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Many electron problem and Hartree-Fock approximation

Density Functional Theory (DFT), Local Density
Approximation (LDA) and its extensions (GGA)

Corrections to DFT: GW approximation, Self Interactions
Correction (SIC), Hybrid functional

Model Hamiltonian combined with DFT approach: Wannier
functions and Hamiltonian construction

Static mean-field approximation: LDA+U method

LDA+U method applications to real strongly correlated
materials with orbital, charge and spin order
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Problem

Weakly correlated Strongly correlated

Localized electrons
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in Mott insulators




Problem

Coulomb correlations problem

G P

Model Hamiltonians Density Functional Theory
Hubbard and Anderson models LDA
unknown parameters ab-initio
many-body one-electron
explicit Coulomb correlations averaged Coulomb interaction

combined LDA+U and LDA+DMFT approaches



LDA input

Orbital variation space

partially localized subspace itinerant subspace
(d- or f-orbitals) (s-,p-orbitals)

LDA calculations produces:

e one-particle Hamiltonian for itinerant states
* one-particle non-interacting Hamiltonian for localized states
* hybridization term between localized and itinerant states

 Coulomb interaction parameters (direct U and exchange J)
for localized states



Electronic structure calculations

Many-electrons equations

where W=W(x,,X,,....Xy) s many electron wave function depending on

X,,X,,...,X, coordinates of all N electrons

Hamiltonian is a sum of one-electron and many-electron (Coulomb interaction) parts




Electronic structure calculations

Many-electrons equations

2m Kinetic energy
and nuclear charge attractive
7 82 potential energy contributions
V. =— to one-electron Hamiltonians
, =
X,

Electrons variables separation leads to one-electron approximation:

WX, Xy, Xy ) = (X))t (X))ot (X )

Mﬂ (X) is a one-electron wave function



Electronic structure calculations

Hartree-Fock approximation

w (X)) u (X)) u(Xy)

i (X)) Uy (Xy) o uy(Xy)
TN

uy (X)) uy(X,) o uy(Xy)

Slater determinant satisfies antisymmetric properties of fermionic
wave function in respect to electrons transposition



Electronic structure calculations

Hartree-Fock equations

- 2
Ho, (6,0 + [ ()=, (6, )u, (x,) -

50(ﬂ),0(v)u*v(xﬂ)uﬂ(xv)}dxv =&

Mean-field potential with direct and exchange parts.

Exchange terms with u = v explicitly cancel self-interaction
while others significantly reduce repulsion energy for electrons
with the same spin state.

A system of integral-differential equations with all N one-electron
wave functions coupled with each other.



Electronic structure calculations

Hartree-Fock equations

2

H o, (x,)+( Ef u'y(x, ) u, (x,)dx, u,(x,)-

vl

ﬂ(xv)dxv )uv(xﬂ) = guuu(xﬂ),l <susN

Direct Coulomb potential terms (Hartree) can be expressed via electron density:

. 2 2
0= 3 ful )= s = [p0) -
p(s) = (), (5

VV, =8mp



Electronic structure calculations

Hartree-Fock equations

Exchange terms can be written as a sum of pair potentials
that can not be expressed via density :

V0 = fu(5) -, (9)ds

xs|

Hartree-Fock equations have a form:

wu

2 uv
=V +V,+V, tu - 250( oo Uy, =E U
1%

One-electron part with local Orbital dependent exchange potential
Hartree potential defined by that couples equations in the system
Electron density only with each other



Electronic structure calculations

Slater approximation for exchange potential

Exchange potential for homogeneous electron gas:

ACERE

Local density approximation allows to replace orbital dependent exchange
Interaction operator by local potential defined as a functional of electron density:

-V +V, +V, +V, Ju, =¢€,u

X

Decoupled one-electron equation with the same potential for all wave functions
instead of the integral-differential equations system

u



Density Functional Theory

Density Functional

According to Hohenberg-Kohn theorem that is a basis of DFT, all ground state
properties of inhomogeneous interacting electron gas can be described by
minimization of the total energy as a functional of electron density po(r):

Bl = Tlp)+ [ depeVeus(e) + [ drpte) [ LEL v+l

where T[p] is kinetic energy, V., (r) - external potential acting on electrons
(usually that is attractive nuclear potential), third term describes
Coulomb interaction energy (Hartree energy) corresponding to charge
distribution p(r) and E, . is so called exchange-correlation energy functional.
Exact form of E, . is unknown!



Density Functional Theory

Electron density variation

For practical applications p(r)
can be expressed via one-electron wave functions ¢,(r):

N

pr) = | ¢i(r) |7

1=1

where N is total number of electrons.

To minimize the functional one need to vary it over new variables ¢,(r)
with additional condition that wave functions are normalized. That leads to
the system of Kohn-Sham differential equations for one-electron wave
functions:



Density Functional Theory

Kohn-Sham equations

[—VQ -y P = 7 + 2/ pr) dr’ + Vmc(r)}gbi(r) = £;¢i(r)

—R |t — 1/ |
Here R, is position vector for nucleus with charge Z, ; ¢; are Lagrange multipliers
having the meaning of one-electron eigenenergies and exchange-correlation

potential V, is a functional derivative of exchange-correlation energy E, .

0 Eyclp)
Vie(r) =
op(r)
Eigenvalue ¢; is derivative of the total 8Ewt
energy in respect to the occupancy of the £ —
corresponding one-electron state n;: 877/7,

¢ =E[n, =1]-E[n =0]

In Hartree-Fock

Kohn-Sham eigenvalues can not be directly used to calculate excitation spectra!



Density Functional Theory

Local Density Approximation (LDA)

DFT applications are based predominantly on so called Local Density
Approximation (LDA) where exchange-correlation energy is defined as an
integral over space variables r with an expression under integral depending
only on local value of electron density p(r):

E,.lp) = / o()ewe(p(r))dr

Here €,.(p) is contribution of exchange and correlation effects in total energy
(per one electron) of homogeneous interacting electron gas with density p.

For spin-polarized systems one can use Local Spin Density Approximation (LSDA)

Evelp!, p'] = / p(0)ene(p! (x), p (x))dr



Density Functional Theory

Local Density Approximation (LDA)

In Local Density Approximation (LDA) exchange-correlation potential in some
space point r depends only on local value of electron density p(r):

d
V() =5 (P2 (D))

One of the explicit forms of exchange-correlation potential calculated for
homogeneous electron gas as a function of local value of electron density p(r) is:

)
Vo (r) = =(1+0.0545 7, In(1 +11.4/ rs))4(3§(r))
JT

1/3

3 Pure exchange
potential: Vex (l') = —4(

Ao

where v, =

3p<r>)%

87T



Density Functional Theory

Local Spin Density Approximation (LSDA)

In Local Spin Density Approximation (LDA) exchange-correlation energy
depends on two spin densities:
p W pl " 8xc(101~9p\|/)

Correspondingly exchange-correlation potential will be different for electrons
with spin-up and spin-down projections:

a

Vo (r) = ”

(P &.(py,P))

o)

LSDA LSDA
Potential spin-polarization Vi—V| = oF _ o

op1(r) op(r)

can result in spin-polarized solution for Kohn-Sham equations with
ferromagnetic or antiferromagnetic ground state



Density Functional Theory

Generalized Gradient Approximation (GGA)

Exchange-correlation energy can depend_ not only on local value of density as in LSDA
LSD _ 3 unif
Exe-|ng,n ] = f d’rnexc (ny,ny)

but also on electron density gradient \/z
o

ESEA [y, n] = f d°r f(ny, ny, Vg, Vi)

Explicit form (Perdew et al) is defined by enhancement factor FXC — (1 + )

EXSM g, ny] = /d3rne“nlf(n)Fxc(Fs,§ )

GGA sometimes corrects and sometimes overcorrects the LSDA predictions



Density Functional Theory

DFT self-consistent calculation scheme

Initial electron density defines starting potential pin (r) =% Vm (r)
Kohn-Sham equations solution [‘V2 + V(r)]lp(r) = KW (l‘)

results in a set of eigenvalues and eigenfunctions El. \ ‘PI (l‘)

That gives a new value of electron density Lo (l’) = E| ‘P,(r) |2
i

which is used as an input density on the next iteration 0 t(r) = P, (l‘)
ou mn

Self-consistency condition: f dr( Jo (r) - 0., (l‘))2 < €&



Density Functional Theory

Bloch functions in crystal

Kohn-Sham equations for periodic crystal (translational invariant potential
V(r+l)= V(r), I is lattice translation vector):

Hy(r) = {=V> +V(1)jyp(r) = Eyp(r)

Solution satisfying periodicity condition is Bloch function for wave vector k
having a form of a plane wave modulated by periodic function:

W (r) =y, (r) = u, (r)exp(k -r) u (r +1) = 1, (r)

Bloch function satisfies Y, (l‘ + l) — exp(ik . l)wk (l‘)

to relation:



Density Functional Theory

Electronic structure calculations methods

Calculations schemes for Kohn-Sham equations are based on variational
approach. Wave functions are expressed as series in complete set of basis
functions:

_ ?
|Q§Z> — E :a’n|90?’l>
H\|p;) = €i|pi)
Equivalent to a set of linear i i
equations for coefficients ¢z” § :Hn’nan — & § :On’nan
T mn
Hamiltonian and overlap matrices

Hn’n — <90n"ﬁ‘99n> On’n — <S¢9n"§0n>



Density Functional Theory

Linearized Mutfin-Tin Orbitals (LMTO) method

Existing DFT methods could be divided in two major groups. One of them uses as
a basis set atomic-like orbitals centered at atoms and decaying with increasing a
distance from the center, for example Muffin-tin orbital (MTO) in
Linearized Muffin-Tin Orbitals (LMTO) method :

Pim(r) = di(|r])Yim(r)

Ri(|r[,E)  |r| <5,

Cb[(‘rD — C|r|_l_1 ‘r| > S

R/(|r|,E) is radial variable dependent part of Kohn-Sham equation
solution for spherically symmetric potential inside atomic sphere with radius S.



Density Functional Theory

Plane waves basis

Another group of DFT methods uses delocalized plane waves as a basis set:

k—g) =el®r
where k is wave vector and g - reciprocal lattice vector.

Plane waves are good basis for

inter-atomic regions

where potential varies slowly

while atomic like orbitals describe better
intra-atomic areas with strong potential

and wave functions variations




Density Functional Theory

Linearized Augmented Plane Waves (LAPW) method

Augmented Plane Wave is defined as

S bim Ri([r], E) Y (7)

‘k - g>LAPW = X Ce(k_g)r

Combined nature of LAPW basis functions allows
good description of Bloch functions in all space regions
(inter-atomic as well as intra-atomic)

if
if

<S5
> 5



Density Functional Theory

Vi Y(r)

Pseudopotential approach

Real potential and wave function are replaced by some pseudopotential
and corresponding pseudofunction that coincide with real functions
and real potential outside atomic core area giving the same eigenvalues

Smooth behavior of
pseudofunction inside atomic
core area allows to use plane
wave basis for whole crystal

0.5

T T T [ T T T




Density Functional Theory

DFT problems for real materials

Systematic underestimations for energy gap value of band insulator materials.

TABLE I. Comparison of calculated and experimental energy
gap values (eV).

LDA GTS Expt.
MgO 5.04 7.73 7.832
Si 0.44 1.04 .17
NiO 0.11 3.76 4.0-4.3¢

BaBi10; 0.15 0.51 0.484




Density Functional Theory

DFT problems for real materials

Systematic overestimation for cohesive energy.
Example of silicon:

LDA GGA expt.

a (A) 5.378 5.463 5.429
B (Mbar) 0.965 0.882 0.978
E. (eV/atom) 6.00 5.42 4.63




Density Functional Theory

Breakdown of LDA for strongly correlated systems

LDA potentials are the same for all orbitals with the possible
difference due to exchange interaction:

5ELSDA 5ELSDA

Vi — V| = _
PN T () op)(r)

NiO CoO

wof o '(E) : B NiO and CoO are experimentally
T R S wide gap insulators (Mott

“F 5 : i insulators) but LSDA gave

[ small gap insulator for NiO and

E
; F

20}

metal for CoO with partially

] filled t,, spin-down electronic

subshell

PDOS(States /Ry)
PDOS(States/Ry)

i i i 1 & 1 4 i i

0 02 04 06 08 10 0 02 04 06 08 10
Energy (Ry) Energy(Ry)




Corrections to Density Functional Theory

Self-Interaction Correction (SIC) method

Orbital dependent potential with “residual self-interaction”
present in LDA explicitly canceled for all occupied states .

Vi(r) = Verr (r) + Vi pl(r) + Vaelp|(r) = Vi |pil(r) = Vie[pil(r)

Pi = |77bz (I‘) ’2 is charge density for state i

SIC correction is absent for empty states and so energy separation
between occupied and empty states results in energy gap appearance

imitating Mott insulator

SIC results usually overestimate
energy separation between
occupied and empty states
similar to Hartree-Fock method
due to the absence of screening
effects



Corrections to Density Functional Theory

Slater Transition State method

Excitation energy for electron removal from state / is
equal to total energy difference between final and initial configurations:

Az’ = E[nz = ]— E[TLZ = 0] ~ ez-(n,,; — 1/2) =
O€; OE} o1

| ~ using:
877/7; ni=1/2 877,@

TS correction is positive for empty states and negative for occupied states
and energy separation between occupied and empty states appears

= elPA L (172 — i)

i & —

Good results for excitation energies
values in atoms, molecules
and solids calculated as a difference
> of one-electron eigenvalues with
half-filled occupancy for initial
and final states




Corrections to Density Functional Theory

GW method

|deologically GW method is not related to DFT but is based on diagrammatic
technique for inter-electron Coulomb interaction where static and local potential

V(r) Isreplaced by an energy dependent non-local self-energy operator 2(r,r', @)

S(r,riw) = %[dw Gr,r'yw + o W(r, r'; 0
T

Here G(r,r',w) isa Green function and

W(r,r',w) is screened Coulomb inter-electron interaction



Corrections to Density Functional Theory

GW method

W, r';w) = f r'"e e, " w)vx" — r)

-1
E (l‘, l" . C()) is inverse dielectric matrix
V(l‘ _ l") _ 1 is bare Coulomb interaction
r-r'
dielectric matrix is expressed via polarization operator P(l’, l" ] C())

that can be calculated in Random Phase Approximation (RPA) using
eigenvalues and eigenfunctions obtained in DFT calculations.

GWA systematically improves calculated energy gap values for semiconductors

and band insulators but has serious problems for strongly correlated materials
like transition meal oxides.



Corrections to Density Functional Theory

Hybrid functionals

DFT systematically underestimate energy gap values while Hartree-Fock (HF)
strongly overestimate them due to the neglect of screening effects.

Hybrid functionals solve this problem by mixing both approximations in expression
for exchange-correlation energy:

EM =(1-a)E?" +aE™

X

a=1/4 is a mixing parameter chosen to give good agreement with experimental data

This ad hoc formulae works surprisingly well for a wide range of materials and
is very popular last years due to its simplicity and effectiveness.

Mixing parameter a=1/4 can be viewed as an imitation of screening for bare
Coulomb potential present in Hartree-Fock approximation.



Basic models in strongly correlated systems theory

Hubbard model

H = th Ajgéjg + U Z N1 |
1j0 7

Local Coulomb interaction between electrons with Coulomb parameter U
defined as an energy needed to put two electrons on the same atomic site:

U = E(2) + E(0) — 2E(1)

L
N
KN

+\e
<

\

/

t;is hopping matrix element '
describing kinetic energy terms . / /




Basic models in strongly correlated systems theory

H = tz Ci iy + JZ(SES?)

10 17
~_.|_ — A_.I_ — N i creation operator for correlated electrons,
Cza Cza Nij—o
J = 4t2 /U Anderson kinetic exchange.

S are local spin moments

tJ-model can be derived from Hubbard model in the limit U>>t



Basic models in strongly correlated systems theory

Kondo lattice model
H = Z Eka Cko‘ + JZ S?;SZ'

S is spin operator for localized electrons,

E Cwo'wcw Itinerant electrons spin operator.

Usually it is applied to rare-earth elements compounds where 4f-
electrons are considered to be completely localized with exchange-only
interaction with itinerant metallic electrons



Basic models in strongly correlated systems theory

Periodic Anderson model (PAM)

At A ~ ~d ~d A *
H = th ’;;C]U +5dznia + UZnZTnzl Z ij € ’j;djff + V;jdj_acuf)

)0 10 ' )0

Cio (Cfio') and d (d ) Fermi operators for itinerant s- and
localized d-electrons respectively

V;; s-d hybridization parameter.

If hopping between d-electrons term is added to PAM then the most general
model Hamiltonian is defined that gives complete description of any material.



Problem

I

General functionals
(electron density,
spectral density et. ct.)

v

How to define interaction term in
ab-initio but still practical way?

e

Model Hamiltonians with
DFT parameters

) Orbitals?



DFT and correlations

DEFT-input: non-interacting Hamiltonian and
Coulomb interaction parameters (H°, U)

Standard approximation: Green functions are calculated
using DOS (V) from DFT

(-) Reliable results only for high-symmetry (cubic) systems

(o(w) 0 ... 0 )
Self-energy operatc-)r () = Q 0(.w) 5 (_) N
for cubic systems: : Pt
.\ 0 O . o(w) )

Green function: G(w)= [ (w—X(w)— Hips(k))'dk =




DFT + correlations: general case

~ Low-symmetry systems? |
-

General formula using non-interacting Hamiltonian
obtained by projection of the correlated states into
full-orbital DFT Hamiltonian space

- =

Open questions:
1) Choice of basis for projected Hamiltonian
2) Procedure of projecting




Problem of orbitals definition

What are Hubbard model basis orbitals?

Some kind of atomic-like site-centered localized orbitals without explicit definition.
Matrix elements are considered as a fitting parameters.

Why not to use LMTO basis?

Pure atomic orbitals neglect strong covalency effects. For example unoccupied
Cu-3d x2-y? symmetry states in cuprates have predominantly oxygen 2p-character.

~_=

One need new “physically justified” orbital basis set

for Hamiltonian defined on the correlated states subspace




Why Wannier Functions?

Wannier functions in real space [1]:

W@-(r — T) = Z e_ikT<I‘|’gbik> +— Bloch functions
k

Advantages of Wannier function basis set:

<Explicit form of the orbitals
forming complete basis set

¥i Localized orbitals
¥Wi Orbitals are centered on atom

; like in Hubbard model

Uncertainty of WF definition  |4,,) = Z U(k) i)
for a many-band case:

Unitary matrix

[1] G.H. Wannier, Phys. Rev. 52, 192 (1937)



Wannier functions and projection

WF in k-space — projection of the set of trial functions [2] (atomic
orbitals) into Bloch functions subspace : l

__ No l
|Wnk> — Z |¢zk><¢zk‘¢n)

=N
Bloch functions in DFT basis ¢z‘k(r) = Z Cyi (k) qﬁ}?{(r)
J

(LMTO or plane waves): I I

Eigenvector Bloch sums of
element LMTO orbitals

. No .
Whk) = XJJV > cji(k)eni(k)|df) = by, |95)
1=iv1 ] J

Ny
S : : : . 7k *
coefficients of WF expansion in LMTO-orbitals: bjn — E | Cjz'(k)c (k)

nt
[2] D.Vanderbildt et al, Phys. Rev.B 56, 12847 (1997) =M



Example of WF in real space

WEF basis set for V-3d (t,,) subband of SrVO;: XY XZ, YZ - orbitals




Example of WF in real space

V-3d (3z%-r’) WF orbital for SrVO,

Max{|WF|} = 1

3D plot of WF isosurface:
1. decrease from |WF|= 0.5 to 0.02
2. rotation around z-axis

3. rotation around Xx,z axes and increase to |WF|= 0.5



d-xy WF for NiO

S
I
o
I

Energy (eV)
Energy (eV)

Full bands projection

d-bands only projection

Dm.Korotin et al, Europ. Phys. J. B 65, 91 (2008).



Novel superconductor LaOFeAs
I I I I AP I R

(@R |V
I
©
>
w

- 10 o
E 8- Total
(@)
5 6 o All bands WF
© 4r- constrain DFT
5 Ay U=3.5 eV
EO "URLELLAN S J=0.8 eV
o 1 1 1 1 O
“s LA L N N
>
2
()
()

Fe3d band
only WF
constrain DFT

“ U=0.8eV
\ J=0.5eV

Energy, eV, E.=0

d (x2-y?) Wannier functions (WF) calculated
for all bands (O2p,As4p,Fe3d) and
for Fe3d bands only

V.Anisimov et al, J. Phys.: Condens. Matter 21, 075602 (2009)




WF in cuprates

6) @ Crystal structure of LiCu,0,
@ 0@0 ‘ Green, red, blue, black, and
yellow spheres are Cu?*
0 0 0 o Cu*,0, and Li ions, respectively.

03 } ; ' — :
04 A [ i\
03 4 i ! /

’ﬁ’@ 6

V. V. Mazurenko, et al, Phys. Rev. B 75, 224408 (2007)




WF in cuprates

R Y
P 4 X

>
2 ‘ : :
Y o 2 Wannier orbitals
@ . centered on
2 ] o> neighboring
copper atoms along
: ° B the y axis.
5 ?
D
2 1+
Cu 2

o Cu2+

V. V. Mazurenko, et al, Phys. Rev. B 75, 224408 (2007)



WF in cuprates

, ,

o

& % oy

90° bond between Cu Wannier functions cancels
antiferromagnetic kinetic energy exchange. Overlap on oxygen
atoms gives ferromagnetic exchange due to Hund interaction on
oxygen 2p-orbitals

V. V. Mazurenko, et al, Phys. Rev. B 75, 224408 (2007)



WF for stripe phase in cuprates

La7/8S r1/8CUO4

olF——————— L — —\ Half-filled band

V.Anisimov et al, Phys. Rev. B 70, 172501 (2004)



WF for stripe phase in cuprates

2. O

20 CuoXa 99 GXQC 9o




Projection procedure for Hamiltonian

Matrix elements of projected Hamiltonian:

Ny

Hy F (k) = (Wnk|(izk; |¢z‘kf>€i(k')<¢v:kf|) Wink) = z':X]:Vl cni (k) cmi(K)ei (k)
orbitals
e, . v
(1T @b
\_ N | )

LMTO Eigenvectors, Eigenvalues



Projection results for SrVOs

2 i 5
e _ V-3d (e,) g |
S8 T &3
5 & 3 V-3d (t =
5 8 ;0* 1v" (2g) %2
=| .é g_l— g | V'3d (tzg
o RS ucj I ‘3 _ 0-2p _ ]
3 a3 2 1 0 1 2
G M Energy (eV)
2 = S
= ‘ 2
= .8 o $3
g8 3, V-3d =]
32 A 32
o B =: 2 | V-3d (t,)
- c | s 1f
Ay S L 3
m 2| Q| /
5l ST o0 1 2
G M X G M Energy (eV)
Eigenvalues of full-orbital and projected Hamiltonians are the same
Projected Hamiltonian DOS corresponds to the
total DOS of full-orbital Hamiltonian




Constrain DFT Calculation of U

Matrix of projected Hamiltonian in real space:

Ny
HEE = WOI(S 3 Wade (k) Wil )IV) = 3 3 (e (K)ei(
k i=N, k i=N,
Density matrix operator:
Ns Ny
= WS T Wndfe(k) — Br) (W ) W0 = ¥ 3 (k) (K)(ei(k) — £y)
k i=N; k i=N;

WE Coulomb interaction
Energy of nth WF: L, = H OF,

U=
Occupation of n-th WF: () — Z[;F 8Qn




Definition of WF using Green-functions

1

WEF definition: Wnk(r) —
T

E, _
Im E/ de [ dr'G(r, v, e)¢x(r') = %;b}jngbf;(r)

where Bﬁn = ——Im/dsGﬁn(s)
T
In the absence of Self-energy: E
K (e S cui (k) ey (k)
Gul/(g) T (8 H(k) + ?’77);1,1/ _ ; e — Ez(k) + 277
— 1 E Ny
7 W) =2 Bu(r)(=—Im [ deGr(e)) = 2.2 cui (k) cri(k) ¢, (r)

Ey t=1iVy

Coincides with definition of WF using Bloch functions



Calculation scheme

Coulomb interaction Hamiltonian:

1

- / 7 /11
HCoulomb — 5 E E (m,m \Veelm , N > X
1=14,l=lg m,m’ ,m’" m' o0’
A+ A+ A A
XCz’lmacz’lm’a’Cz’lm”acilm”’a’ )

where V., is screened Coulomb interaction between electrons in i n 4, shell
with matrix elements expressed via complex spherical harmonics
and effective Slater integral parameters F*

<ma m/’Vee’mNJ mlll) — Z A (ma m,la m/a m/,/)Fk
k

where k=0, 2, ..., 2l



Calculation scheme

Coulomb interaction Hamiltonian:

47
2k + 1

k
ar(m,m"”,m',m"") = Z (Im|Ygq|lm") (Im/ | Y3, [lm")
q=—Fk

where Y, are complex spherical harmonics.
Gaunt coefficients, L=(/,m): C, = fYL (B)Y L (F)Y,.(F)dQ

o U=-DRI-D 21+1)(21"+1) ;x
(2 -1)! [ 4 (2] +1) ]
y (I +m)([ —m)! ;
(l"+m")!(l"—m")!(l'+m')!(l'—m')!]

Crpp =(=1)




Calculation scheme

Coulomb interaction Hamiltonian:

(o’ oo ,rk
o= [l [0 ar a5

USS

U= F°,
J = ——1-~(F2 + F4)
14

For d electrons one needs to know F°, F2and F* and these can be linked to the
Coulomb and Stoner parameters U and J obtained from the constrain DFT
procedures, while the ratio F2/F* is ~ 0.625 for the 3d elements. For f electrons
the corresponding expressions are J = (286F? + 195F* + 250F%)/6435 and ratios
F%/F? and F%F? equal to 451/675 and 1001/2025.



Calculation scheme

Coulomb parameter U calculations:

U = / d..rdr"H’I-"‘Tn(r)\QU(r,r’)H»-T—-‘Tn(r")\z

Screened Coulomb potential: [ — [1 v P]_lts

: AN /
Unscreened Coulomb potential: v(r,r’) = 1/(r —1')
Polarization operator:

acc unocc

- N N (ot 1 1
P(I‘, r*’) = Z Z .-I;'f:z'(I‘).-I;_fg' (I‘ ).-I;'_fj (I‘)"I;'.-’j (I‘ ) {Ff — Ej T 0+ - € —e — 0+ }
i i

J

Strong dependence on the number of occupied and empty states
included in the summation for polarization operator



Calculation scheme

Coulomb parameter U calculations:
Constrain DFT method

Definition: U=FE2)+ FE0)—2E(1)

. OPEppr
DFT analogue: U=—:3;
", ng
Connection of one-electron _ OFEppr 7 — e
. . ] €] = - ST~
eigenvalues and total energy in DFT: d ony ong

—_

p— T ) / T
DFT calculations with constrain potential: Heonstr = Z m ”>M”<H n

n

Energy of nth WF: FE, = H XZF OF
U=—"
Occupation of n-th WF: () — KLF 3Qn



Calculation scheme

Coulomb interaction Hamiltonian:

The general Hamiltonian assumes possibility of mixing for orbitals with different
m values (or in other words possibility for electrons occupy arbitrary linear
combinations of |inImo> orbitals). However in many cases it is possible to
choose “natural” orbital basis where mixing is forbidden by crystal symmetry.

In this case terms c¢*;,,,C;.,, With m non equal to m'are absent and Coulomb
interaction Hamiltonian can be written as

- 1
HCo'u.lo-mb — 5 § E {Um,m,’ NilmoNilm’a + (Um-m’ — Jm-m’ )nil-ma Nilm’ o } —

i=ig.l=lg m,m’,o

1
o 5 E : § : Jmm {CEZTHO' llmcr zlm o zlm o —I_ zlmcr llmor zlm O‘CIZTH O‘} ’

1=1q,l=lg m#m/' o

Third terms corresponds to spin flip for electron on m orbital with
simultaneous reverse spin flip on orbital m'that allows to describe x and y
spin components while the fourth term describes pair transition of two
electrons with opposite spin values from one orbital to another.



Calculation scheme

Coulomb interaction Hamiltonian:

— A_|_ 2

Nilmo Cilmo Cilmo

is particle number operator for electrons on orbital |inilmo>

Here we have introduced matrices of direct
U, and exchange J, .. Coulomb interaction:

Ui = {m,m/|Veelm,m"y, Ty = (m,m/|Vee|m', m)

Neglecting spin-flip effects and leaving only density-density terms we have:

A 1
HCOulom,b — 5 E § {Um-m" NilmoTlilm’ s + (Um,m,’ - Jm,m,’ )nil-ma nilmﬂ'a}

i=igl=lg m,m' o



Calculation scheme

Coulomb interaction Hamiltonian:

Kanamori parameterization is usually used where for _ m=2

the same orbitals (m = m’) direct Coulomb interaction
U..., = U, for different orbitals (m non equal m’)
U, = U with U'= U - 2J and exchange interaction
parameter does not depend on orbital index J,,,... = J.

In this approximation Hamiltonian is:

N 1 N “
HCoulomb — 5 Z Z {[U5mm’ + U,(l — 5mm’)]nilmanilm’5

1=tq,l=lg m,m’,o

+ (U, — J)ﬁilmaﬁilm’a} .



Calculation scheme

Double-counting problem for Coulomb interaction

Full Hamiltonian is defined as:

H = HLDA — HDC’ + HC’O*u..lo-n'Lb

In DFT Coulomb interaction energy is a functional of electron density that is
defined by the total number of interacting electrons n,. Hence it is reasonable to
assume that Coulomb interaction energy in DFT is simply a function of n, :

1 _
Eprr = §UW(7M — 1)



Calculation scheme

Double-counting problem for Coulomb interaction

To obtain correction to atomic orbital energies ¢, in this approximation
one needs to recall that in DFT one-electron eigenvalues are derivatives of
the total energy over corresponding state occupancy n,

) OEDppr
(i — §
onyg
and hence correction to atomic orbital energy ¢, can be determined as:

_ 1
EDC = U(nd — 5)

and the term in Hamiltonian responsible for “double counting” correction Hp is

inlmao



Calculation scheme

A A N

. 0
LDA+correlations Hamiltonian: HLDA+c0rrel =H" + HCoulornb

Coulomb 1lm ilm'

2 oo’ A O’ A 0" . .
H = E u_ Coulomb interaction term
i=ig =11,

mo, m'c’

N /\ N

0 _ —
H LDA HDC _
AGEA G
= Eﬁau a o aa'ca C

o0'c

Non-interacting Hamiltonian

Double-counting correction:

0 1 1
82 aT(ELDA - E Und(nd - 1)) =&, — U(Ild - E)



LDA+U method: static mean-filed approx.

Static mean-field decoupling of four Fermi operators product:

.»\_i_ ,-\_i_ ~

(?ETTLCT(?E?TL gf(iiﬂl”ﬂcbgﬂl”"[r" p—
+ / + +
_(LE"TTL{T Lf?ﬂ”cr ! ('LIT?I gf{?i'?n"”cr“ — \(—?hna(?hnug ECLET?I U,{?E?nufof +

g~ ~

Il
—I_ Lf?ncr *f?nmahﬂ?lm U’(?hn”a + (ahncr ‘ilm!"

;\‘{_?. ( 0" .
o’ [ Sim e Cilm o

results in one-electron Hamiltonian:

—~ - —~ ro A‘+ A o —~ o
Hrpatuv =Hrppa + Vo€, o Ciitm'e = Hrpa + E lilmo)V.7  (ilm/ o

mm/’

e

r / i 1
Veelm',m" 5, 4 ((m, m

Veelm',m"")—

| E Hm,m”

{m}

— 1.
!!!} — [f'l {??d — 5)

Veelm” ,m"))n?

f I
—{m,m o



LDA+U method: static mean-filed approx.

1
LDA+U functional: E=E - 5 Un,(n,-1)+ %UE nn
1# ]

One-electron energies:

e.=£=s +U(1—n.)
' on; LDA 2 !

Occupied states: n =1 = ¢ =¢ Mott-

Hubbard
gap

Empty states: Il. = 0 = € =€

o€
LDA " Coulomb interaction parameter
o Ny

U




LDA+U method: general formalism

LDA+U functional:
E v (),n}=E o [p"MI+E [n"}-E, [{n"}]

Interaction term:

1
EU [{no }] = E 2 {Umm'm"m"'nzm'nl_nc:m"' +
mo

+ (U —J ° n’
r_n___m r_n___m n rn n___m
mmim m mmim m mm m m

Double-counting term:

1
E o[{n°}] = EUnd(nol — 1) —

1
-5 Jn!(n] —1D)+nijn; —1D]

V.Anisimov et al, Phys. Rev.B 44, 943 (1991); J.Phys.: Condens. Matter 9,767 (1997)



LDA+U potential correction

Non-local LDA+U potential operator:

~ ~ . o . ’
H,ppo =H, o, + 2| inlmo >V, <inlm'o|

mm O

Potential correction matrix:
(o) -0 (o)
me’ = z"’{Ummlm”m”lnm”m + (Ummlm”mlﬂ — Jmmlm"mﬂl )nm”m } —
m m

1 1
— U, ——)+J@° ——
(n, 2) (n, 2)

Occupation matrix:

| 1 N -1
P =7 Im j dele-Hpplum



Exchange interaction couplings

Heisenberg Hamiltonian parameters:

E=YJSS, J = o E
1 J ! : aelaej

Calculation of J from LDA+U results:

_ i ij J i — i _ il
Jij — ImmIXmmlmnmmImnmm Imml — mel mel
m
ij R R = pim”s Lim' L jim”
Xmmlmnmm — 2 \fnkT nkT n'k,[ nka,
nn' 8nk1‘ — &

LDA+U eigenvalues
and eigenfunctions:

nko

o _ ilm o
g ;3 W = Zc | ilm >
m

A.Lichtenstein et al, Phys. Rev.B 52, R5467 (1995)



