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networks studied here nevertheless exhibit non-Abelian statis-
tics and transform under exchange exactly like vortices in a
p + ip superconductor.
After establishing wire networks as a feasible topological

quantum computation platform, we propose a number of con-
crete experimental setups. These range from minimal setups
(involving only one wire and two gates) that can be initially
used to probe the non-trivial fusion rules of the Majorana
fermions, to scalable circuits that allow for efficient exchange
of arbitrary numbers of Majorana fermions. Following Fu and
Kane7, we propose that the ‘fractional Josephson effect’ first
discussed by Kitaev17 can be used to probe the final ground
state obtained after exchange. While this scheme has yet to be
made universal, we believe that the relative ease with which
one-dimensional wires can be driven into a topological su-
perconducting state, combined with the physically transparent
manner in which the manipulations are performed, render the
setups discussed here extremely promising topological quan-
tum computation platforms.
Let us begin by discussing the physics of a single wire.

Valuable intuition can be garnered by reviewing Kitaev’s toy
model for a topological superconducting chain withN sites17:

H = µ
N

∑

x=1

c†xcx−
N−1
∑

x=1

(tc†xcx+1 + |∆|eiφcxcx+1 +h.c.) (1)

where cx is a spinless fermion operator and µ, t > 0, and
|∆|eiφ respectively denote the chemical potential, tunneling
strength, and pairing potential. The bulk- and end-state struc-
ture becomes particularly transparent in the special case17
µ = 0, t = |∆|. Here it is useful to express

cx =
1

2
e−i φ

2 (γB,x + iγA,x), (2)

with γα,x = γ†
α,x Majorana fermion operators satisfying

{γα,x, γα′,x′} = 2δαα′δxx′ . These expressions expose the
defining characteristics of Majorana fermions—they are their
own antiparticle and constitute ‘half’ of an ordinary fermion.
In this limit the Hamiltonian can be written as

H = −it
N−1
∑

x=1

γB,xγA,x+1. (3)

It follows that γB,x and γA,x+1 ‘pair up’ to form an ordinary
fermion dx = (γA,x+1 + iγB,x)/2 which costs energy 2t to
occupy, reflecting the bulk gap of the wire. Conspicuously ab-
sent fromH , however, are γA,1 and γB,N , which represent the
zero-energy end-Majorana modes noted above. These can be
combined into an ordinary fermion dend = (γA,1 + iγB,N)/2
which costs no energy to occupy. Thus there are two degen-
erate ground states |0〉 and |1〉 = d†end|0〉, where dend|0〉 = 0,
which serve as topologically protected qubit states. Figure
1(a) illustrates this physics pictorially.
Away from this special limit the Majorana end states no

longer retain this simple form, but survive provided the bulk
gap remains finite17. This occurs if |µ| < 2t, corresponding to
the case where pairing occurs in a partially filled band. When
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FIG. 1: (a) Pictorial representation of the ground state of Eq. (1) in
the limit µ = 0, t = |∆|. Each spinless fermion in the chain is
decomposed in terms of two Majorana fermions γA,x and γB,x. Ma-
joranas γB,x and γA,x+1 pair up to form an ordinary, finite energy
fermion, leaving two zero-energy end Majoranas γA,1 and γB,N as
shown17. (b) A spin-orbit-coupled semiconducting wire deposited
on an s-wave superconductor can be driven into a topological super-
conducting state exhibiting such end Majorana modes by applying an
external magnetic field13,14. (c) Band structure of the semiconducting
wire when B = 0 (dashed lines) and B != 0 (solid lines). When µ

lies in the band gap generated by the field, pairing inherited from the
proximate superconductor drives the wire into the topological state.

|µ| = 2t, the bulk gap closes signaling a phase transition,
and for larger |µ| a topologically trivial superconducting state
without end-Majoranas emerges. Here pairing occurs in either
a fully occupied or vacant band.
Realizing Kitaev’s topological superconducting state exper-

imentally requires a system which is effectively spinless—i.e.,
exhibits a single set of Fermi points—and undergoes p-wave
pairing at the Fermi energy. Both criteria can be satisfied
in a spin-orbit coupled semiconducting wire deposited on an
s-wave superconductor by applying a magnetic field13,14 as
shown in Fig. 1(b). The simplest Hamiltonian describing such
a wire reads

H =

∫

dx

[

ψ†
x

(

−
!2∂2

x

2m
− µ − iλê · σ∂x −

gµBBz

2
σz

)

ψx

+ (|∆|eiϕψ↓xψ↑x + h.c.)

]

. (4)

Here ψαx is the operator corresponding to electrons with spin
α, effective mass m, and chemical potential µ. (We sup-
press the spin indices in the first line.) In the third term,
λ denotes the spin-orbit interaction strength, which could
reflect Dresselhaus19 and/or Rashba20 coupling, and σ =
(σx, σy , σz) is a vector of Pauli matrices. This coupling fa-
vors aligning spins along the axis designated by the unit vector
ê; we assume for concreteness that ê lies in the (x, y) plane.
The fourth term represents the Zeeman coupling due to the
external magnetic field Bz < 0, which we take to point along
the z axis. (We simply require B · ê = 0, so assumptions
about the direction of both ê and the magnetic field can be re-
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V
Question: What is the device’s conductance, in both
topological and trivial regimes, at ‘small’ bias voltages?
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Transport analysis

s-wave
superconductorInsulator

H = H
metal

+H
junction

Diagonalizes Hamiltonian
(in either topological or
trivial case)

γ1
γ2

Scattering matrix Incoming
amplitudes

Outgoing
amplitudes Universal

in limit V ! 0 !!



Detection via transport

Sengupta et al. (2001); Bolech, Demler (2007); Law, Lee, Ng (2009); Fidkowski, JA, Lindner, Lutchyn, Fisher (2012)

Conventional
SuperconductorInsulator

No Majoranas

Conventional
SuperconductorInsulator

γ1 γ2

Perfect normal reflection G = 0

G = 2e2/hWith Majoranas Perfect Andreev reflection

-e

+e-e-e



Outline for final lecture

Majorana detection via transport

Experimental progress

1D wires

2D topological insulators

Outlook: where are we going?

•

•
-

-

•



s-wave SC

3D
Topological

Insulator

...and many
others!



Evidence of Majorana fermions in an Al – InAs nanowire topological superconductor

Anindya Das*, Yuval Ronen*, Yonatan Most, Yuval Oreg, Moty Heiblum#, and Hadas Shtrikman

1D wire
γ1

γ2

s-wave
superconductor



2D
Topological
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s-wave superconductor

Despite fewer experiments to date, there is
reason to be excited about the near-term

prospects of this route to Majorana.
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So has a Majorana mode now been seen?

My answer: Maybe, but experiment
falls short of “smoking gun”.

-Agrees qualitatively but not quantitatively with
theory (peak height far too small)

-Disorder may lead to similar peaks even in a
trivial superconductor

-No signature of bulk phase transition from trivial
to topological phase as magnetic field increases

-Gap is “soft”, and suggests system is far from
clean limit

-Wires are quite small, so finite-size effects may
be an issue

Good news: New generation of
experiments is well underway.
 Situation likely to be clarified
within 1-2 years.



New experiments on 2D topo. insulator junctions

2D topological
insulator material

(HgTe)

super-
conductors

Electrostatic gate
(tunes electron

density in middle
HgTe region)

Hart et al., arXiv:1312.2559

B

Outline of experiment: 
(i) Apply a magnetic field through Josephson junction
(ii) Drive current between superconductors, measure voltage across junction
(iii) Extract “critical current” at which a finite voltage drop first develops
(iv) Repeat for many magnetic fields

From critical current versus field data, can extract the spatial distribution of
current through junction!



Hart et al., arXiv:1312.2559
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topological superconductivity, Majorana fermions



Hart et al., arXiv:1312.2559

-Edge transport confirmed by
new means

-Superconducting proximity effect
clearly induced in topological
insulator regime

-Once this happens, topological superconductivity is almost
guaranteed! (Not easy to find alternatives.)

Reasons for enthusiasm

Challenge to theory/experiment: find ways of conclusively revealing
topological superconductivity, Majorana fermions

Another
exciting
system:

Liu, Hughes, et al. (2008); Du et al.
(2013)

-Very clean transport data

-Couples well to
superconductors

-But magnetic field
dependence is strange...



Homework Set 3

1. Consider the 1D wire transport setup we analyzed earlier.  Show that (independent of any
details of the Hamiltonians) the scattering matrix MUST be either purely diagonal or purely off-
diagonal in the limit E = 0.

2. In the topological case, compute the conductance as a function of bias voltage and show that
it is a Lorentzian.

γ1
γ2

3. Within a single theoretical framework, capture all of the major features of the conductance
 measured by Kouwenhoven et al., including the “soft gap”, non-quantized zero-bias peak, etc.
 Submit your result to Physical Review Letters.
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Exchange statistics

Describes how wavefunctions transform when
indistinguishable particles exchange positions

ψ(r1, . . . , rN) ψ
′
(r1, . . . , rN)→

Extraordinarily fundamental!  
Underlies most condensed matter

phenomena.
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Role of dimensionality

d = 3 Only bosons &
fermions ψ → ±ψ

d = 2

d = 1 Exchange not
well defined...

...because particles
inevitably “collide”

Anyons are
now possible!

!=
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Non-Abelian anyons

 a ! Uab b

Interesting for 2 reasons:

Kitaev; Freedman; etc. 
Nayak, Simon, Stern, Freedman, &
Das Sarma, RMP 80, 1083 (2008)

Need sufficiently dense braid
matrices for computational

universality!

Qubits Quantum gates

Fundamental physics

Decoherence-free quantum computation

•
•



A conundrum

γ1
γ2

γ3

γ4

Majorana zero-modes in 2D
topological superconductors
are clearly interesting in this
regard.

γ1 γ2
But Majorana modes also occur in 1D
topological superconductors, where
exchange statistics is ill-defined.

Question: Are Majoranas in 1D as
interesting/useful as in 2D?

Answer:
YES!!
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