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Chiral Edge States Responsible 
for Dissipationless, Quantized 
Hall Transport! 
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Fundamental difference between 1/3 and IQH states not 
manifested in bulk transport measurements! 
Fractional quasiparticle charge probed through noise in 
(backscattering)  edge current: 

Saminadayar et al. PRL 97; de-Picciotto et al. Nature 97. 
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ν = 5/2:  Probable Moore-Read 
Pfaffian state, or its particle-hole 
conjugate (anti-Pfaffian).  Charge e/
4 quasiparticles (1/2 of Laughlin 
qp) obeying non-Abelian statistics. 

Willett et al. PRL 87;  
J.S. Xia et al., PRL (2004). 

Possible Non-Abelian FQH States 

M. Dolev et al., Nature 08 



The Moore-Read Wave Function 

Interpretation: p-wave paired or topological superconducting 
state of composite fermion; quasiparticle ≈ superconducting 
vortex; carrying a Majorana fermion degree of freedom!. 



Integer (“trivial”) 
Dancing Pattern 

Laughlin (Abelian) 
Dancing Pattern 

Moore-Read 
Dancing Pattern 

More complicated dancing pattern corresponds to 
more  sophisticated topological order, and allow for 
more exotic topological defects/quasiparticles, 
including ones with non-Abelian statistics.  



The Moore-Read Wave Function 

Interpretation: p-wave paired or topological superconducting 
state of composite fermion; quasiparticle ≈ superconducting 
vortex; carrying a Majorana fermion degree of freedom!. 



What is non-Abelian Statistics? 
Ground state degeneracy grows exponentially with quasiparticle 
number (when sufficiently far apart), even with fixed positions : 

d  > 1 is the quantum dimension; for Pfaffian or aPf,  

Braiding (and only braiding) induces unitary transformation in the 
ground state subspace. 

Methods to probe non-Abelian statistics: 
1. Detecting non-Abelian entropy Sd using bulk thermoelectric or 
thermodynamic measurements (KY and B. Halperin 09; A. Stern and 
N. Cooper 09; Gervais + KY 10; Barlas + KY 12; Eisenstein 10, 13); 
2. Detecting the unitary transformation induced by braiding (edge 
interferometry; Willett, Kang). 



Non-Abelian Quasiparticle Interferometry 
Chamon, Freed, Kivelson, 
Sondhi, Wen 97; originally 
aimed at detecting Abelian 
fractional statistics. 
Better for detection of non-
Abelian statistics: 
Stern and Halperin 06, 
Bonderson, Kitaev and 
Shtengel 06. 

Complications: quasiparticles need to remain coherent in order to be 
able to interfere; quasipartciles other than 1/4 may also contribute; 
possible edge reconstruction; competing phases near 5/2 …… 
Needed: Quantitative understanding of edge states at 5/2. 
Perform detailed numerical study using disc geometry. 



For numerical work on semi-quantitative 
understanding of 5/2 edge states, see X. Wan, KY 
and E. Rezayi, PRL 06; X. Wan, Z. Hu, E. Rezayi, 
and KY PRB 08; H. Chen, Z. Hu, KY, E. Rezayi 
and X. Wan; PRB 09; Z. Hu, E. Rezayi, X. Wan 
and KY, PRB 09.  
Some of our qualitative and semi-quantitive 
predictions, in particular importance of e/2 
quasiparticle contribution to interference, are borne 
out by R. Willett, L. Pfieffer and K. West, PNAS 
09, PRB 10, PRB 11 and Arxiv 13. 



L ~ 1 micron; using estimates of 
velocities from our numerics, need 
T < 40 mK to observe interference 
of e/4 quasiparticle. Willett, PNAS 09 



Willett, arxiv 13 



Probing non-Abelian Anyons Using Bulk Measurements 
Difference between non-Abelian and Abelian QH states more dramatic 
than difference between IQH and FQH states; visible in bulk properties! 
Ground state degeneracy grows exponentially with quasiparticle number 
(when sufficiently far apart), even when their positions are fixed: 

d  > 1 is the quantum dimension; for Pfaffian or aPf,  

Problem: 2DEG embedded in 3D environment; S dominated by the latter. 

Abelian Non-Abelian 
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Thermopower as a Measure of (2D) Bulk Entropy 

NeSTVQ // −≈∇−∇=

2D entropy accessible through thermoelectric response (from mobile 
electrons only) to gradient of T! Reason: entropy conjugate to T, just 
like charge conjugate to potential. So “roughly speaking”, 
thermopower Q measures entropy per charge carrier : 

Rigorously justified in the clean limit and in the presence of B field in: 
Obraztsov  (65), non-interacting; Cooper, Halperin and Ruzin (97). 
Justified without B field in KY and B. I. Halperin, PRB 09.  
Clean limit crucial: 

NeSQ /−=



Mechanical Equilibration: 

P: pressure; µ: local chemical potential; Ф: external potential. 
 
Maxwell relations from                                                       : 

electrochemical potential measured by ideal contacts.  

→                                     or 

(KY and B. I. Halperin, PRB 09) 



Thermopower of a non-Abelian QH Liquid 

for the temperature range    T0 « T « T1.  
Since quasiparticle charge e* can be measured independently, 
Q provides a direct measurement of quantum dimension d! 

T0  exponentially small with quasiparticle distance. T1 of 
order Debye temperature of quasiparticle Wigner crystsal: 

At edge of 5/2 plateau in best 
sample, TD ~ 100 mK. Also need 
to melt WC to get a liquid state;  
TM ~ 7 mK. (KY and B. Halperin 09) 



One difficulty (among  
others): long thermal 
relaxation time below 80 mK. 

Messages: (i) Non-Abelian 
entropy may already represent 
a sizable fraction of total 
entropy; (ii) at low T, 2DEG 
(almost) decoupled from 
environment; easy to do 
things adiabatically! 





A Potentially Better Way: Thermopower of Corbino Geometry 
(Y. Barlas and KY, PRB12) 

Hall Bar Corbino 

Advantage compared to Hall bar: Only quasiparticles 
contribute to both thermo and electric responses. 
Central Result: Corbino thermopower 
measures entropy per quasiparticle 
divided by its charge (bigger signal and 
valid in the presence of strong disorder!). 



A Potentially Better Way: Thermopower of Corbino Geometry 
(Y. Barlas and KY, PRB12) 

Hall Bar: 

Corbino: 
Transport coefficients calculated in IQH regime 
using self-consistent Born Approximation: 







Willett 13 

Eisenstein 13 



From Alicea’s lecture 



Adiabatic Cooling with Non-Abelian Anyons 

Expect quasiparticles to form Wigner crystal at low density:  

(G. Gervais and KY PRL10) 



Adiabatic Cooling with Non-Abelian Anyons 
(G. Gervais and KY PRL 10) 

In an adiabatic process: 

Compare with Abelian case (d=1):  



• Increase quasiparticle density by 
changing filling factor adiabatically.  
• Measure (sign of) change of T; 
cooling for non-Abelian and heating 
for Abelian anyons at low T. 
• T can be measured in situ through 
longitudinal resistivity (“easy”!), 
among others. 

To Do List for Experimentalists 



Fundamental difference between 1/3 and IQH states not 
manifested in bulk transport measurements! 
Fractional quasiparticle charge probed through noise in 
(backscattering)  edge current: 

Saminadayar et al. PRL 97; de-Picciotto et al. Nature 97. 



Difference between Abelian and 
non-Abelian QH states bigger 
than difference between integer 
and fractional QH states, as bulk 
thermoelectric/entropical probes 
can tell them apart! 



Going beyond 2D: 3D (non-Abelian) “Anyons”              
in topological insulator/superconductor hybrid structures! 
(Teo+Kane 10; Freedman, Hastings, Nayak, Qi, Walker, Wang 11) 

Anyons live at ends of vortex lines, which are centers of 
hedghogs of  
Difficult to move them around in 3D! But cooling idea still 
works in principle (Yamamoto, Freedman and KY 11). 

















Summary of Lecture I:  
• Possible to measure/probe topological entropy 
carried by non-Abelian anyons; complementary to 
transport probes. More generally, “conventional” 
experimental methods can be used to probe 
topological phases of matter. 

• Might even be possible to manipulate topological 
entropy for refrigeration, and build a topological 
quantum refrigerator (perhaps easier than building 
a topological quantum computer)! 
 



Preview of Lecture II:  
Phases fairly well understood 
theoretically (including many 
with multi-components due 
to layer and/or valley degrees 
of freedom); fascinating 
experiments with puzzling 
details; receiving less 
attention than they deserve 
these days because not (as) 
“topological”. But things 
don’t (necessarily) have to 
be topological to be 
interesting! 

Kellog, Eisenstein, Pfeiffer and 
West, PRL 04; similar results from 
Shayegan group. 



However, many quantum phase 
transitions between different 
quantum Hall states not well 
understood, either theoretically 
or experimentally. 


