispersion near � and
the chiral f ± if

0 pairing symmetry, thus facilitating ex-
plicit calculcations of edge states and vortex excitations
of the chiral superconductor. Considering the specific
' = +⇡/2 solution for the chiral phase, the lattice model
is explicitly given by:

HLAT =
X

k

✏kc
†
kck + (�k,+ + i�k,�)c

†
kc

†
�k + h.c. (10)

Here, ✏k = �2t0
P

j=1,3,5 cos(k · �0,j) � µ de-
notes the band energy from electron hopping �t0,
�k,+ = 2i�N

P
j=1,3,5 sin(k · �0,j) is the nearest-

neighbor pairing, �k,� = 2i�NN
P

j=1,3,5 sin(k · �00,j) is
the next-nearest-neighbor pairing. It is straightforward
to check that in the small k expansion, �k,+ and
�k,� produce the two orthogonal fx(x2�3y2)-wave and
fy(3x2�y2)-wave components, respectively.

We can now confirm the existence of edge-states by
placing HLAT on a strip geometry with periodic bound-
ary conditions in the x-direction, and L rows of atoms
in the y-direction. The spectral function in 1D k-space,
plotted in Figure , allows us to visualize the excitations

present in each row of the strip. It is defined as:

A(k,!) = [(! + i⌘)IL �HLAT (k)]
�1 (11)

where ⌘ is a small parameter, IL is the identity matrix,
and HLAT (k) is the L⇥ L Hamiltonian.

In addition to gapless edge modes, chiral superconduc-
tors threaded with magnetic flux are predicted to host
unpaired MZMs obeying non-Abelian statistics, which
are localized at vortex cores[12, 13]. To model the ef-
fect of an Abrikosov vortex in the f + if

0
superconduc-

tor, we adopt a real-space representation of the lattice
model in Equation 10. We consider a hexagonal domain
with open boundary conditions, and place a vortex at
the origin. This induces a phase winding on the order
parameter for each bond

�R,�0,j = (�1)j�1�N exp (�in✓R,�0,j )

�R,�
0
0,j

= (�1)j�1�NN exp (�in✓R,�
0
0,j
) (12)

where n is the vorticity ; and ✓
R,�(0)

0,j

is the angle sub-

tended by the midpoint of the bond (R + 1
2�

(0)
0,j), the

origin, and the x-axis. We then numerically diagonalize
the 2N ⇥ 2N HLAT , where N is the number of lattice
sites.

Majorana idea 2: Maximally twisted double-layer spin-triplet valley-singlet superconductors  
[Comm. Physics 6 (1), 47 (2023); arXiv:2206.05599]

Numerical simulations in a minimal 
model of   superconductor 
confirm the presence of: 

f + if′ 

1. Odd number of chiral Majorana edge modes at the sample 
boundary


2. Unpaired Majorana zero modes bound to each vortex
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FIG. 3. Chiral f ± if
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phase (regions depicted in blue) is found over the entire chemical potential range for ✓ ' 30�. (c) Evolution of the free energy
landscape as a function of ✓ at µ = 2.9t. Unit of y-axis set in eV. (d) Phase diagram in the T -✓ plane obtained at µ = 2.9t
and U0 = 0.013t, corresponding to Tc ' 3K. (e-g) Bulk Bogoliubov excitation gap at (e) ✓ = 29.5�, (f) ✓ = 30.0�, and (g)
✓ = 30.5�, corresponding to dots A, B and C in panel (b), respectively. �0 = 1 meV is used here in line with values of µ,U0

used in (d).

pairing on the Fermi surface from each layer must change
continuously and a nodal point is mandated whenever a
sign change in real order parameter occurs. In analogy
with twisted d-wave superconductors [30], this suggests
that, in order to avoid node formation and thus lower the
overall superconducting free energy, the twisted STVS
double-layer may develop a spontaneous complex phase
di↵erence between the order parameters of the two layers.
This realizes the chiral f ± if

0 phase.

In the following we support this intuitive picture of the
chiral T -broken phase formation with an explicit micro-
scopic calculation. We note that the self-consistency of
�1(k) and �2(k̃) in isolated layer 1 and layer 2 implic-
itly rests upon the translational invariance within each
decoupled layer. Upon introducing the inter-layer cou-
pling, this translational symmetry is strongly modified.
This forces us to reformulate the superconducting gap
equations in terms of wave functions and energy bands
derived from the DMSTB model H0,e↵ (see subsection
B of Methods section), so that e↵ects from inter-layer
coupling are properly incorporated. In the following, we
focus on the topmost three bands indexed by p = 1, 2, 3
(inset of Fig. 2d) that are accessible by experimentally
relevant doping levels.

In terms of fermionic operators a
†
p(k0) which create

electrons at k0 in band p, the Bogoliubov-de Gennes
(BdG) Hamiltonian for the superconducting state in the
twisted double-layer

HBdG =
X

p,k0

⇠p(k0)a
†
p(k0)ap(k0) (4)

+
X

p,k0

⇥
�p(k0)a

†
p(k0)a

†
p(�k0) + h.c.

⇤
,

where ⇠p(k0) = Ep(k0) � µ with Ep(k0) the kinetic
energy of band p, and �p(k0) the pairing in band p:
�p(k0) = �1,pf1,p(k0) + �2,pf2,p(k0), where fl,p(k0)
are dimensionless basis functions characterizing the pro-
jected f -wave pairing in layer l and band p. The rela-
tions between fl,p(k0) and f1(k), f2(k̃) in Eq. 3 are ex-
plicitly given in subsection B of Methods section. Note
that mean-fields �1,p,�2,p serve as the superconducting
order parameters in band p of layer 1 and layer 2, respec-
tively.
To demonstrate that the projected pairings from two

di↵erent layers form two orthogonal f -wave components
at ✓ = 30�, we plot the dimensionless basis functions
fl,p(k0) for projected pairing in band p = 2 along the
circular Fermi surface (Fig. 2d) at µ = 2.9t in Fig. 3a.
Clearly, f1,2(k0) and f2,2(k0) have f -wave symmetries
with 6 nodes, and the relative phase shift between the
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IBM Falcon

Google

• Nearly all superconducting quantum computers currently in operation 
rely on the ‘transmon’ qubit architecture


• Transmon stands for ‘transmission line shunted plasma oscillation 
qubit’ and is a variant on an earlier ‘Cooper pair box’ design which is 
a type of a charge qubit.


• This is to be contrasted with the flux qubit which is used in D-Wave 
quantum annealers.
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 Brief Review: 

The original transmon qubit

ately calculate the voltage exhibited at the a-b port by sub-
tracting the corresponding island potentials. This yields the
splitting parameter !. The total capacitance C" is obtained
from the full network by substituting the voltage source by a
short and calculating the total charging energy of the network
when applying a voltage VJ across the junction. Equating the
result with C"VJ

2 /2, one obtains the parameter C".
The treatment of the transmon embedded in a transmis-

sion line resonator is only slightly more complicated. Again,
the use of Thévenin’s theorem allows for the reduction of the
capacitance network to a few effective capacitances, see Fig.
1!a". Here, the effect of the resonator can be modeled by a
local LC oscillator #19$. Following the standard quantization
procedure for circuits #20$, we obtain

Ĥ =
#̂r

2

2Lr
+

!CB + Cg"Q̂r
2

2C*
2

+
!Cg + Cin + Cr"Q̂J

2

2C*
2 − EJ cos%2$

%
#̂J&

+
CgQ̂rQ̂J

C*
2 +

!CBCin + CgCin"Q̂rVg + CgCinQ̂JVg

C*
2 . !A3"

For simplicity, we have absorbed the junction capacitances
into the parallel capacitance CB, and introduced the abbrevia-
tion

C*
2 = CBCg + CBCin + CgCin + CBCr + CgCr.

In Eq. !A3" the first two terms describe the local oscillator of
the resonator, the two terms in the second line capture the
qubit’s degrees of freedom, and the terms in the third
line give the coupling between the two of them and the cou-
pling to the gate electrode. Taking into account that
V̂=Vrms

0 !â+ â†" and assuming that Cr≫CB, Cin, Cg, we re-
cover the Hamiltonian !3.1".

APPENDIX B: MATHIEU SOLUTION FOR THE CPB
HAMILTONIAN

We briefly review the solution of the Hamiltonian !2.1" in
terms of Mathieu functions, generalizing the results from
Refs. #6,16$ to arbitrary values of the effective offset charge
ng. In the phase basis, the stationary Schrödinger equation is
given by

'4EC%− i
d

d&
− ng&2

− EJ cos &('!&" = E'!&" , !B1"

where the boundary condition is '!&"='!&+2$". We can
recast Schrödinger’s equation in the standard form of
Mathieu’s equation by introducing the function g!x"
)e−2ingx'!2x", so that

g!!x" + % E

EC
+

EJ

EC
cos!2x"&g!x" = 0. !B2"

The 2$ periodicity of '!&" translates into a pseudoperiodic-
ity of g!x" with characteristic exponent (=−2!ng−k", where

k!Z. Following the notation of Meixner and Schäfke #57$,
Eq. !B2" is solved by the Floquet-type solution
me(!q=−

EJ

2EC
,x". Accordingly, the eigenenergies E are fixed

by Mathieu’s characteristic value, see Eq. !2.2", and the wave
functions can be represented as

'm!&" =
exp!ing&"

*2
me−2#ng−k!m,ng"$%−

EJ

2EC
,
&

2
& . !B3"

The integer numbers k must be chosen in such a way to
correctly sort the eigenenergies and eigenstates. This implies
that k becomes a function of the band index m and the effec-
tive offset charge ng. Extending Cottet’s treatment #16$ to
cover the full range ng!R, we find that this function is given
by

k!m,ng" = +
!=±1

#int!2ng + ! /2"mod 2$

),int!ng" + ! !− 1"m#!m + 1"div 2$- . !B4"

Here, int!x" rounds to the integer closest to x, a mod b de-
notes the usual modulo operation, and a div b gives the inte-
ger quotient of a and b.

APPENDIX C: PERTURBATION THEORY FOR THE
LARGE EJ /EC LIMIT

For completeness, we briefly review the perturbative ap-
proach employed in Secs. II C and III for large EJ /EC. Start-
ing from the Hamiltonian in the phase basis, Eq. !B1", one
notes that the Josephson energy acts as a strong “gravita-
tional force” on the rotor, effectively restricting the angle &
to small values around zero. This motivates !i" the neglect of
the periodic boundary condition, and !ii" the expansion of the
cosine for small angles. Keeping terms up to fourth order,
this yields the potential energy −EJ+EJ&

2 /2−EJ&
4 /24.

The Hamiltonian can now be viewed as a harmonic oscil-
lator with a quartic perturbation describing the leading-order
anharmonicity. Due to !i", the “vector potential” ng can be
eliminated by a gauge transformation, and the resulting
Hamiltonian can be cast in the form of a Duffing oscillator

H = *8ECEJ!b̂†b̂ + 1/2" − EJ −
EC

12
!b̂ + b̂†"4, !C1"

where b̂, b̂† denote the regular annihilation and creation op-
erators for the harmonic oscillator approximating the trans-
mon. The leading-order correction to the eigenenergies aris-
ing from the quartic term is given by

Ej
!1" = −

EC

12
.j/!b̂ + b̂†"4/j0 = −

EC

12
!6j2 + 6j + 3" . !C2"

Note that in this section, /j0 denotes the pure harmonic os-
cillator state in the absence of any anharmonicity. The
leading-order correction to the state /j0,

/ j0!1" = −
EC

12 +
i!j

.i/!b̂ + b̂†"4/j0
Ei − Ej

/i0 , !C3"

causes a mixing of /j0 with the states /j±40 and /j±20.
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Transmon Schrodinger equation:
qubits. Amazingly, the transmon can at the same time in-
crease the strength of electrical coupling between qubits, or
between a qubit and a transmission line cavity serving as a
bus.

Although the transmon has an EJ /EC ratio in between that
of typical charge qubits and typical phase qubits, it is impor-
tant to emphasize that the transmon is very different from
both the CPB and phase qubits, including the capacitively
shunted phase qubit proposed recently by Steffen et al. !17".
In the transmon, it is the natural anharmonicity of the cosine
potential which allows qubit operations, whereas in the phase
qubit, the EJ /EC ratio is so large that the required anharmo-
nicity can only be restored by driving a current I very close
to IC through the system, creating a washboard potential, see
Refs. !5–7" for recent reviews. The device presented in Ref.
!17" operated at an energy ratio of EJ /EC#2!104, whereas
the transmon will typically involve ratios of the order of
several tens up to several hundreds and is operated without
the need for any dc connections to the rest of the circuit.
Thus, the transmon is a new type of superconducting qubit
that should fix the main weakness of the CPB by featuring an
exponential gain in the insensitivity to charge noise. The fa-
vorable insensitivity of CPBs to other noise sources such as
critical current and flux noise is maintained $and further im-
proved% in the transmon system, rendering it a very promis-
ing candidate for the next generation of qubits. A comple-
mentary proposal for using a capacitor to modify the EJ /EC
ratio in superconducting flux qubits is put forward in Ref.
!18".

The outline of the paper is as follows. In Sec. II A, we
introduce the transmon and its effective quantum circuit. The
solution of the corresponding Schrödinger equation and an
analysis of its asymptotics enable a quantitative discussion of
the charge dispersion and the anharmonicity in Secs. II B and
II C, respectively. Section II D compares the transmon to
phase qubits, and Sec. II E provides additional information
about the flux degree of freedom in the split transmon, and
the role of asymmetry in the two Josephson junctions. The
circuit quantum electrodynamics $circuit-QED% physics !19"
of the transmon is investigated in Sec. III, where we show
that despite the smallness of the charge dispersion, the trans-
mon is expected to reach the strong-coupling limit of circuit
QED. That is, we show that even though the transmon en-
ergy levels are insensitive to low frequency voltages, transi-
tions between levels can strongly be driven by resonant ra-
diation. We discuss in detail the modifications of the
dispersive limit and the Purcell effect due to the increased
EJ /EC ratio. Sections IV and V are devoted to the investiga-
tion of noise in the transmon system and its projected effect
on relaxation $T1% and dephasing $T2% times. We conclude
our paper with a summary and a comprehensive comparison
of the transmon with existing superconducting qubits in Sec.
VI.

II. FROM THE COOPER PAIR BOX TO THE TRANSMON

A. Model

In close resemblance to the ordinary CPB $see, e.g., Ref.
!6"%, the transmon consists of two superconducting islands

coupled through two Josephson junctions, but isolated from
the rest of the circuitry. This dc-SQUID setup allows for the
tuning of the Josephson energy EJ=EJ,max &cos$"# /#0%& by
means of an external magnetic flux #. For simplicity, we
initially assume that both junctions are identical. $The dis-
cussion of the general case including junction asymmetry is
postponed until Sec. II E.% Schematics of the device design
and the effective quantum circuit for the transmon are de-
picted in Fig. 1.

As usual, the effective offset charge ng of the device, mea-
sured in units of the Cooper pair charge 2e, is controlled by
a gate electrode capacitively coupled to the island such that
ng=Qr /2e+CgVg /2e. Here Vg and Cg denote the gate voltage
and capacitance, respectively, and Qr represents the
environment-induced offset charge.

The crucial modification distinguishing the transmon from
the CPB is a shunting connection of the two superconductors
via a large capacitance CB, accompanied by a similar in-
crease in the gate capacitance Cg. As shown in Appendix A,
the effective Hamiltonian can be reduced to a form identical
to that of the CPB system !20",

Ĥ = 4EC$n̂ − ng%2 − EJ cos $̂ . $2.1%

It describes the effective circuit of Fig. 1$a% in the absence of
coupling to the transmission line $i.e., disregarding the reso-
nator mode modeled by Lr and Cr%, and can be obtained from
an analysis of the full network of cross capacitances as pre-
sented in Appendix A. The symbols n̂ and $̂ denote the num-

FIG. 1. $Color online% $a% Effective circuit diagram of the trans-
mon qubit. The two Josephson junctions $with capacitance and Jo-
sephson energy CJ and EJ% are shunted by an additional large ca-
pacitance CB, matched by a comparably large gate capacitance Cg.
$b% Simplified schematic of the transmon device design $not to
scale%, which consists of a traditional split Cooper pair box, shunted
by a short $L#% /20% section of twin-lead transmission line, formed
by extending the superconducting islands of the qubit. This short
section of line can be well approximated as a lumped-element ca-
pacitor, leading to the increase in the capacitances Cg1, Cg2, and CB!
and hence in the effective capacitances CB and Cg in the circuit.
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qubits. Amazingly, the transmon can at the same time in-
crease the strength of electrical coupling between qubits, or
between a qubit and a transmission line cavity serving as a
bus.

Although the transmon has an EJ /EC ratio in between that
of typical charge qubits and typical phase qubits, it is impor-
tant to emphasize that the transmon is very different from
both the CPB and phase qubits, including the capacitively
shunted phase qubit proposed recently by Steffen et al. !17".
In the transmon, it is the natural anharmonicity of the cosine
potential which allows qubit operations, whereas in the phase
qubit, the EJ /EC ratio is so large that the required anharmo-
nicity can only be restored by driving a current I very close
to IC through the system, creating a washboard potential, see
Refs. !5–7" for recent reviews. The device presented in Ref.
!17" operated at an energy ratio of EJ /EC#2!104, whereas
the transmon will typically involve ratios of the order of
several tens up to several hundreds and is operated without
the need for any dc connections to the rest of the circuit.
Thus, the transmon is a new type of superconducting qubit
that should fix the main weakness of the CPB by featuring an
exponential gain in the insensitivity to charge noise. The fa-
vorable insensitivity of CPBs to other noise sources such as
critical current and flux noise is maintained $and further im-
proved% in the transmon system, rendering it a very promis-
ing candidate for the next generation of qubits. A comple-
mentary proposal for using a capacitor to modify the EJ /EC
ratio in superconducting flux qubits is put forward in Ref.
!18".

The outline of the paper is as follows. In Sec. II A, we
introduce the transmon and its effective quantum circuit. The
solution of the corresponding Schrödinger equation and an
analysis of its asymptotics enable a quantitative discussion of
the charge dispersion and the anharmonicity in Secs. II B and
II C, respectively. Section II D compares the transmon to
phase qubits, and Sec. II E provides additional information
about the flux degree of freedom in the split transmon, and
the role of asymmetry in the two Josephson junctions. The
circuit quantum electrodynamics $circuit-QED% physics !19"
of the transmon is investigated in Sec. III, where we show
that despite the smallness of the charge dispersion, the trans-
mon is expected to reach the strong-coupling limit of circuit
QED. That is, we show that even though the transmon en-
ergy levels are insensitive to low frequency voltages, transi-
tions between levels can strongly be driven by resonant ra-
diation. We discuss in detail the modifications of the
dispersive limit and the Purcell effect due to the increased
EJ /EC ratio. Sections IV and V are devoted to the investiga-
tion of noise in the transmon system and its projected effect
on relaxation $T1% and dephasing $T2% times. We conclude
our paper with a summary and a comprehensive comparison
of the transmon with existing superconducting qubits in Sec.
VI.

II. FROM THE COOPER PAIR BOX TO THE TRANSMON

A. Model

In close resemblance to the ordinary CPB $see, e.g., Ref.
!6"%, the transmon consists of two superconducting islands

coupled through two Josephson junctions, but isolated from
the rest of the circuitry. This dc-SQUID setup allows for the
tuning of the Josephson energy EJ=EJ,max &cos$"# /#0%& by
means of an external magnetic flux #. For simplicity, we
initially assume that both junctions are identical. $The dis-
cussion of the general case including junction asymmetry is
postponed until Sec. II E.% Schematics of the device design
and the effective quantum circuit for the transmon are de-
picted in Fig. 1.

As usual, the effective offset charge ng of the device, mea-
sured in units of the Cooper pair charge 2e, is controlled by
a gate electrode capacitively coupled to the island such that
ng=Qr /2e+CgVg /2e. Here Vg and Cg denote the gate voltage
and capacitance, respectively, and Qr represents the
environment-induced offset charge.

The crucial modification distinguishing the transmon from
the CPB is a shunting connection of the two superconductors
via a large capacitance CB, accompanied by a similar in-
crease in the gate capacitance Cg. As shown in Appendix A,
the effective Hamiltonian can be reduced to a form identical
to that of the CPB system !20",

Ĥ = 4EC$n̂ − ng%2 − EJ cos $̂ . $2.1%

It describes the effective circuit of Fig. 1$a% in the absence of
coupling to the transmission line $i.e., disregarding the reso-
nator mode modeled by Lr and Cr%, and can be obtained from
an analysis of the full network of cross capacitances as pre-
sented in Appendix A. The symbols n̂ and $̂ denote the num-

FIG. 1. $Color online% $a% Effective circuit diagram of the trans-
mon qubit. The two Josephson junctions $with capacitance and Jo-
sephson energy CJ and EJ% are shunted by an additional large ca-
pacitance CB, matched by a comparably large gate capacitance Cg.
$b% Simplified schematic of the transmon device design $not to
scale%, which consists of a traditional split Cooper pair box, shunted
by a short $L#% /20% section of twin-lead transmission line, formed
by extending the superconducting islands of the qubit. This short
section of line can be well approximated as a lumped-element ca-
pacitor, leading to the increase in the capacitances Cg1, Cg2, and CB!
and hence in the effective capacitances CB and Cg in the circuit.
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• Transmon architecture was developed to overcome the “offset 
charge” problem of earlier qubit variants (e.g. Cooper pair box)

• Here  is the charging energy


•  is the Cooper pair number operator


•  denotes the uncontrolled offset charge

EC = e2/2C
̂n = − i

d
dφ

ng



ber of Cooper pairs transferred between the islands and the
gauge-invariant phase difference between the superconduct-
ors, respectively. By means of the additional capacitance CB,
the charging energy EC=e2 /2C! !C!=CJ+CB+Cg" can be
made small compared to the Josephson energy. In contrast to
the CPB, the transmon is operated in the regime EJ≫EC.

The qubit Hamiltonian, Eq. !2.1", can be solved exactly in
the phase basis in terms of Mathieu functions, see, e.g., Refs.
#6,16$. The eigenenergies are given by

Em!ng" = EC a2#ng+k!m,ng"$!− EJ/2EC" , !2.2"

where a"!q" denotes Mathieu’s characteristic value, and
k!m ,ng" is a function appropriately sorting the eigenvalues;
see Appendix B for details. Plots for the lowest three energy
levels E0, E1, and E2, as a function of the effective offset
charge ng, are shown in Fig. 2 for several values of EJ /EC.
One clearly observes !i" that the level anharmonicity depends
on EJ /EC, and !ii" that the total charge dispersion decreases
very rapidly with EJ /EC. Both factors !i" and !ii" influence
the operation of the system as a qubit. The charge dispersion
immediately translates into the sensitivity of the system with
respect to charge noise. A sufficiently large anharmonicity is
required for selective control of the transitions, and the ef-
fective separation of the Hilbert space into the relevant qubit
part and the rest, H=Hq ! Hrest. In the following sections,
we systematically investigate these two factors and show that
there exists an optimal range of the ratio EJ /EC with suffi-
cient anharmonicity and charge noise sensitivity drastically
reduced when compared to the conventional CPB.

B. The charge dispersion of the transmon

The sensitivity of a qubit to noise can often be optimized
by operating the system at specific points in parameter space.

An example for this type of setup is the “sweet spot” ex-
ploited in CPBs #21$. In this case, the sensitivity to charge
noise is reduced by biasing the system to the charge-
degeneracy point ng=1/2, see Fig. 2!a". Since the charge
dispersion has no slope there, linear noise contributions can-
not change the qubit transition frequency. With this proce-
dure, the unfavorable sensitivity of CPBs to charge noise can
be improved significantly, potentially raising T2 times from
the nanosecond to the microsecond range. Unfortunately, the
long-time stability of CPBs at the sweet spot still suffers
from large fluctuations which drive the system out of the
sweet spot and necessitate a resetting of the gate voltage.

Here, we show that an increase of the ratio EJ /EC leads to
an exponential decrease of the charge dispersion and thus a
qubit transition frequency that is extremely stable with re-
spect to charge noise; see Fig. 2!d". In fact, with sufficiently
large EJ /EC, it is possible to perform experiments without
any feedback mechanism locking the system to the charge
degeneracy point. In two recent experiments using transmon
qubits, very good charge stability has been observed in the
absence of gate tuning #22,23$.

Away from the degeneracy point, charge noise yields
first-order corrections to the energy levels of the transmon
and the sensitivity of the device to fluctuations of ng is di-
rectly related to the differential charge dispersion !Eij /!ng,
as we will show in detail below. Here Eij%Ej−Ei denotes
the energy separation between the levels i and j. As expected
from a tight-binding treatment, the dispersion relation Em!ng"
is well approximated by a cosine in the limit of large EJ /EC,

Em!ng" & Em!ng = 1/4" −
#m

2
cos!2$ng" , !2.3"

where

#m % Em!ng = 1/2" − Em!ng = 0" !2.4"

gives the peak-to-peak value for the charge dispersion of the
mth energy level. To extract #m, we start from the exact ex-
pression !2.2" for the eigenenergies and study the limit of
large Josephson energies. The asymptotics of the Mathieu
characteristic values can be obtained by semiclassical
!WKB" methods !see, e.g., Refs. #24–26$". The resulting
charge dispersion is given by

#m & !− 1"mEC
24m+5

m!
' 2

$
( EJ

2EC
)m

2
+3

4
e−'8EJ/EC, !2.5"

valid for EJ /EC≫1. The crucial point of this result is the
exponential decrease of the charge dispersion with 'EJ /EC.

The physics behind this feature can be understood by
mapping the transmon system to a charged quantum rotor,
see Fig. 3. We consider a mass m attached to a stiff, massless
rod of length l, fixed to the coordinate origin by a frictionless
pivot bearing. Using cylindrical coordinates !r ,% ,z", the mo-
tion of the mass is restricted to a circle in the z=0 plane with
the polar angle % completely specifying its position. The
rotor is subject to a strong homogeneous gravitational field
g=gex in x direction, giving rise to a potential energy
V=−mgl cos %. The kinetic energy of the rotor can be ex-
pressed in terms of its angular momentum along the z axis,

FIG. 2. !Color online" Eigenenergies Em !first three levels, m
=0,1 ,2" of the qubit Hamiltonian !2.1" as a function of the effec-
tive offset charge ng for different ratios EJ /EC. Energies are given
in units of the transition energy E01, evaluated at the degeneracy
point ng=1/2. The zero point of energy is chosen as the bottom of
the m=0 level. The vertical dashed lines in !a" mark the charge
sweet spots at half-integer ng.
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ately calculate the voltage exhibited at the a-b port by sub-
tracting the corresponding island potentials. This yields the
splitting parameter !. The total capacitance C" is obtained
from the full network by substituting the voltage source by a
short and calculating the total charging energy of the network
when applying a voltage VJ across the junction. Equating the
result with C"VJ

2 /2, one obtains the parameter C".
The treatment of the transmon embedded in a transmis-

sion line resonator is only slightly more complicated. Again,
the use of Thévenin’s theorem allows for the reduction of the
capacitance network to a few effective capacitances, see Fig.
1!a". Here, the effect of the resonator can be modeled by a
local LC oscillator #19$. Following the standard quantization
procedure for circuits #20$, we obtain

Ĥ =
#̂r

2

2Lr
+

!CB + Cg"Q̂r
2

2C*
2

+
!Cg + Cin + Cr"Q̂J

2

2C*
2 − EJ cos%2$

%
#̂J&

+
CgQ̂rQ̂J

C*
2 +

!CBCin + CgCin"Q̂rVg + CgCinQ̂JVg

C*
2 . !A3"

For simplicity, we have absorbed the junction capacitances
into the parallel capacitance CB, and introduced the abbrevia-
tion

C*
2 = CBCg + CBCin + CgCin + CBCr + CgCr.

In Eq. !A3" the first two terms describe the local oscillator of
the resonator, the two terms in the second line capture the
qubit’s degrees of freedom, and the terms in the third
line give the coupling between the two of them and the cou-
pling to the gate electrode. Taking into account that
V̂=Vrms

0 !â+ â†" and assuming that Cr≫CB, Cin, Cg, we re-
cover the Hamiltonian !3.1".

APPENDIX B: MATHIEU SOLUTION FOR THE CPB
HAMILTONIAN

We briefly review the solution of the Hamiltonian !2.1" in
terms of Mathieu functions, generalizing the results from
Refs. #6,16$ to arbitrary values of the effective offset charge
ng. In the phase basis, the stationary Schrödinger equation is
given by

'4EC%− i
d

d&
− ng&2

− EJ cos &('!&" = E'!&" , !B1"

where the boundary condition is '!&"='!&+2$". We can
recast Schrödinger’s equation in the standard form of
Mathieu’s equation by introducing the function g!x"
)e−2ingx'!2x", so that

g!!x" + % E

EC
+

EJ

EC
cos!2x"&g!x" = 0. !B2"

The 2$ periodicity of '!&" translates into a pseudoperiodic-
ity of g!x" with characteristic exponent (=−2!ng−k", where

k!Z. Following the notation of Meixner and Schäfke #57$,
Eq. !B2" is solved by the Floquet-type solution
me(!q=−

EJ

2EC
,x". Accordingly, the eigenenergies E are fixed

by Mathieu’s characteristic value, see Eq. !2.2", and the wave
functions can be represented as

'm!&" =
exp!ing&"

*2
me−2#ng−k!m,ng"$%−

EJ

2EC
,
&

2
& . !B3"

The integer numbers k must be chosen in such a way to
correctly sort the eigenenergies and eigenstates. This implies
that k becomes a function of the band index m and the effec-
tive offset charge ng. Extending Cottet’s treatment #16$ to
cover the full range ng!R, we find that this function is given
by

k!m,ng" = +
!=±1

#int!2ng + ! /2"mod 2$

),int!ng" + ! !− 1"m#!m + 1"div 2$- . !B4"

Here, int!x" rounds to the integer closest to x, a mod b de-
notes the usual modulo operation, and a div b gives the inte-
ger quotient of a and b.

APPENDIX C: PERTURBATION THEORY FOR THE
LARGE EJ /EC LIMIT

For completeness, we briefly review the perturbative ap-
proach employed in Secs. II C and III for large EJ /EC. Start-
ing from the Hamiltonian in the phase basis, Eq. !B1", one
notes that the Josephson energy acts as a strong “gravita-
tional force” on the rotor, effectively restricting the angle &
to small values around zero. This motivates !i" the neglect of
the periodic boundary condition, and !ii" the expansion of the
cosine for small angles. Keeping terms up to fourth order,
this yields the potential energy −EJ+EJ&

2 /2−EJ&
4 /24.

The Hamiltonian can now be viewed as a harmonic oscil-
lator with a quartic perturbation describing the leading-order
anharmonicity. Due to !i", the “vector potential” ng can be
eliminated by a gauge transformation, and the resulting
Hamiltonian can be cast in the form of a Duffing oscillator

H = *8ECEJ!b̂†b̂ + 1/2" − EJ −
EC

12
!b̂ + b̂†"4, !C1"

where b̂, b̂† denote the regular annihilation and creation op-
erators for the harmonic oscillator approximating the trans-
mon. The leading-order correction to the eigenenergies aris-
ing from the quartic term is given by

Ej
!1" = −

EC

12
.j/!b̂ + b̂†"4/j0 = −

EC

12
!6j2 + 6j + 3" . !C2"

Note that in this section, /j0 denotes the pure harmonic os-
cillator state in the absence of any anharmonicity. The
leading-order correction to the state /j0,

/ j0!1" = −
EC

12 +
i!j

.i/!b̂ + b̂†"4/j0
Ei − Ej

/i0 , !C3"

causes a mixing of /j0 with the states /j±40 and /j±20.
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Transmon Energy spectrum

• Transmon qubit in the limit  becomes 
insensitive to the offset charge fluctuations


• At the same time it exhibits robustness against 
other types of noise (e.g. flux).


• A distinct disadvantage is the weak anharmonicity 
of its energy spectrum that places limits on the 
maximum speed of operation.

EJ ≫ EC

Transmon summary:
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d-mon: transmon with strong anharmonicity

Hrishikesh Patel, Vedangi Pathak, Oguzhan Can, Andrew C. Potter, Marcel Franz
Department of Physics and Astronomy, and Quantum Matter Institute,

University of British Columbia, Vancouver, BC, Canada V6T 1Z1
(Dated: August 9, 2023)

We propose a novel qubit architecture based on a planar c-axis Josephson junction between a thin
flake d-wave superconductor (dSC), such as a high-Tc cuprate Bi2Sr2CaCu2O8+x, and a conventional
s-wave superconductor. When operated in the transmon regime the device – that we call “d-mon” –
becomes insensitive to o↵set charge fluctuations and, importantly, exhibits at the same time energy
level spectrum with strong anharmonicity that is widely tunable through the device geometry and
applied magnetic flux. Crucially, unlike previous qubit designs based on d-wave superconductors
the proposed device operates in a regime where quasiparticles are fully gapped and can be therefore
expected to achieve long coherence times.

Introduction – Transmon qubit, based on a supercon-
ducting Josephson junction shunted by a large capaci-
tance [1], is the workhorse component powering the ma-
jority of intermediate scale quantum computers currently
in operation [2–4]. Its chief advantage over other su-
perconducting qubit architectures is the insensitivity of
its active energy levels to the fluctuations in the o↵set
charge ng that are typically di�cult or impossible to con-
trol. This insensitivity, however, comes at a price: the
energy spectrum of the transmon is only weakly anhar-
monic which imposes limits on the speed of operation
due to the possibility of the escape from the code space
formed by the two lowest energy eigenstates [5–7].
We propose here a transmon variant that retains the

o↵set charge insensitivity of the original device but has
an arbitrarily large and easily tunable energy level anhar-
monicity. The key to this advance is usage of a Josephson
junction between superconductors with orhogonal order
parameter symmetries. In this paper we consider specif-
ically junctions comprised of a d-wave and an s-wave
superconductor, but the idea is applicable more gener-
ally. As is well known ordinary Cooper pair tunneling is
symmetry-prohibited across a c-axis d/s Josephson junc-
tion [8]. The leading process that enables passage of su-
percurrent is co-tunneling of two Cooper pairs that re-
sults in the anomalous ⇡-periodic current-phase relation
(CPR), I(') ' Ic2 sin (2'). We will demonstrate be-
low that the underlying ⇡-periodic Josephson free energy
F (') and its two degenerate minima at ' = ±⇡/2 enable
the above mentioned key features of d-mon qubit.
The basic d-mon design is illustrated in Fig. 1(a) and

consists of a very thin (several monolayers) d-wave flake
resting on a large s-wave superconducting substrate.
High-Tc cuprate Bi2Sr2CaCu2O8+x (BSCCO) is a well
established dSC which has been recently exfoliated down
to a monolayer thickness (while retaining its high critical
temperature ⇠ 90K) [9] and would be a natural mate-
rial for the flake. As a matter of principle the s-wave
substrate can be fabricated of any conventional super-
conductor. However, as we discuss in more detail be-
low, a material compatible with BSCCO – in that it can
proximity-induce a significant nodal gap – is required for
practical qubit operation.

�s

�d

s-substrate

d-flake

s-flake

�

(b)

(a)

s/d

�
2

�
�� �

C�

FIG. 1. Schematic of the proposed d-mon device. a) Basic
d-mon architecture and its circuit representation with one s/d
junction and a capacitor C. b) Split d-mon: A large dSC flake
resting on top of an s-wave substrate. A small s-wave flake
bridges the gap threaded by magnetic flux �. The equivalent
circuit contains two s/d junctions, one ordinary s/s junction
and a capacitance C.

The Ginzburg-Landau (GL) free energy of the system
depicted in Fig. 1(a) can be written as

F [ s, d] = Fs[ s] + Fd[ d] +A| s|2| d|2 (1)

+ B( s 
⇤
d
+ c.c.) +D( 2

s
 ⇤
d

2 + c.c.),

where  s/d are complex scalar order parameters and Fs/d

denote GL free energies of the individual superconduc-
tors. If both superconductors obey tetragonal symmetry
then, importantly, the coe�cient B is required to van-
ish. This is because under C4 rotation  s !  s while
 d ! � d. In this situation the leading Josephson cou-
pling arises from the last term in Eq. (1), which is al-
lowed by symmetry and represents coherent tunneling
of two Cooper pairs across the junction. Denoting the
phase di↵erence between two order parameters by ' the
resulting Josephson free energy becomes

F (') = F0 + 2D| s|2| d|2 cos 2', (2)

where F0 contains terms independent of '. We note
that although symmetry alone does not fix the sign of D
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Transmon with strong anharmonicity
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We propose a novel qubit architecture based on a planar c-axis Josephson junction between a
thin flake d-wave superconductor, such as a high-Tc cuprate Bi2Sr2CaCu2O8+x, and a conventional
s-wave superconductor. When operated in the transmon regime the device – that we call “d-mon”
– is insensitive to o↵set charge fluctuations and, importantly, exhibits at the same time energy
levels with strong anharmonicity that is widely tunable through the device geometry or applied
magnetic flux. Unlike previous qubit designs employing d-wave superconductors that su↵ered from
the abundance of low-energy quasiparticles, the proposed device operates in a configuration where
quasiparticles are fully gapped and can be therefore expected to achieve long coherence times.

Introduction – Transmon qubit design, based on a su-
perconducting Josephson junction shunted by a large ca-
pacitance [1], is a workhorse for the majority of interme-
diate scale quantum computers currently in operation [2–
4]. Its chief advantage over other superconducting qubit
architectures is insensitivity of its active energy levels to
the fluctuations in the o↵set charge ng that is typically
di�cult or impossible to control. This insensitivity comes
at a price: the energy levels of the transmon are only
weakly anharmonic which imposes limits on the speed of
operation due to the possibility of the escape from the
code space formed by the two lowest energy eigenstates
[5].

We propose here a transmon variant that retains the
o↵set charge insensitivity of the original device but has
an arbitrarily large and easily tunable energy level anhar-
monicity. The key to this advance is usage of a Joseph-
son junction between superconductors with orhogonal or-
der parameter symmetries. In this paper we consider
specifically junctions comprised of a d-wave and an s-
wave superconductor, but the idea is applicable more
generally. As is well known ordinary Cooper pair tun-
neling is prohibited across a c-axis d/s Josephson junc-
tion. The leading process that enables passage of su-
percurrent is co-tunneling of two Cooper pairs that re-
sults in the anomalous ⇡-periodic current phase relation,
I(') ' Ic2 sin (2'). We will demonstrate below that the
underlying ⇡-periodic Josephson free energy F (') and its
two degenerate minima at ' = ±⇡/2 enable the above
mentioned key features of d-mon qubit.

The basic d-mon design is illustrated in Fig. 1(a) and
consists of a very thin (several monolayers) d-wave flake
resting on a large s-wave superconducting substrate.
High-Tc cuprate Bi2Sr2CaCu2O8+x (BSCCO) is a well
established dSC which has been recently sucessfully ex-
foliated down to a monolayer thickness (while retaining
its high critical temperature ⇠ 90K) [6] and would be a
natural material for the flake. As a matter of principle
the s-wave substrate can be fabricated of any conven-
tional superconductor. However, as we discuss in more
detail below, a material compatible with BSCCO – in
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FIG. 1. Schematic of the proposed d-mon device. a) Ba-
sic d-mon architecture and its circuit representation with one
s/d junction and a capacitor C. b) Split d-mon: A large
d-wave flake resting on top of an s-wave substrate. A small s-
wave flake bridges the gap threaded by magnetic flux �. The
equivalent circuit contains two s/d junctions, one ordinary
s/s junction and a capacitance C.

that it can proximity-induce a significant nodal gap – is
highly desirable.

The Ginzburg-Landau (GL) free energy of the system
depicted in Fig. 1(a) can be written as

F [ s, d] = Fs[ s] + Fd[ d] +A| s|
2
| d|

2 (1)

+ B( s 
⇤
d + c.c.) + C( 2

s 
⇤
d
2 + c.c.),

where  s/d are complex scalar order parameters and Fs/d

denote GL free energies of the individual superconduc-
tors. If both superconductors obey tetragonal symmetry
then, importantly, the coe�cient B is required to van-
ish. This is because under C4 rotation  s !  s while
 d ! � d. In this situation the leading Josephson cou-
pling arises from the last term in Eq. (1), which is al-
lowed by symmetry and represents coherent tunneling
of two Cooper pairs across the junction. Denoting the
phase di↵erence between two order parameters by ' the

• When both superconductors respect the C4 
rotation symmetry then B must vanish.


• This is because under C4 we have  but 
 .


• If the C4 symmetry is weakly broken (as happens 
in BSCCO) then we expect small nonzero B.

ψs → ψs
ψd → − ψd

2

resulting Josephson free energy becomes

F (') = F0 + 2C| s|
2
| d|

2 cos 2', (2)

where F0 contains all terms independent of '. We note
that although symmetry alone does not fix the sign of C
many miscroscopic models, including the standard weak-
coupling BCS theory, give C > 0 which leads to the free
energy landscape with two minima at ' = ±⇡/2. In equi-
librium the system will classically chose one of the min-
ima spontaneously breaking the time-reversal symmetry
T . In this T -broken phase the flake can be thought of as
a d+ is or d� is superconductor.

In reality BSCCO and other high-Tc cuprates, such as
YBa2Cu3O7�x, are weakly orthorhombic (that is, C4 is
weakly broken down to C2). In this case coe�cient B

in the free energy (1) will be non-zero but we expect it
to be small such that the Josephson free energy is still
dominated by the cos 2' term. The B-term gives con-
ventional 2⇡ periodic contribution to F (') proportional
to cos'. At the level of the Josephson free energy the
physics of d-mon is therefore similar to the twisted bi-
layer of d-wave flakes which has been predicted to form
a T -broken d± id

0 phase at twist angles close to 45� [7].
Experimental evidence for such a state has been recently
reported in twisted BSCCO bilayers [8]. Some impor-
tant di↵erences between the two setups include the fact
the relative strength of the cos' in twisted d-wave bilay-
ers can be controled by the twist angle. Also, the d± id

0

phase is topological (characterized by Chern number ±2)
whereas the d ± is phase is topologically trivial as it is
adiabatically connected to a pure s-wave superconductor.
Anharmonicity from double-well free energy – Taking

into account the junction charging energy the Hamilto-
nian for the d-mon can be written as

H = 2EC(n̂� ng)
2 + EJ cos 2'+ �U('), (3)

where EC = e
2
/2C is the charging energy of the junction

with capacitance C, n̂ = �i@' is the Cooper pair number
operator and EJ denotes the junction Josephson energy.
The potential �U is given by

�U(') = �⌘EJ(cos�ex cos'� sin�ex sin'). (4)

The first term in �U represents the residual single-pair
tunnelling caused by weakly broken C4 symmetry. The
second term breaks T explicitly – it makes the double-
well asymmetric – and could arise from external magnetic
flux � in the split d-mon design depicted in Fig. 1(b)
and discussed in more detail below. We are interested in
the transmon regime characterized by EJ � EC and a
situation when �U represents a small perturbation, that
is, |⌘| . 1.
Consider first the situation when ⌘ = 0. In this limit

it is easy to see that the Hamiltonian (3) conserves the
Cooper parity P = (�1)n̂. In each parity sector the
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FIG. 2. Left panel: Energy levels of the d-mon Hamiltonian
(3) for EJ/EC = 8 and ⌘ = 0. Right panel: Wavefunc-
tions  0(') and  1(') belonging to the two lowest energies
for selected values of ng. Blue (orange) lines represent real
(imaginary) parts of  0/1.

eigenstates and energy eigenvalues can be obtained ana-
lytically in terms of Mathieu functions as originally dis-
cussed in Ref. [1]. In the transmon regime EJ � EC

an accurate approximation for the splitting between two
lowest energy levels can be derived [9],

�E ' 16EC

r
2

⇡

✓
2EJ

EC

◆3/4

e
�
p

2EJ/EC cos (⇡ng). (5)

Band crossings at half-integer values of ng in Eq. (5) are
exact and follow from parity conservation.
We will be interested primarily in the case of nonzero

⌘ when P conservation no longer applies. In this case
analytical solutions are not available but it is possible to
solve the problem numerically by representing the Hamil-
tonian (3) as a matrix in the Cooper pair number basis
|ni = e

in'
/
p
2⇡ with n integer. We truncate the infi-

nite Hamiltonian matrix Hnm = hn|H|mi according to
|n|, |m|  nmax and diagonalize the resulting matrix of
size 2nmax + 1. As shown in Fig. 2 for ⌘ = 0 the energy
levels behave in accord with the analytical result Eq. (5).
Note that the relevant wavefunctions  j(') with j = 0, 1
can be classified as symmetric and antisymmetric with
respect to the ' = 0 origin only for integral ng. More
generally they also contain imaginary part that has op-
posite symmetry, Fig. 1.
When ⌘ 6= 0 the energy crossings are lifted and, impor-

tantly, we observe that low-lying energy bands become
very flat – the qubit is becoming insensitive to the o↵-
set charge fluctuations in the same way as the original
transmon does. Importantly, in d-mon this feature does
not come at the expense of anharmonicity. Although de-

The Josephson energy thus becomes (for B=0):

[4EC (−i
d

dφ
− ng)

2
+ EJ cos 2φ] ψ(φ) = Eψ(φ)

d-mon Schrodinger equation:



[4EC (−i
d

dφ
− ng)

2
+ EJ cos 2φ] ψ(φ) = Eψ(φ)

d-mon: origin of strong anharmonicity  
[[PRL 132, 017002 (2024)]

φ

EJ(φ) • The potential can be approximated as two 
harmonic wells with equally spaced energy levels


• Because of the wavefunction these will be split 
into bonding/antibonding levels


• The resulting spectrum will generically exhibit a 
significant and tunable anharmonicity 

π0-π π0-π π0-π
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We propose a novel qubit architecture based on a planar c-axis Josephson junction between a thin
flake d-wave superconductor (dSC), such as a high-Tc cuprate Bi2Sr2CaCu2O8+x, and a conventional
s-wave superconductor. When operated in the transmon regime the device – that we call “d-mon” –
becomes insensitive to o↵set charge fluctuations and, importantly, exhibits at the same time energy
level spectrum with strong anharmonicity that is widely tunable through the device geometry and
applied magnetic flux. Crucially, unlike previous qubit designs based on d-wave superconductors
the proposed device operates in a regime where quasiparticles are fully gapped and can be therefore
expected to achieve long coherence times.

Introduction – Transmon qubit, based on a supercon-
ducting Josephson junction shunted by a large capaci-
tance [1], is the workhorse component powering the ma-
jority of intermediate scale quantum computers currently
in operation [2–4]. Its chief advantage over other su-
perconducting qubit architectures is the insensitivity of
its active energy levels to the fluctuations in the o↵set
charge ng that are typically di�cult or impossible to con-
trol. This insensitivity, however, comes at a price: the
energy spectrum of the transmon is only weakly anhar-
monic which imposes limits on the speed of operation
due to the possibility of the escape from the code space
formed by the two lowest energy eigenstates [5–7].

We propose here a transmon variant that retains the
o↵set charge insensitivity of the original device but has
an arbitrarily large and easily tunable energy level anhar-
monicity. The key to this advance is usage of a Josephson
junction between superconductors with orhogonal order
parameter symmetries. In this paper we consider specif-
ically junctions comprised of a d-wave and an s-wave
superconductor, but the idea is applicable more gener-
ally. As is well known ordinary Cooper pair tunneling is
symmetry-prohibited across a c-axis d/s Josephson junc-
tion [8]. The leading process that enables passage of su-
percurrent is co-tunneling of two Cooper pairs that re-
sults in the anomalous ⇡-periodic current-phase relation
(CPR), I(') ' Ic2 sin (2'). We will demonstrate be-
low that the underlying ⇡-periodic Josephson free energy
F (') and its two degenerate minima at ' = ±⇡/2 enable
the above mentioned key features of d-mon qubit.

The basic d-mon design is illustrated in Fig. 1(a) and
consists of a very thin (several monolayers) d-wave flake
resting on a large s-wave superconducting substrate.
High-Tc cuprate Bi2Sr2CaCu2O8+x (BSCCO) is a well
established dSC which has been recently exfoliated down
to a monolayer thickness (while retaining its high critical
temperature ⇠ 90K) [9] and would be a natural mate-
rial for the flake. As a matter of principle the s-wave
substrate can be fabricated of any conventional super-
conductor. However, as we discuss in more detail be-
low, a material compatible with BSCCO – in that it can
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FIG. 1. Schematic of the proposed d-mon device. a) Basic
d-mon architecture and its circuit representation with one s/d
junction and a capacitor C. b) Split d-mon: A large dSC flake
resting on top of an s-wave substrate. A small s-wave flake
bridges the gap threaded by magnetic flux �. The equivalent
circuit contains two s/d junctions, one ordinary s/s junction
and a capacitance C.

proximity-induce a significant nodal gap – is required for
practical qubit operation.
The Ginzburg-Landau (GL) free energy of the system

depicted in Fig. 1(a) can be written as

F [ s, d] = Fs[ s] + Fd[ d] +A| s|2| d|2 (1)

+ B( s 
⇤
d
+ c.c.) +D( 2

s
 ⇤
d

2 + c.c.),

where  s/d are complex scalar order parameters and Fs/d

denote GL free energies of the individual superconduc-
tors. If both superconductors obey tetragonal symmetry
then, importantly, the coe�cient B is required to van-
ish. This is because under C4 rotation  s !  s while
 d ! � d. In this situation the leading Josephson cou-
pling arises from the last term in Eq. (1), which is al-
lowed by symmetry and represents coherent tunneling
of two Cooper pairs across the junction. Denoting the
phase di↵erence between two order parameters by ' the
resulting Josephson free energy becomes

F (') = F0 + 2D| s|2| d|2 cos 2', (2)

Split d-mon: a practical tunable qubit  
[PRL 132, 017002 (2024)]

qubits. Amazingly, the transmon can at the same time in-
crease the strength of electrical coupling between qubits, or
between a qubit and a transmission line cavity serving as a
bus.

Although the transmon has an EJ /EC ratio in between that
of typical charge qubits and typical phase qubits, it is impor-
tant to emphasize that the transmon is very different from
both the CPB and phase qubits, including the capacitively
shunted phase qubit proposed recently by Steffen et al. !17".
In the transmon, it is the natural anharmonicity of the cosine
potential which allows qubit operations, whereas in the phase
qubit, the EJ /EC ratio is so large that the required anharmo-
nicity can only be restored by driving a current I very close
to IC through the system, creating a washboard potential, see
Refs. !5–7" for recent reviews. The device presented in Ref.
!17" operated at an energy ratio of EJ /EC#2!104, whereas
the transmon will typically involve ratios of the order of
several tens up to several hundreds and is operated without
the need for any dc connections to the rest of the circuit.
Thus, the transmon is a new type of superconducting qubit
that should fix the main weakness of the CPB by featuring an
exponential gain in the insensitivity to charge noise. The fa-
vorable insensitivity of CPBs to other noise sources such as
critical current and flux noise is maintained $and further im-
proved% in the transmon system, rendering it a very promis-
ing candidate for the next generation of qubits. A comple-
mentary proposal for using a capacitor to modify the EJ /EC
ratio in superconducting flux qubits is put forward in Ref.
!18".

The outline of the paper is as follows. In Sec. II A, we
introduce the transmon and its effective quantum circuit. The
solution of the corresponding Schrödinger equation and an
analysis of its asymptotics enable a quantitative discussion of
the charge dispersion and the anharmonicity in Secs. II B and
II C, respectively. Section II D compares the transmon to
phase qubits, and Sec. II E provides additional information
about the flux degree of freedom in the split transmon, and
the role of asymmetry in the two Josephson junctions. The
circuit quantum electrodynamics $circuit-QED% physics !19"
of the transmon is investigated in Sec. III, where we show
that despite the smallness of the charge dispersion, the trans-
mon is expected to reach the strong-coupling limit of circuit
QED. That is, we show that even though the transmon en-
ergy levels are insensitive to low frequency voltages, transi-
tions between levels can strongly be driven by resonant ra-
diation. We discuss in detail the modifications of the
dispersive limit and the Purcell effect due to the increased
EJ /EC ratio. Sections IV and V are devoted to the investiga-
tion of noise in the transmon system and its projected effect
on relaxation $T1% and dephasing $T2% times. We conclude
our paper with a summary and a comprehensive comparison
of the transmon with existing superconducting qubits in Sec.
VI.

II. FROM THE COOPER PAIR BOX TO THE TRANSMON

A. Model

In close resemblance to the ordinary CPB $see, e.g., Ref.
!6"%, the transmon consists of two superconducting islands

coupled through two Josephson junctions, but isolated from
the rest of the circuitry. This dc-SQUID setup allows for the
tuning of the Josephson energy EJ=EJ,max &cos$"# /#0%& by
means of an external magnetic flux #. For simplicity, we
initially assume that both junctions are identical. $The dis-
cussion of the general case including junction asymmetry is
postponed until Sec. II E.% Schematics of the device design
and the effective quantum circuit for the transmon are de-
picted in Fig. 1.

As usual, the effective offset charge ng of the device, mea-
sured in units of the Cooper pair charge 2e, is controlled by
a gate electrode capacitively coupled to the island such that
ng=Qr /2e+CgVg /2e. Here Vg and Cg denote the gate voltage
and capacitance, respectively, and Qr represents the
environment-induced offset charge.

The crucial modification distinguishing the transmon from
the CPB is a shunting connection of the two superconductors
via a large capacitance CB, accompanied by a similar in-
crease in the gate capacitance Cg. As shown in Appendix A,
the effective Hamiltonian can be reduced to a form identical
to that of the CPB system !20",

Ĥ = 4EC$n̂ − ng%2 − EJ cos $̂ . $2.1%

It describes the effective circuit of Fig. 1$a% in the absence of
coupling to the transmission line $i.e., disregarding the reso-
nator mode modeled by Lr and Cr%, and can be obtained from
an analysis of the full network of cross capacitances as pre-
sented in Appendix A. The symbols n̂ and $̂ denote the num-

FIG. 1. $Color online% $a% Effective circuit diagram of the trans-
mon qubit. The two Josephson junctions $with capacitance and Jo-
sephson energy CJ and EJ% are shunted by an additional large ca-
pacitance CB, matched by a comparably large gate capacitance Cg.
$b% Simplified schematic of the transmon device design $not to
scale%, which consists of a traditional split Cooper pair box, shunted
by a short $L#% /20% section of twin-lead transmission line, formed
by extending the superconducting islands of the qubit. This short
section of line can be well approximated as a lumped-element ca-
pacitor, leading to the increase in the capacitances Cg1, Cg2, and CB!
and hence in the effective capacitances CB and Cg in the circuit.

KOCH et al. PHYSICAL REVIEW A 76, 042319 $2007%

042319-2
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“split”   
transmon

[4EC (−i
d

dφ
− ng)

2
+ EJ cos 2φ + ES cos(φ − ϕex)] ψ(φ) = Eψ(φ), ϕex = 2πΦ/Φ0 − π/2

Split d-mon Schrodinger equation:

η = ES

EJ
≪ 1
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[4EC (−i
d

dφ
− ng)

2
− EJ cos 2φ + ES cos(φ − ϕex)] ψ(φ) = Eψ(φ), ϕex = 2πΦ/Φ0 − π/2

Split d-mon Schrodinger equation:Achieves similar insensitivity to offset charge 
but also exhibits tunable and potentially 

large anharmonicity. 

Split d-mon energy spectrum for EJ /EC = 32 3

a)  �ex = 0

� = 0.1

� = 0.3

b)  �ex = � /4 c)  �ex = � /2 d) flatness, anharmonicity �ln f
2

�r

� = 0.5

� = 0.5

FIG. 3. Characteristic d-mon properties. (a-c) Lowest energy eigenvalues as a function of the o↵set charge ng for EJ/EC = 32
and representative values of parameters ⌘ and 'ex. d) Band flatness defined as f = w1/!10, where wj denotes the bandwidth
of the j-th band and !ij = Ei �Ej ; relative level anharmonicity ↵r = (!21 �!10)/!20. Large values of � ln (f/2) indicate very
flat bands whereas values of ↵r away from 0 signal anharmonicity, which can be both positive or negative.

in Fig. 3: Although the detailed behavior depends on
the relative amplitude of the two terms comprising �U ,
in nearly all cases, one can achieve large anharmonic-
ity, while the energy levels remain essentially indepen-
dent of ng, as measured by the flatness indicator f . The
anharmonicity is measured by parameter , measured by
parameter ↵r = (!21 � !10)/!20 where !i,j is the fre-
quency di↵erence between qubit levels i, j. Inspection of
Fig. 3(d) reveals that for EJ/EC & 20 bands become
extremely flat and by adjusting the flux �ex one can al-
ways achieve significant level anharmonicity. The limit
of zero flux is special: here the bands become flat but
remain nearly degenerate. This is because, as discussed
in SM, h 1| cos'| 0i = 0 and hence �U has no e↵ect to
leading order in perturbation theory. On the other hand
h 1| sin'| 0i 6= 0 which implies that �U is much more ef-
fective at splitting the bands at non-zero �ex. Additional
results characterizing various parameter regimes of the
Hamiltonian (3) are given in SM.

Quasiparticles – Because of their reliance on ab-plane
junctions a significant drawback of some earlier cuprate-
based qubit designs [13–16] was the presence of quasi-
particles that survive in the vicinity of the Dirac nodes
in their d-wave order parameter down to arbitrarily low
energies [17, 18]. In the present d-mon architecture Dirac
nodes are gapped out due to the proximity e↵ect. As we
now explain the thin dSC flake in Fig. 1(a) becomes a
d ± is superconductor whose quasiparticles are gapped
everywhere on its Fermi surface.

The microscopic Hamiltonian for electrons near the
d/s interface can be written as Hel =

P
k 

†
kHk k with

 k = (ck", c
†
�k#; sk", s

†
�k#)

T and

Hk =

0

BB@

⇠k �k tk 0
�k �⇠k 0 �tk
tk 0 ⇠sk ei'�s

0 �tk e�i'�s �⇠sk

1

CCA . (6)

Here c†k�, s†k� denote electron creation operators in d
and s layers, respectively, ⇠k, ⇠sk are the corresponding
normal-state dispersions referenced to the Fermi level µ
and �k = �d cos(2↵k) denotes the d-wave gap function
with ↵k the polar angle of the momentum vector k; �s

denotes the k-independent s-wave gap.
We now imagine integrating out the gapped fermion

degrees of freedom in the s-wave layer, assuming weak
interlayer coupling tk (see SM for the details of the pro-
cedure). The resulting e↵ective Hamiltonian for the re-
maining c fermions takes the form

He↵ =
X

k

 †
k

✓
⇠̃k �k + ei'ms

�k + e�i'ms �⇠̃k

◆
 k, (7)

with  k = (ck", c
†
�k#)

T . The tilde on ⇠k means that

the bare dispersion has been modified while ms ⇡ t2/�s

denotes the proximity induced gap. For a fixed classical
phase ' the quasiparticle spectrum of He↵ reads

Ek = ±
q
⇠̃2k + |�k + ei'ms|2. (8)

Classically, in the absence of fluctuations, the system will
reside in one of the minima of the free energy (2) with
' = ±⇡/2. This results in the d±is superconductor with
a minimum gap ms to all quasiparticle excitations.
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We propose a novel qubit architecture based on a planar c-axis Josephson junction between a thin
flake d-wave superconductor (dSC), such as a high-Tc cuprate Bi2Sr2CaCu2O8+x, and a conventional
s-wave superconductor. When operated in the transmon regime the device – that we call “d-mon” –
becomes insensitive to o↵set charge fluctuations and, importantly, exhibits at the same time energy
level spectrum with strong anharmonicity that is widely tunable through the device geometry and
applied magnetic flux. Crucially, unlike previous qubit designs based on d-wave superconductors
the proposed device operates in a regime where quasiparticles are fully gapped and can be therefore
expected to achieve long coherence times.

Introduction – Transmon qubit, based on a supercon-
ducting Josephson junction shunted by a large capaci-
tance [1], is the workhorse component powering the ma-
jority of intermediate scale quantum computers currently
in operation [2–4]. Its chief advantage over other su-
perconducting qubit architectures is the insensitivity of
its active energy levels to the fluctuations in the o↵set
charge ng that are typically di�cult or impossible to con-
trol. This insensitivity, however, comes at a price: the
energy spectrum of the transmon is only weakly anhar-
monic which imposes limits on the speed of operation
due to the possibility of the escape from the code space
formed by the two lowest energy eigenstates [5–7].

We propose here a transmon variant that retains the
o↵set charge insensitivity of the original device but has
an arbitrarily large and easily tunable energy level anhar-
monicity. The key to this advance is usage of a Josephson
junction between superconductors with orhogonal order
parameter symmetries. In this paper we consider specif-
ically junctions comprised of a d-wave and an s-wave
superconductor, but the idea is applicable more gener-
ally. As is well known ordinary Cooper pair tunneling is
symmetry-prohibited across a c-axis d/s Josephson junc-
tion [8]. The leading process that enables passage of su-
percurrent is co-tunneling of two Cooper pairs that re-
sults in the anomalous ⇡-periodic current-phase relation
(CPR), I(') ' Ic2 sin (2'). We will demonstrate be-
low that the underlying ⇡-periodic Josephson free energy
F (') and its two degenerate minima at ' = ±⇡/2 enable
the above mentioned key features of d-mon qubit.

The basic d-mon design is illustrated in Fig. 1(a) and
consists of a very thin (several monolayers) d-wave flake
resting on a large s-wave superconducting substrate.
High-Tc cuprate Bi2Sr2CaCu2O8+x (BSCCO) is a well
established dSC which has been recently exfoliated down
to a monolayer thickness (while retaining its high critical
temperature ⇠ 90K) [9] and would be a natural mate-
rial for the flake. As a matter of principle the s-wave
substrate can be fabricated of any conventional super-
conductor. However, as we discuss in more detail be-
low, a material compatible with BSCCO – in that it can
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FIG. 1. Schematic of the proposed d-mon device. a) Basic
d-mon architecture and its circuit representation with one s/d
junction and a capacitor C. b) Split d-mon: A large dSC flake
resting on top of an s-wave substrate. A small s-wave flake
bridges the gap threaded by magnetic flux �. The equivalent
circuit contains two s/d junctions, one ordinary s/s junction
and a capacitance C.

proximity-induce a significant nodal gap – is required for
practical qubit operation.
The Ginzburg-Landau (GL) free energy of the system

depicted in Fig. 1(a) can be written as

F [ s, d] = Fs[ s] + Fd[ d] +A| s|2| d|2 (1)

+ B( s 
⇤
d
+ c.c.) +D( 2

s
 ⇤
d

2 + c.c.),

where  s/d are complex scalar order parameters and Fs/d

denote GL free energies of the individual superconduc-
tors. If both superconductors obey tetragonal symmetry
then, importantly, the coe�cient B is required to van-
ish. This is because under C4 rotation  s !  s while
 d ! � d. In this situation the leading Josephson cou-
pling arises from the last term in Eq. (1), which is al-
lowed by symmetry and represents coherent tunneling
of two Cooper pairs across the junction. Denoting the
phase di↵erence between two order parameters by ' the
resulting Josephson free energy becomes

F (') = F0 + 2D| s|2| d|2 cos 2', (2)
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the proposed device operates in a regime where quasiparticles are fully gapped and can be therefore
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Introduction – Transmon qubit, based on a supercon-
ducting Josephson junction shunted by a large capaci-
tance [1], is the workhorse component powering the ma-
jority of intermediate scale quantum computers currently
in operation [2–4]. Its chief advantage over other su-
perconducting qubit architectures is the insensitivity of
its active energy levels to the fluctuations in the o↵set
charge ng that are typically di�cult or impossible to con-
trol. This insensitivity, however, comes at a price: the
energy spectrum of the transmon is only weakly anhar-
monic which imposes limits on the speed of operation
due to the possibility of the escape from the code space
formed by the two lowest energy eigenstates [5–7].

We propose here a transmon variant that retains the
o↵set charge insensitivity of the original device but has
an arbitrarily large and easily tunable energy level anhar-
monicity. The key to this advance is usage of a Josephson
junction between superconductors with orhogonal order
parameter symmetries. In this paper we consider specif-
ically junctions comprised of a d-wave and an s-wave
superconductor, but the idea is applicable more gener-
ally. As is well known ordinary Cooper pair tunneling is
symmetry-prohibited across a c-axis d/s Josephson junc-
tion [8]. The leading process that enables passage of su-
percurrent is co-tunneling of two Cooper pairs that re-
sults in the anomalous ⇡-periodic current-phase relation
(CPR), I(') ' Ic2 sin (2'). We will demonstrate be-
low that the underlying ⇡-periodic Josephson free energy
F (') and its two degenerate minima at ' = ±⇡/2 enable
the above mentioned key features of d-mon qubit.

The basic d-mon design is illustrated in Fig. 1(a) and
consists of a very thin (several monolayers) d-wave flake
resting on a large s-wave superconducting substrate.
High-Tc cuprate Bi2Sr2CaCu2O8+x (BSCCO) is a well
established dSC which has been recently exfoliated down
to a monolayer thickness (while retaining its high critical
temperature ⇠ 90K) [9] and would be a natural mate-
rial for the flake. As a matter of principle the s-wave
substrate can be fabricated of any conventional super-
conductor. However, as we discuss in more detail be-
low, a material compatible with BSCCO – in that it can
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FIG. 1. Schematic of the proposed d-mon device. a) Basic
d-mon architecture and its circuit representation with one s/d
junction and a capacitor C. b) Split d-mon: A large dSC flake
resting on top of an s-wave substrate. A small s-wave flake
bridges the gap threaded by magnetic flux �. The equivalent
circuit contains two s/d junctions, one ordinary s/s junction
and a capacitance C.

proximity-induce a significant nodal gap – is required for
practical qubit operation.
The Ginzburg-Landau (GL) free energy of the system

depicted in Fig. 1(a) can be written as

F [ s, d] = Fs[ s] + Fd[ d] +A| s|2| d|2 (1)
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where  s/d are complex scalar order parameters and Fs/d

denote GL free energies of the individual superconduc-
tors. If both superconductors obey tetragonal symmetry
then, importantly, the coe�cient B is required to van-
ish. This is because under C4 rotation  s !  s while
 d ! � d. In this situation the leading Josephson cou-
pling arises from the last term in Eq. (1), which is al-
lowed by symmetry and represents coherent tunneling
of two Cooper pairs across the junction. Denoting the
phase di↵erence between two order parameters by ' the
resulting Josephson free energy becomes

F (') = F0 + 2D| s|2| d|2 cos 2', (2)

ϕex = 2πΦ/Φ0 − π/2, η = ES

EJ
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FIG. 3. Characteristic d-mon properties. (a-c) Lowest energy eigenvalues as a function of the o↵set charge ng for EJ/EC = 32
and representative values of parameters ⌘ and 'ex. d) Band flatness defined as f = w1/!10, where wj denotes the bandwidth
of the j-th band and !ij = Ei �Ej ; relative level anharmonicity ↵r = (!21 �!10)/!20. Large values of � ln (f/2) indicate very
flat bands whereas values of ↵r away from 0 signal anharmonicity, which can be both positive or negative.

in Fig. 3: Although the detailed behavior depends on
the relative amplitude of the two terms comprising �U ,
in nearly all cases, one can achieve large anharmonic-
ity, while the energy levels remain essentially indepen-
dent of ng, as measured by the flatness indicator f . The
anharmonicity is measured by parameter , measured by
parameter ↵r = (!21 � !10)/!20 where !i,j is the fre-
quency di↵erence between qubit levels i, j. Inspection of
Fig. 3(d) reveals that for EJ/EC & 20 bands become
extremely flat and by adjusting the flux �ex one can al-
ways achieve significant level anharmonicity. The limit
of zero flux is special: here the bands become flat but
remain nearly degenerate. This is because, as discussed
in SM, h 1| cos'| 0i = 0 and hence �U has no e↵ect to
leading order in perturbation theory. On the other hand
h 1| sin'| 0i 6= 0 which implies that �U is much more ef-
fective at splitting the bands at non-zero �ex. Additional
results characterizing various parameter regimes of the
Hamiltonian (3) are given in SM.

Quasiparticles – Because of their reliance on ab-plane
junctions a significant drawback of some earlier cuprate-
based qubit designs [13–16] was the presence of quasi-
particles that survive in the vicinity of the Dirac nodes
in their d-wave order parameter down to arbitrarily low
energies [17, 18]. In the present d-mon architecture Dirac
nodes are gapped out due to the proximity e↵ect. As we
now explain the thin dSC flake in Fig. 1(a) becomes a
d ± is superconductor whose quasiparticles are gapped
everywhere on its Fermi surface.

The microscopic Hamiltonian for electrons near the
d/s interface can be written as Hel =

P
k 

†
kHk k with

 k = (ck", c
†
�k#; sk", s

†
�k#)

T and

Hk =

0

BB@

⇠k �k tk 0
�k �⇠k 0 �tk
tk 0 ⇠sk ei'�s

0 �tk e�i'�s �⇠sk

1

CCA . (6)

Here c†k�, s†k� denote electron creation operators in d
and s layers, respectively, ⇠k, ⇠sk are the corresponding
normal-state dispersions referenced to the Fermi level µ
and �k = �d cos(2↵k) denotes the d-wave gap function
with ↵k the polar angle of the momentum vector k; �s

denotes the k-independent s-wave gap.
We now imagine integrating out the gapped fermion

degrees of freedom in the s-wave layer, assuming weak
interlayer coupling tk (see SM for the details of the pro-
cedure). The resulting e↵ective Hamiltonian for the re-
maining c fermions takes the form

He↵ =
X

k

 †
k

✓
⇠̃k �k + ei'ms

�k + e�i'ms �⇠̃k

◆
 k, (7)

with  k = (ck", c
†
�k#)

T . The tilde on ⇠k means that

the bare dispersion has been modified while ms ⇡ t2/�s

denotes the proximity induced gap. For a fixed classical
phase ' the quasiparticle spectrum of He↵ reads

Ek = ±
q
⇠̃2k + |�k + ei'ms|2. (8)

Classically, in the absence of fluctuations, the system will
reside in one of the minima of the free energy (2) with
' = ±⇡/2. This results in the d±is superconductor with
a minimum gap ms to all quasiparticle excitations.



s/d junction versus twisted d/d 

Q: Can one use a twisted d/d junction to make a d-mon qubit?
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Figure 1: Twist Josephson junctions with intrinsic junction quality. A. Schematic of the key
fabrication step, where a single BSCCO crystal is cleaved using PDMS below �90� C. B. Opti-
cal micrograph of a BSCCO twist junction. Dashes outline identical shapes of the two crystals.
Corresponding schematic in upper inset of F. C. Atomic force microscope topography show-
ing atomically flat interface. Line trace shows topography along dotted line. D. Cross-sectional
scanning TEM image of junction at ✓ = 0�, showing crystalline order at the interface. Bright
spots are columns of atoms which scatter electrons, the brightest of which are Bi. E. Inte-
grated intensity at each layer. F. In-plane resistance in each bulk crystal vs resistance through
a twist junction between them, showing nearly identical junction TC . Lower Inset shows TC

distribution among all 24 JJs in the angle dependence analysis. G. I � V curve for a ✓ = 0�

junction in both sweep directions (arrows). Blue triangle highlights JC comparable to intrinsic
junctions. Green triangles highlight inelastic scattering features seen at the same voltages in
intrinsic junctions (15).

obtain a critical current density JC ⇡ 1.2 kA/cm2 for this junction, similar to JC of intrinsic

junctions (28). We observe small voltage jumps on the retrapping side (green triangles) at the
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A: In principle yes, but there is an issue of gapless quasiparticles in 
the bare dSC. Uncontrolled low-energy quasiparticles are detrimental 
for the qubit coherence, a.k.a. “quasiparticle poisoning”.
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We propose a novel qubit architecture based on a planar c-axis Josephson junction between a thin
flake d-wave superconductor (dSC), such as a high-Tc cuprate Bi2Sr2CaCu2O8+x, and a conventional
s-wave superconductor. When operated in the transmon regime the device – that we call “d-mon” –
becomes insensitive to o↵set charge fluctuations and, importantly, exhibits at the same time energy
level spectrum with strong anharmonicity that is widely tunable through the device geometry and
applied magnetic flux. Crucially, unlike previous qubit designs based on d-wave superconductors
the proposed device operates in a regime where quasiparticles are fully gapped and can be therefore
expected to achieve long coherence times.

Introduction – Transmon qubit, based on a supercon-
ducting Josephson junction shunted by a large capaci-
tance [1], is the workhorse component powering the ma-
jority of intermediate scale quantum computers currently
in operation [2–4]. Its chief advantage over other su-
perconducting qubit architectures is the insensitivity of
its active energy levels to the fluctuations in the o↵set
charge ng that are typically di�cult or impossible to con-
trol. This insensitivity, however, comes at a price: the
energy spectrum of the transmon is only weakly anhar-
monic which imposes limits on the speed of operation
due to the possibility of the escape from the code space
formed by the two lowest energy eigenstates [5–7].
We propose here a transmon variant that retains the

o↵set charge insensitivity of the original device but has
an arbitrarily large and easily tunable energy level anhar-
monicity. The key to this advance is usage of a Josephson
junction between superconductors with orhogonal order
parameter symmetries. In this paper we consider specif-
ically junctions comprised of a d-wave and an s-wave
superconductor, but the idea is applicable more gener-
ally. As is well known ordinary Cooper pair tunneling is
symmetry-prohibited across a c-axis d/s Josephson junc-
tion [8]. The leading process that enables passage of su-
percurrent is co-tunneling of two Cooper pairs that re-
sults in the anomalous ⇡-periodic current-phase relation
(CPR), I(') ' Ic2 sin (2'). We will demonstrate be-
low that the underlying ⇡-periodic Josephson free energy
F (') and its two degenerate minima at ' = ±⇡/2 enable
the above mentioned key features of d-mon qubit.
The basic d-mon design is illustrated in Fig. 1(a) and

consists of a very thin (several monolayers) d-wave flake
resting on a large s-wave superconducting substrate.
High-Tc cuprate Bi2Sr2CaCu2O8+x (BSCCO) is a well
established dSC which has been recently exfoliated down
to a monolayer thickness (while retaining its high critical
temperature ⇠ 90K) [9] and would be a natural mate-
rial for the flake. As a matter of principle the s-wave
substrate can be fabricated of any conventional super-
conductor. However, as we discuss in more detail be-
low, a material compatible with BSCCO – in that it can
proximity-induce a significant nodal gap – is required for
practical qubit operation.
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FIG. 1. Schematic of the proposed d-mon device. a) Basic
d-mon architecture and its circuit representation with one s/d
junction and a capacitor C. b) Split d-mon: A large dSC flake
resting on top of an s-wave substrate. A small s-wave flake
bridges the gap threaded by magnetic flux �. The equivalent
circuit contains two s/d junctions, one ordinary s/s junction
and a capacitance C.

The Ginzburg-Landau (GL) free energy of the system
depicted in Fig. 1(a) can be written as

F [ s, d] = Fs[ s] + Fd[ d] +A| s|2| d|2 (1)

+ B( s 
⇤
d
+ c.c.) +D( 2

s
 ⇤
d

2 + c.c.),

where  s/d are complex scalar order parameters and Fs/d

denote GL free energies of the individual superconduc-
tors. If both superconductors obey tetragonal symmetry
then, importantly, the coe�cient B is required to van-
ish. This is because under C4 rotation  s !  s while
 d ! � d. In this situation the leading Josephson cou-
pling arises from the last term in Eq. (1), which is al-
lowed by symmetry and represents coherent tunneling
of two Cooper pairs across the junction. Denoting the
phase di↵erence between two order parameters by ' the
resulting Josephson free energy becomes

F (') = F0 + 2D| s|2| d|2 cos 2', (2)

where F0 contains terms independent of '. We note
that although symmetry alone does not fix the sign of D
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By contrast, for a thin dSC flake, the s-wave substrate induces a 
proximity gap, hence removing the issue of low-energy quasiparticles.  

Remarkably, as we show in PRL 132, 017002 (2024) this remains true 
even in the presence of a fluctuating relative phase — this is not 
apriori obvious and requires a subtle calculation. 



Summary and outlook

• Natural models of coupled layers of d-wave SC predict 
a T-broken phase when the twist angle is close to 


• The resulting phase is fully gapped and over much of 
the phase diagram also topologically non-trivial


• Topological phase will show an even number of 
protected chiral edge modes


• Gap opening can be detected through various 
spectroscopies (ARPES, STM)


• T-breaking can be probed directly (polar Kerr effect, SC 
diode effect, fractional Shapiro steps)   

45∘

Some interesting open questions:
1. What is the best way to observe the topological phase experimentally?

2. Are there any interesting uses for this novel topological superconducting 

phase once identified?

3. Are there other 2D systems (beyond graphene, chalcogenides, cuprates) that 

will produce interesting new behaviors under twist or similar geometries? 
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flake d-wave superconductor (dSC), such as a high-Tc cuprate Bi2Sr2CaCu2O8+x, and a conventional
s-wave superconductor. When operated in the transmon regime the device – that we call “d-mon” –
becomes insensitive to o↵set charge fluctuations and, importantly, exhibits at the same time energy
level spectrum with strong anharmonicity that is widely tunable through the device geometry and
applied magnetic flux. Crucially, unlike previous qubit designs based on d-wave superconductors
the proposed device operates in a regime where quasiparticles are fully gapped and can be therefore
expected to achieve long coherence times.

Introduction – Transmon qubit, based on a supercon-
ducting Josephson junction shunted by a large capaci-
tance [1], is the workhorse component powering the ma-
jority of intermediate scale quantum computers currently
in operation [2–4]. Its chief advantage over other su-
perconducting qubit architectures is the insensitivity of
its active energy levels to the fluctuations in the o↵set
charge ng that are typically di�cult or impossible to con-
trol. This insensitivity, however, comes at a price: the
energy spectrum of the transmon is only weakly anhar-
monic which imposes limits on the speed of operation
due to the possibility of the escape from the code space
formed by the two lowest energy eigenstates [5–7].

We propose here a transmon variant that retains the
o↵set charge insensitivity of the original device but has
an arbitrarily large and easily tunable energy level anhar-
monicity. The key to this advance is usage of a Josephson
junction between superconductors with orhogonal order
parameter symmetries. In this paper we consider specif-
ically junctions comprised of a d-wave and an s-wave
superconductor, but the idea is applicable more gener-
ally. As is well known ordinary Cooper pair tunneling is
symmetry-prohibited across a c-axis d/s Josephson junc-
tion [8]. The leading process that enables passage of su-
percurrent is co-tunneling of two Cooper pairs that re-
sults in the anomalous ⇡-periodic current-phase relation
(CPR), I(') ' Ic2 sin (2'). We will demonstrate be-
low that the underlying ⇡-periodic Josephson free energy
F (') and its two degenerate minima at ' = ±⇡/2 enable
the above mentioned key features of d-mon qubit.

The basic d-mon design is illustrated in Fig. 1(a) and
consists of a very thin (several monolayers) d-wave flake
resting on a large s-wave superconducting substrate.
High-Tc cuprate Bi2Sr2CaCu2O8+x (BSCCO) is a well
established dSC which has been recently exfoliated down
to a monolayer thickness (while retaining its high critical
temperature ⇠ 90K) [9] and would be a natural mate-
rial for the flake. As a matter of principle the s-wave
substrate can be fabricated of any conventional super-
conductor. However, as we discuss in more detail be-
low, a material compatible with BSCCO – in that it can
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FIG. 1. Schematic of the proposed d-mon device. a) Basic
d-mon architecture and its circuit representation with one s/d
junction and a capacitor C. b) Split d-mon: A large dSC flake
resting on top of an s-wave substrate. A small s-wave flake
bridges the gap threaded by magnetic flux �. The equivalent
circuit contains two s/d junctions, one ordinary s/s junction
and a capacitance C.

proximity-induce a significant nodal gap – is required for
practical qubit operation.
The Ginzburg-Landau (GL) free energy of the system

depicted in Fig. 1(a) can be written as

F [ s, d] = Fs[ s] + Fd[ d] +A| s|2| d|2 (1)

+ B( s 
⇤
d
+ c.c.) +D( 2
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 ⇤
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2 + c.c.),

where  s/d are complex scalar order parameters and Fs/d

denote GL free energies of the individual superconduc-
tors. If both superconductors obey tetragonal symmetry
then, importantly, the coe�cient B is required to van-
ish. This is because under C4 rotation  s !  s while
 d ! � d. In this situation the leading Josephson cou-
pling arises from the last term in Eq. (1), which is al-
lowed by symmetry and represents coherent tunneling
of two Cooper pairs across the junction. Denoting the
phase di↵erence between two order parameters by ' the
resulting Josephson free energy becomes

F (') = F0 + 2D| s|2| d|2 cos 2', (2)


