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Classification of topological insulators 
with internal symmetry

Ryu, Schnyder, Furusaki, Ludwig, New J. Phys. (2010)

no symmetry

Integer quantum Hall/ Chern insulator

fermions w/ 
time-reversal

2d and 3d topological insulators

(weak index not captured)

Classified by time-reversal and charge-conjugation symmetries



Crystal symmetries can protect and identify 
topological phases

• What are the possible crystal symmetries?


• Examples of topological phases with crystal symmetry


• Recent classification of band structures by symmetry irreps

Outline:



What are crystal symmetries?
Point group symmetries: leave (at least) one point invariant

Consist of rotations, mirrors, inversion, and rotoinversion

32 crystallographic point groups

Translations: leave no point invariant

Generate one of the 14 Bravais lattices in 3D

Glide and screw symmetries: leave no point 
invariant, but also rotate/reflect

The 230 space groups enumerate all possible combinations of symmetries in 3D crystals

Symmetries of GdPtBi

Td point group

C2y

C2z

C2x

C3,111, C4zI

M110 M110

Td



How do crystal symmetries act on a 
Hamiltonian?

Eigenstates transform under little group irreps

“Little group” of k0: Gk0 = k0 �1

�2

�3

Irreps at k0 determine irreps along lines emanating from k0

`1

`2

`1

`2

Fourier-transformed Hamiltonian: �(G)H(k)�(G)�1 = H(Gk)
matrix representative of symmetry operation

�1 ! `1

�2 ! `1 � `2

�3 ! `2 } Compatibility relations 
between points and lines

k0



Recall: Chern insulator
A Chern insulator is a 2D insulator whose occupied bands cannot be 

deformed to an atomic insulator 

Topological invariant: Chern number Bulk-edge correspondence

0

2⇡

0

�(t)

n = 1

kx
<latexit sha1_base64="wsBBxiMth7FtWjy/zhIB4CuLEjk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrpftR76pXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QNkzI3e</latexit>

2⇡



Surface states of bands with opposite 
Chern number generically gap

Conduction 
band

Valence 
band

Conduction 
band

Valence 
band

Unless protected by a symmetry:

Ex 1: spin conservation ⇒ quantum spin Hall


Ex 2: time-reversal symmetry ⇒ 2D TI

Crystal symmetry can also protect surface state crossings



Mirror Chern insulator: canonical TCI
Teo, Fu, Kane PRB 045426 (2008)

Mirror symmetry: mx : (x, y, z) 7! (�x, y, z)
<latexit sha1_base64="UIjHz0d+90pqJW+VhKdH1mknGrM=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQoZakCoqrohuXFewD2hAm00k7dCYJMxNpDF258VfcuFDErd/gzr9x2mah1QMDh3Pu5c45XsSoVJb1ZeQWFpeWV/KrhbX1jc0tc3unKcNYYNLAIQtF20OSMBqQhqKKkXYkCOIeIy1veDXxW3dESBoGtyqJiMNRP6A+xUhpyTX3uTu6gKVROSnfH8EuR5FUISwdzwTXLFoVawr4l9gZKYIMddf87PZCHHMSKMyQlB3bipSTIqEoZmRc6MaSRAgPUZ90NA0QJ9JJpzHG8FArPeiHQr9Awan6cyNFXMqEe3qSIzWQ895E/M/rxMo/d1IaRLEiAZ4d8mMGddJJJ7BHBcGKJZogLKj+K8QDJBBWurmCLsGej/yXNKsV+6RSvTkt1i6zOvJgDxyAErDBGaiBa1AHDYDBA3gCL+DVeDSejTfjfTaaM7KdXfALxsc3EsGW9A==</latexit>

Mirror 
plane 
x=0



Mirror Chern insulator: canonical TCI
Teo, Fu, Kane PRB 045426 (2008)

Mirror 
plane 
kx=0

Mirror symmetry: mx : (kx, ky, kz) 7! (�kx, ky, kz)
<latexit sha1_base64="WSUdgPXyw6IqsBIlMEjetQquTYs=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoQUtSBcVV0Y3LCvYBbQiT6aQdOpOEmYk0hn6DG3/FjQtF3Lpy5984bbOo1QMXDufcy8w5XsSoVJb1beSWlldW1/LrhY3Nre0dc3evKcNYYNLAIQtF20OSMBqQhqKKkXYkCOIeIy1veD3xW/dESBoGdyqJiMNRP6A+xUhpyTXL3B1dwtLQHR0P3UTPQxl2OYqkCmHpZF52zaJVsaaAf4mdkSLIUHfNr24vxDEngcIMSdmxrUg5KRKKYkbGhW4sSYTwEPVJR9MAcSKddBppDI+00oN+KPQECk7V+YsUcSkT7ulNjtRALnoT8T+vEyv/wklpEMWKBHj2kB8zqPNO+oE9KghWLNEEYUH1XyEeIIGw0i0WdAn2YuS/pFmt2KeV6u1ZsXaV1ZEHB+AQlIANzkEN3IA6aAAMHsEzeAVvxpPxYrwbH7PVnJHd7INfMD5/AJJ+nCg=</latexit>

When kx=0, mx commutes with H(kx=0, ky, kz) ⇒ bands labelled by mx eigenvalue: +/- i 

Define Chern number for each mirror sector: C±

Cm =
1

2
(C+ � C�)

<latexit sha1_base64="juu4Gv0vK3Dr5E3BiD3ciRH8raM=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahIi1JFXQjFLNxWcE+oA1hMp20QyeTMDMRSsjGjb/ixoUibv0Hd/6N0zYLrR64cDjnXu69x48ZlcqyvozC0vLK6lpxvbSxubW9Y+7utWWUCExaOGKR6PpIEkY5aSmqGOnGgqDQZ6Tjj52p37knQtKI36lJTNwQDTkNKEZKS5556HghvIL9QCCc2llazyqOdwqr0PGqJ55ZtmrWDPAvsXNSBjmanvnZH0Q4CQlXmCEpe7YVKzdFQlHMSFbqJ5LECI/RkPQ05Sgk0k1nX2TwWCsDGERCF1dwpv6cSFEo5ST0dWeI1EguelPxP6+XqODSTSmPE0U4ni8KEgZVBKeRwAEVBCs20QRhQfWtEI+QDkTp4Eo6BHvx5b+kXa/ZZ7X67Xm5cZ3HUQQH4AhUgA0uQAPcgCZoAQwewBN4Aa/Go/FsvBnv89aCkc/sg18wPr4BdDKV+A==</latexit>

Mirror Chern number:



kx
<latexit sha1_base64="wsBBxiMth7FtWjy/zhIB4CuLEjk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrpftR76pXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QNkzI3e</latexit>

ky
<latexit sha1_base64="IKqQZ0/K6YmMFRrFLqpW7aKxGm4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0Io/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xCzhfkSHSoSCUbTSw7if9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/QnVKJjk01IvNTyhbEyHvGupohE3/mR+6pScWWVAwljbUkjm6u+JCY2MyaLAdkYUR2bZm4n/ed0Uw2t/IlSSIldssShMJcGYzP4mA6E5Q5lZQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNmUI3f</latexit>

z
<latexit sha1_base64="VLEo6VgUnu2TnOxoOkqsMPXvyTo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOqPjQI=</latexit>

Teo, Fu, Kane PRB 045426 (2008)
Surface states of mirror Chern insulator

Mirror 
plane 
kx=0

Conduction 
band

Valence 
band

kx=0
ky

Cm=1

+i-i

Conduction 
band

Valence 
band

kx=0
ky

Cm=2

+i

-i+i

-iNew configurations with multiple 
Dirac cones, generically gapped with 

only time reversal symmetry



SnTe predicted/observed 
mirror Chern insulator

Prediction: Hsieh, et al, 

Nat. Comm. 3, 982 (2012)

Observation: Tanaka, et al, 

Nat. Phys. 8, 800 (2012), Ando group

ARPESCm=2



Topological insulators with inversion symmetry

Inversion symmetry: (x, y, z) 7! (�x,�y,�z)
<latexit sha1_base64="W9R9p78ocgpNMf8Wb3uSlKQlHRQ=">AAACA3icbVDLSgMxFM34rPU16k43wSK00JaZKthlwY3LCvYB7VAyaaYNTWaGJCOdDgU3/oobF4q49Sfc+Tem7Sy09UDgcM693JzjhoxKZVnfxtr6xubWdmYnu7u3f3BoHh03ZRAJTBo4YIFou0gSRn3SUFQx0g4FQdxlpOWObmZ+64EISQP/XsUhcTga+NSjGCkt9czT/LgYFycF2OUolCqA+dK4WIqLpUmhZ+assjUHXCV2SnIgRb1nfnX7AY448RVmSMqObYXKSZBQFDMyzXYjSUKER2hAOpr6iBPpJPMMU3ihlT70AqGfr+Bc/b2RIC5lzF09yZEaymVvJv7ndSLlVZ2E+mGkiI8Xh7yIQZ11VgjsU0GwYrEmCAuq/wrxEAmEla4tq0uwlyOvkmalbF+WK3dXuVo1rSMDzsA5yAMbXIMauAV10AAYPIJn8ArejCfjxXg3Phaja0a6cwL+wPj8AZhslYg=</latexit>

(kx, ky, kz) 7! (�kx,�ky,�kz)
<latexit sha1_base64="kfuLKWoP4TCkqmzEdbTWF3ItcFE=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgVbEmqYJcFNy4r2Ae0IUymk3bITBJmJmIM/QM3/oobF4q4devOv3HSdqGtBy4czrmXmXO8mFGpLOvbWFpeWV1bL2wUN7e2d3bNvf22jBKBSQtHLBJdD0nCaEhaiipGurEgiHuMdLzgKvc7d0RIGoW3Ko2Jw9EwpD7FSGnJNU/KgXt/FripnodT2OcoliqC5UouV3K9khuuWbKq1gRwkdgzUgIzNF3zqz+IcMJJqDBDUvZsK1ZOhoSimJFxsZ9IEiMcoCHpaRoiTqSTTfKM4bFWBtCPhJ5QwYn6+yJDXMqUe3qTIzWS814u/uf1EuXXnYyGcaJIiKcP+QmDOnFeDhxQQbBiqSYIC6r/CvEICYSVrrCoS7DnIy+Sdq1qn1drNxelRn1WRwEcgiNQBja4BA1wDZqgBTB4BM/gFbwZT8aL8W58TFeXjNnNAfgD4/MHDLCavA==</latexit>

“TRIMs” = time-reversal-invariant-momenta

kx, ky, kz = 0 or ⇡
<latexit sha1_base64="e7VbSO3P5JhgNn0QOaha49wSfxI=">AAACCXicbVC7SgNBFJ31GeMramkzGASLEHajYBohYGMZwTwgG5bZyWwy7OzOMnNXEpe0Nv6KjYUitv6BnX/j5FFo4ikuh3Pu5d57/ERwDbb9ba2srq1vbOa28ts7u3v7hYPDppapoqxBpZCq7RPNBI9ZAzgI1k4UI5EvWMsPryd+654pzWV8B6OEdSPSj3nAKQEjeQUcesOSKaNS6D3gK2xjF9gQMiwVHmM34V6haJftKfAyceakiOaoe4UvtydpGrEYqCBadxw7gW5GFHAq2DjvppolhIakzzqGxiRiuptNPxnjU6P0cGCWBzIGPFV/T2Qk0noU+aYzIjDQi95E/M/rpBBUuxmPkxRYTGeLglRgkHgSC+5xxSiIkSGEKm5uxXRAFKFgwsubEJzFl5dJs1J2zsuV24tirTqPI4eO0Qk6Qw66RDV0g+qogSh6RM/oFb1ZT9aL9W59zFpXrPnMEfoD6/MH3NGYgg==</latexit>

Inversion eigenvalues assigned at inversion-invariant points: 

(Number of TRIM points does not depend on lattice) 

4 TRIMs in 2D 8 TRIMs in 3D

(0, 0)
<latexit sha1_base64="uj1EdGfHMaETwfS7X0KR2sXkszY=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahgpTdKthjwYvHCm5baJeSTbNtaDZZkqxQlv4GLx4U8eoP8ua/MW33oK0PBh7vzTAzL0w408Z1v53CxubW9k5xt7S3f3B4VD4+aWuZKkJ9IrlU3RBrypmgvmGG026iKI5DTjvh5G7ud56o0kyKRzNNaBDjkWARI9hYya+6V+7loFxxa+4CaJ14OalAjtag/NUfSpLGVBjCsdY9z01MkGFlGOF0VuqnmiaYTPCI9iwVOKY6yBbHztCFVYYoksqWMGih/p7IcKz1NA5tZ4zNWK96c/E/r5eaqBFkTCSpoYIsF0UpR0ai+edoyBQlhk8twUQxeysiY6wwMTafkg3BW315nbTrNe+6Vn+4qTQbeRxFOINzqIIHt9CEe2iBDwQYPMMrvDnCeXHenY9la8HJZ07hD5zPHxMLjYM=</latexit>

(⇡, 0)
<latexit sha1_base64="m6kKznFhLUHcF5ZVtPxRAvbqrOs=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpTdKthjwYvHCvYD2qVk02wbms2GJCuUpT/CiwdFvPp7vPlvTLd70NYHA4/3ZpiZF0jOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpOFKFtEvNY9QKsKWeCtg0znPakojgKOO0G07uF332iSrNYPJqZpH6Ex4KFjGBjpW51INmVezksV9yamwGtEy8nFcjRGpa/BqOYJBEVhnCsdd9zpfFTrAwjnM5Lg0RTickUj2nfUoEjqv00O3eOLqwyQmGsbAmDMvX3RIojrWdRYDsjbCZ61VuI/3n9xIQNP2VCJoYKslwUJhyZGC1+RyOmKDF8ZgkmitlbEZlghYmxCZVsCN7qy+ukU69517X6w02l2cjjKMIZnEMVPLiFJtxDC9pAYArP8ApvjnRenHfnY9lacPKZU/gD5/MH7Q+OnA==</latexit>

(0,⇡)
<latexit sha1_base64="JWkx9l7gkZLlDRTX0txQt6N3+Cc=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpTdKthjwYvHCvYD2qVk02wbms2GJCuUpT/CiwdFvPp7vPlvTLd70NYHA4/3ZpiZF0jOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpOFKFtEvNY9QKsKWeCtg0znPakojgKOO0G07uF332iSrNYPJqZpH6Ex4KFjGBjpW7VvRpIdjksV9yamwGtEy8nFcjRGpa/BqOYJBEVhnCsdd9zpfFTrAwjnM5Lg0RTickUj2nfUoEjqv00O3eOLqwyQmGsbAmDMvX3RIojrWdRYDsjbCZ61VuI/3n9xIQNP2VCJoYKslwUJhyZGC1+RyOmKDF8ZgkmitlbEZlghYmxCZVsCN7qy+ukU69517X6w02l2cjjKMIZnEMVPLiFJtxDC9pAYArP8ApvjnRenHfnY9lacPKZU/gD5/MH672OnA==</latexit>

(⇡,⇡)
<latexit sha1_base64="Y/ls9PKTI24I5kmna0POpNSK7vw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpTdVrDHghePFeyHtEvJptk2NMkuSVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uY3Nreye/W9jbPzg8Kh6ftHWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJrdzv/NElWaRfDDTmPoCjyQLGcHGSo/lfsyubF0OiiW34i6A1omXkRJkaA6KX/1hRBJBpSEca93z3Nj4KVaGEU5nhX6iaYzJBI9oz1KJBdV+ujh4hi6sMkRhpGxJgxbq74kUC62nIrCdApuxXvXm4n9eLzFh3U+ZjBNDJVkuChOOTITm36MhU5QYPrUEE8XsrYiMscLE2IwKNgRv9eV10q5WvFqlen9datSzOPJwBudQBg9uoAF30IQWEBDwDK/w5ijnxXl3PpatOSebOYU/cD5/AMfij7U=</latexit>



Topological insulators with inversion symmetry

Z2 invariant is given by the product of inversion eigenvalues of occupied bands!
Fu and Kane PRB 76, 045302 (2007)

At each TRIM (Γi), multiply one inversion 
eigenvalue from each Kramers pair

Multiply the results from all TRIMs

Inversion symmetry identifies the Z2 TI phase, but does not protect it!



Example of inversion eigenvalue formula: Bi2Se3

TRIM points:

� : (0, 0, 0)
<latexit sha1_base64="FnEPUwe48pXUk/xMN+4w2NGEw+I=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIFaTMVMHiquBClxXsA9qhZNJMG5rMDElGqEO/xI0LRdz6Ke78G9N2Ftp6LhcO59xLbo4fc6a043xbubX1jc2t/HZhZ3dvv2gfHLZUlEhCmyTikez4WFHOQtrUTHPaiSXFwue07Y9vZn77kUrFovBBT2LqCTwMWcAI1kbq28XeLRYCX6Oyc27qrG+XnIozB1olbkZKkKHRt796g4gkgoaacKxU13Vi7aVYakY4nRZ6iaIxJmM8pF1DQyyo8tL54VN0apQBCiJpOtRorv7eSLFQaiJ8MymwHqllbyb+53UTHdS8lIVxomlIFg8FCUc6QrMU0IBJSjSfGIKJZOZWREZYYqJNVgUTgrv85VXSqlbci0r1/rJUr2Vx5OEYTqAMLlxBHe6gAU0gkMAzvMKb9WS9WO/Wx2I0Z2U7R/AH1ucPlimRDQ==</latexit>

L : (⇡, 0, 0), (0,⇡, 0), (0, 0,⇡)
<latexit sha1_base64="OjzeedA+lXaaDVijbysRPwR5S0s=">AAACC3icbVDLSgMxFM3UV62vUZduQovQwlAyVbC4Krhx4aKCrYV2KJk0bUMzmSHJCGXo3o2/4saFIm79AXf+jel0Ftp6IHDuOfdyc48fcaY0Qt9Wbm19Y3Mrv13Y2d3bP7APj9oqjCWhLRLyUHZ8rChngrY005x2Iklx4HN670+u5v79A5WKheJOTyPqBXgk2JARrI3Ut4s3l7Dci5iDHFRxYBk5abGgaVHp2yVURSngKnEzUgIZmn37qzcISRxQoQnHSnVdFGkvwVIzwums0IsVjTCZ4BHtGipwQJWXpLfM4KlRBnAYSvOEhqn6eyLBgVLTwDedAdZjtezNxf+8bqyHdS9hIoo1FWSxaBhzqEM4DwYOmKRE86khmEhm/grJGEtMtImvYEJwl09eJe1a1T2r1m7PS416FkcenIAiKAMXXIAGuAZN0AIEPIJn8ArerCfrxXq3PhatOSubOQZ/YH3+AAWslfE=</latexit>

F : (0,⇡,⇡), (⇡, 0,⇡), (⇡,⇡, 0)
<latexit sha1_base64="vYhz+jSlF1sZbNUbjoxM6+mTmq0=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgplJJUweKqIIjLCvYBbSiT6aQdOpmEmYlQQn/Bjb/ixoUibt2582+cpFnU1gMXzpxzL3fu8SJGpbLtH2NtfWNza7uwU9zd2z84NI+O2zKMBSYtHLJQdD0kCaOctBRVjHQjQVDgMdLxJjep33kkQtKQP6hpRNwAjTj1KUZKSwPTur2Gll3pRzStcgVaKbUXH5lQHpglu2pngKvEyUkJ5GgOzO/+MMRxQLjCDEnZc+xIuQkSimJGZsV+LEmE8ASNSE9TjgIi3SS7aAbPtTKEfih0cQUzdXEiQYGU08DTnQFSY7nspeJ/Xi9Wft1NKI9iRTieL/JjBlUI03jgkAqCFZtqgrCg+q8Qj5FAWOkQizoEZ/nkVdKuVZ2Lau3+stSo53EUwCk4AxZwwBVogDvQBC2AwRN4AW/g3Xg2Xo0P43PeumbkMyfgD4yvX88rmTY=</latexit>

T : (⇡,⇡,⇡)
<latexit sha1_base64="/DIzTN2nBkVuf1ZpYhSRRHCyUq0=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpSkFSyeCl48VugXtKFstpt26WYTdjeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZyW9s7u3v5/cLB4dHxiX161lZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP3lY+J0plYpFoqlnMfVCPBIsYARrIw1su3mPSv2Y3WR1PbCLTtlZAm0SNyNFyNAY2F/9YUSSkApNOFaq5zqx9lIsNSOczgv9RNEYkwke0Z6hAodUeeny8jm6MsoQBZE0JTRaqr8nUhwqNQt90xliPVbr3kL8z+slOqh5KRNxoqkgq0VBwpGO0CIGNGSSEs1nhmAimbkVkTGWmGgTVsGE4K6/vEnalbJbLVeebov1WhZHHi7gEkrgwh3U4REa0AICU3iGV3izUuvFerc+Vq05K5s5hz+wPn8AeVCSOw==</latexit>

TopologicalQuantumChemistry.com
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-
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--
-
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-
-
-

-
-

-

--
-

�� = �1, �L = �F = �T = +1
<latexit sha1_base64="UXdGLWYKH3SL2STGQYzf/83kKOU=">AAACInicbZDLSgMxFIYz9VbrbdSlm2ARBLXMVEFdCAVBXbio0Bu0pZxJ0zY0mRmSjFCGPosbX8WNC0VdCT6MaTugtv4Q+PKfc0jO74WcKe04n1Zqbn5hcSm9nFlZXVvfsDe3KiqIJKFlEvBA1jxQlDOfljXTnNZCSUF4nFa9/uWoXr2nUrHAL+lBSJsCuj7rMALaWC37vNGmXEOrcQ1CAL7AR+4hTrz4dmiM5HL1gyWDB27Lzjo5Zyw8C24CWZSo2LLfG+2ARIL6mnBQqu46oW7GIDUjnA4zjUjREEgfurRu0AdBVTMerzjEe8Zp404gzfE1Hru/J2IQSg2EZzoF6J6aro3M/2r1SHfOmjHzw0hTn0we6kQc6wCP8sJtJinRfGAAiGTmr5j0QALRJtWMCcGdXnkWKvmce5zL351kC4UkjjTaQbtoH7noFBXQDSqiMiLoAT2hF/RqPVrP1pv1MWlNWcnMNvoj6+sbacuhEg==</latexit>

(�1)⌫ = �1 ) ⌫ = �1
<latexit sha1_base64="7eYwCXDHQn34EV6IHbAf8/mm0eE=">AAACC3icbVDLSgMxFM3UV62vUZduQotQFy0zVdCNUHDjsop9QDuWTJppQzPJkGSUMnTvxl9x40IRt/6AO//GtB1BWw9cOJxzL/fe40eMKu04X1ZmaXlldS27ntvY3NresXf3GkrEEpM6FkzIlo8UYZSTuqaakVYkCQp9Rpr+8GLiN++IVFTwGz2KiBeiPqcBxUgbqWvniyX36LbDY3gOSy7sXNP+QCMpxT38Ebt2wSk7U8BF4qakAFLUuvZnpydwHBKuMUNKtV0n0l6CpKaYkXGuEysSITxEfdI2lKOQKC+Z/jKGh0bpwUBIU1zDqfp7IkGhUqPQN50h0gM1703E/7x2rIMzL6E8ijXheLYoiBnUAk6CgT0qCdZsZAjCkppbIR4gibA28eVMCO78y4ukUSm7x+XK1UmhWk3jyIIDkAdF4IJTUAWXoAbqAIMH8ARewKv1aD1bb9b7rDVjpTP74A+sj29C3pgH</latexit>



Glide symmetry can protect novel surface states

Image: ArXiv:1605.06824

Glide symmetry: mirror followed by fractional lattice translation

Screw symmetry: mirror followed by fractional lattice translation

gx : (x, y, z) 7! (�x, y, z +
1

2
)

<latexit sha1_base64="kRtyw7cm1BBgtwskHc6EbUFUSf4=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VosZakCoqrohuXFewDmhAm00k7dPJgZiKNod/gxl9x40IRt67c+TdO0yy09cDA4Zx7uXOOEzIqpK5/a7ml5ZXVtfx6YWNza3unuLvXFkHEMWnhgAW86yBBGPVJS1LJSDfkBHkOIx1ndD31O/eECxr4dzIOieWhgU9dipFUkl2sDOzxJSyPq3H1oQJND4VCBrB8kgrHpssRToxJUp9U7GJJr+kp4CIxMlICGZp28cvsBzjyiC8xQ0L0DD2UVoK4pJiRScGMBAkRHqEB6SnqI48IK0kjTeCRUvrQDbh6voSp+nsjQZ4QseeoSQ/JoZj3puJ/Xi+S7oWVUD+MJPHx7JAbMahST/uBfcoJlixWBGFO1V8hHiJVg1QtFlQJxnzkRdKu14zTWv32rNS4yurIgwNwCMrAAOegAW5AE7QABo/gGbyCN+1Je9HetY/ZaE7LdvbBH2ifPxLom9w=</latexit>

gx : (kx, ky, kz) 7! (�kx, ky, kz)
<latexit sha1_base64="TRW2NOYG7V/MnTdi0xEz3EqZPWo=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoQUtSBcVV0Y3LCvYBbQiT6aQdOpOEmYk0hn6DG3/FjQtF3Lpy5984bbOo1QMXDufcy8w5XsSoVJb1beSWlldW1/LrhY3Nre0dc3evKcNYYNLAIQtF20OSMBqQhqKKkXYkCOIeIy1veD3xW/dESBoGdyqJiMNRP6A+xUhpyTXLfXd0CUtDd3Q8dBM9D2XY5SiSKoSlk3nZNYtWxZoC/iV2RoogQ901v7q9EMecBAozJGXHtiLlpEgoihkZF7qxJBHCQ9QnHU0DxIl00mmkMTzSSg/6odATKDhV5y9SxKVMuKc3OVIDuehNxP+8Tqz8CyelQRQrEuDZQ37MoM476Qf2qCBYsUQThAXVf4V4gATCSrdY0CXYi5H/kma1Yp9WqrdnxdpVVkceHIBDUAI2OAc1cAPqoAEweATP4BW8GU/Gi/FufMxWc0Z2sw9+wfj8AYh2nCI=</latexit>

When kx=0 or kx=𝛑, bands labelled by gx eigs 

g2x = �tz
<latexit sha1_base64="v5RJXeJv1xRyXhbMpRcojCAH+0A=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgxbAbBb0IQS8eI5gHJOsyO5kkQ2YfzPSKcclvePGgiFd/xpt/4yTZgyYWNBRV3XR3+bEUGm3728otLa+sruXXCxubW9s7xd29ho4SxXidRTJSLZ9qLkXI6yhQ8lasOA18yZv+8HriNx+40iIK73AUczeg/VD0BKNopE7fe7yvkEtygt6TVyzZZXsKskicjJQgQ80rfnW6EUsCHiKTVOu2Y8foplShYJKPC51E85iyIe3ztqEhDbh20+nNY3JklC7pRcpUiGSq/p5IaaD1KPBNZ0BxoOe9ifif106wd+GmIowT5CGbLeolkmBEJgGQrlCcoRwZQpkS5lbCBlRRhiamggnBmX95kTQqZee0XLk9K1WvsjjycACHcAwOnEMVbqAGdWAQwzO8wpuVWC/Wu/Uxa81Z2cw+/IH1+QOTxpC7</latexit>

)
<latexit sha1_base64="aa+RtvqzfdVoDKVWFQEMlw9hXxM=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE8laQKeix68VjFfkAayma7aZdudsPuRCmlP8OLB0W8+mu8+W/ctjlo64OBx3szzMyLUsENet63s7K6tr6xWdgqbu/s7u2XDg6bRmWasgZVQul2RAwTXLIGchSsnWpGkkiwVjS8mfqtR6YNV/IBRykLE9KXPOaUoJWCzj3vD5BorZ66pbJX8WZwl4mfkzLkqHdLX52eolnCJFJBjAl8L8VwTDRyKtik2MkMSwkdkj4LLJUkYSYcz06euKdW6bmx0rYkujP198SYJMaMksh2JgQHZtGbiv95QYbxVTjmMs2QSTpfFGfCReVO/3d7XDOKYmQJoZrbW106IJpQtCkVbQj+4svLpFmt+OeV6t1FuXadx1GAYziBM/DhEmpwC3VoAAUFz/AKbw46L8678zFvXXHymSP4A+fzB5JpkXE=</latexit> ±ie�ikz/2

<latexit sha1_base64="4uqqZrQhVvqHKqt6qvoc3JpbmVc=">AAAB+nicbVDLTsMwEHTKq5RXCkcuFhUSF0pSkOBYwYVjkehDakPkuJvWqp1EtgMqoZ/ChQMIceVLuPE3uI8DtIy00mhmV7s7QcKZ0o7zbeWWlldW1/LrhY3Nre0du7jbUHEqKdRpzGPZCogCziKoa6Y5tBIJRAQcmsHgauw370EqFke3epiAJ0gvYiGjRBvJt4udRGCG4S47ZgP/8aQy8u2SU3YmwIvEnZESmqHm21+dbkxTAZGmnCjVdp1EexmRmlEOo0InVZAQOiA9aBsaEQHKyyanj/ChUbo4jKWpSOOJ+nsiI0KpoQhMpyC6r+a9sfif1051eOFlLEpSDRGdLgpTjnWMxzngLpNANR8aQqhk5lZM+0QSqk1aBROCO//yImlUyu5puXJzVqpezuLIo310gI6Qi85RFV2jGqojih7QM3pFb9aT9WK9Wx/T1pw1m9lDf2B9/gADapMx</latexit>

eigs:

Wang, Alexandradinata, Cava, Bernevig Nature 532, 189 (2016)

Space groups with a screw or glide symmetry are nonsymmorphic*



Glide symmetry can protect novel surface states
Wang, Alexandradinata, Cava, Bernevig Nature 532, 189 (2016)

kx=0
kz=0

kx=0
kz=𝛑

What does the surface spectrum for kx=0 plane look like?

±ie�ikz/2
<latexit sha1_base64="4uqqZrQhVvqHKqt6qvoc3JpbmVc=">AAAB+nicbVDLTsMwEHTKq5RXCkcuFhUSF0pSkOBYwYVjkehDakPkuJvWqp1EtgMqoZ/ChQMIceVLuPE3uI8DtIy00mhmV7s7QcKZ0o7zbeWWlldW1/LrhY3Nre0du7jbUHEqKdRpzGPZCogCziKoa6Y5tBIJRAQcmsHgauw370EqFke3epiAJ0gvYiGjRBvJt4udRGCG4S47ZgP/8aQy8u2SU3YmwIvEnZESmqHm21+dbkxTAZGmnCjVdp1EexmRmlEOo0InVZAQOiA9aBsaEQHKyyanj/ChUbo4jKWpSOOJ+nsiI0KpoQhMpyC6r+a9sfif1051eOFlLEpSDRGdLgpTjnWMxzngLpNANR8aQqhk5lZM+0QSqk1aBROCO//yImlUyu5puXJzVqpezuLIo310gI6Qi85RFV2jGqojih7QM3pFb9aT9WK9Wx/T1pw1m9lDf2B9/gADapMx</latexit>

gx eigs:Use: T2=-1 and

+i
<latexit sha1_base64="CZHqdl2w5l3rDZcwnYJ/dHofkQE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIIQkmqYI8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi5Fv1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nDzQTjRw=</latexit>

1
<latexit sha1_base64="PMMVAj56CwSF/6ga4otp5Igdjpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeOmMrw==</latexit>

�i
<latexit sha1_base64="NkVNFAXV8j4ZLYwocJsBPKUMszY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5eiXyq7FXcOskq8nJQhR6Nf+uoNYpZGXCGT1Jiu5yboZ1SjYJJPi73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpyiDcFbfnmVtKoV76pSvb8u12t5HAU4hTO4AA9uoA530IAmMAjhGV7hzRk7L86787FoXXPymRP4A+fzBzcdjR4=</latexit>

�1
<latexit sha1_base64="tfgNxvHXG7ZaX6c+rUDud2wirPM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5dev1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+IujOY=</latexit>

+i
<latexit sha1_base64="CZHqdl2w5l3rDZcwnYJ/dHofkQE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIIQkmqYI8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi5Fv1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nDzQTjRw=</latexit>�i

<latexit sha1_base64="NkVNFAXV8j4ZLYwocJsBPKUMszY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5eiXyq7FXcOskq8nJQhR6Nf+uoNYpZGXCGT1Jiu5yboZ1SjYJJPi73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpyiDcFbfnmVtKoV76pSvb8u12t5HAU4hTO4AA9uoA530IAmMAjhGV7hzRk7L86787FoXXPymRP4A+fzBzcdjR4=</latexit>

“Hourglass fermion” kx=0
kz=0

kx=0
kz=𝛑

+i
<latexit sha1_base64="CZHqdl2w5l3rDZcwnYJ/dHofkQE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIIQkmqYI8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi5Fv1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nDzQTjRw=</latexit>

1
<latexit sha1_base64="PMMVAj56CwSF/6ga4otp5Igdjpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeOmMrw==</latexit>

�i
<latexit sha1_base64="NkVNFAXV8j4ZLYwocJsBPKUMszY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5eiXyq7FXcOskq8nJQhR6Nf+uoNYpZGXCGT1Jiu5yboZ1SjYJJPi73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGNT8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpyiDcFbfnmVtKoV76pSvb8u12t5HAU4hTO4AA9uoA530IAmMAjhGV7hzRk7L86787FoXXPymRP4A+fzBzcdjR4=</latexit>

�1
<latexit sha1_base64="tfgNxvHXG7ZaX6c+rUDud2wirPM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRVsMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5dev1R2K+4cZJV4OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMa34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3lWlen9drtfyOApwCmdwAR7cQB3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+IujOY=</latexit>

“Glide spin hall”



KHgSb predicted/observed hourglass fermion

Prediction: Wang, Alexandradinata, Cava, 
Bernevig Nature 532, 189 (2016)

Observation: Ma, et al, Sci. 
Adv. (2017), Ding group



Ad hoc classification of topological crystalline 
insulators leaves open questions:

1. Given a space group, what are the possible topological indices? How do 
topological indices corresponding to different symmetries combine?

?

2. Topological indices are formulated in momentum space, but crystals are 
classified in real space…. How can we find topological materials?!

Z2

Z
Z4Z



Recent insights from 
topological band theory

Topological quantum chemistry diagnoses and predict topological materials
Bradlyn, Elcoro, JC, Vergniory, Wang, Felser, Aroyo, Bernevig


Nature 547, 298–305 (2017)

Symmetry indicators classify stable topological phases in each space group
Po, Vishwanath, Watanabe, Nat. Comm. 8, 50 (2017)

Key: topological bands are not deformable to an atomic limit

1. Identify all atomic limits by their symmetry eigenvalues

2. Bands whose symmetry eigenvalues do not match atomic limit are topological



Within one space group, many ways to arrange atoms

1 atom/unit cell

(triangular)

2 atoms/unit cell

(honeycomb)

3 atoms/unit cell

(kagome)

All atoms are related by symmetry

How to identify all atomic limits?

“Wyckoff positions”



Within one arrangement, many choices of orbitals

2 atoms/unit cell

s (or pz) orbitals px and py orbitals

How to identify all atomic limits?

A space group, Wyckoff position, and orbital define an atomic limit



Symmetry of a single site determines 
symmetry of entire lattice

Identify “site-symmetry group”: 
Gq = symmetries that leave q invariant

Orbitals at q transform under a rep, 𝝆(g), of Gq

Elements of space group that do not 
leave q invariant tile the lattice

qq2

C3, my

s pz px, py

C6

C6, t, …

t



Mathematically: symmetry of single site determines 
representation of entire space group

q q2 q3 q4 …

q

q2

q3

q4

…

Diagonal block

 if g ∈ Gq, i.e, gq = q

Off-diagonal block if g 
interchanges sites

Each symmetry operation 
represented by BIG matrix

How to construct a band representation:

IndGGq
⇢

Zak PRL 1980, PRB 1981, 1982“Band representation”

Group theory: induced representation of subgroup 
uniquely determines representation of group



The symmetry irreps of a band representation in the 
Brillouin zone are completely determined 

k1 k2 k3 k4 …

k1

k2

k3

k4

…

Diagonal blocks form representation of “little group of k”

gk = k+K

q q2 q3 q4 …

q

q2

q3

q4

… k1
k

E

Δ2

Δ1

Fourier transforming matrix gives irreps at any k point

Zak PRL 1980, PRB 1981, 1982



Example: band representation of 1D lattice of s orbitals with inversion symmetry

Space group generators:

… -2 -1 0 1 2 …

-2 1

-1 1

0 1

1 1

2 1

…

… -2 -1 0 1 2 …

-2

-1 1

0 1

1 1

2 1

… 1

Inversion translation by 1

Inversion 
center

q=0 q=1 q=2 q=3q=-1q=-2q=-3



Example: band representation of 1D lattice of p orbitals with inversion symmetry

Inversion 
center

Space group generators:

… -2 -1 0 1 2 …

-2 -1

-1 -1

0 -1

1 -1

2 -1

…

… -2 -1 0 1 2 …

-2

-1 1

0 1

1 1

2 1

… 1

Inversion translation by 1

q=0 q=1 q=2 q=3q=-1q=-2q=-3



Fourier transform yields inversion eigenvalues at k=0 and k=𝛑

Atomic limit s orbitals:

-� � k

E

+ +

Atomic limit p orbitals:

-� � k

E

- -

Repeat with atoms shifted by half a unit cell:

Atomic limit s orbitals:

-� � k

E

+ -

Atomic limit p orbitals:

-� � k

E

- +

These four “atomic limits” capture all possible inversion eigenvalues in 1D!



What are the inversion eigenvalues of 
all possible atomic limits in 2D?

Atom positions:

(0, 0)
<latexit sha1_base64="uj1EdGfHMaETwfS7X0KR2sXkszY=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahgpTdKthjwYvHCm5baJeSTbNtaDZZkqxQlv4GLx4U8eoP8ua/MW33oK0PBh7vzTAzL0w408Z1v53CxubW9k5xt7S3f3B4VD4+aWuZKkJ9IrlU3RBrypmgvmGG026iKI5DTjvh5G7ud56o0kyKRzNNaBDjkWARI9hYya+6V+7loFxxa+4CaJ14OalAjtag/NUfSpLGVBjCsdY9z01MkGFlGOF0VuqnmiaYTPCI9iwVOKY6yBbHztCFVYYoksqWMGih/p7IcKz1NA5tZ4zNWK96c/E/r5eaqBFkTCSpoYIsF0UpR0ai+edoyBQlhk8twUQxeysiY6wwMTafkg3BW315nbTrNe+6Vn+4qTQbeRxFOINzqIIHt9CEe2iBDwQYPMMrvDnCeXHenY9la8HJZ07hD5zPHxMLjYM=</latexit>

(1/2, 0)
<latexit sha1_base64="hMNrOiJ0xRvZalzR7xuMoCbuwdo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQeJuFPQY8OIxgnlAsoTZSW8yZHZ2mZkVQshHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8NOME/YgOJA85o8ZKrbJ3Wb1wz3vFkltx5yCrxMtICTLUe8Wvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/Mz52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IS3/oTLJDUo2WJRmApiYjL7nfS5QmbE2BLKFLe3EjakijJjEyrYELzll1dJs1rxrirVh+tSrZbFkYcTOIUyeHADNbiHOjSAwQie4RXenMR5cd6dj0VrzslmjuEPnM8f9dyOAQ==</latexit>

(0, 1/2)
<latexit sha1_base64="rceYI8mOfuopTqmG86GQ/lsShfw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQeJuFPQY8OIxgnlAsoTZSW8yZHZ2mZkVQshHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8NOME/YgOJA85o8ZKrbJ74V1Wz3vFkltx5yCrxMtICTLUe8Wvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/Mz52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IS3/oTLJDUo2WJRmApiYjL7nfS5QmbE2BLKFLe3EjakijJjEyrYELzll1dJs1rxrirVh+tSrZbFkYcTOIUyeHADNbiHOjSAwQie4RXenMR5cd6dj0VrzslmjuEPnM8f9dCOAQ==</latexit>

(1/2, 1/2)
<latexit sha1_base64="ECzP3VEe0vYdelNigCYe3bh8rvI=">AAAB8HicbVBNSwMxEJ2tX7V+tOrRS7AIFaTuVkGPBS8eK9gPaZeSTbNtaJJdkqxQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v53c2vrG5lZ+u7Czu7dfLB0ctnSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxrczv/1ElWaRfDCTmPoCDyULGcHGSo8V76J2buusXyq7VXcOtEq8jJQhQ6Nf+uoNIpIIKg3hWOuu58bGT7EyjHA6LfQSTWNMxnhIu5ZKLKj20/nBU3RqlQEKI2VLGjRXf0+kWGg9EYHtFNiM9LI3E//zuokJb/yUyTgxVJLFojDhyERo9j0aMEWJ4RNLMFHM3orICCtMjM2oYEPwll9eJa1a1bus1u6vyvV6FkcejuEEKuDBNdThDhrQBAICnuEV3hzlvDjvzseiNedkM0fwB87nD9cUjnc=</latexit>

1a
<latexit sha1_base64="ZquWoC/NBF6uUZWZCOZjIvZ+m60=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDx4dlCtu1V2ArBMvJxXI0RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z6miETd+trh0Ri6sMiRhrG0pJAv190RGI2OmUWA7I4pjs+rNxf+8XorhjZ8JlaTIFVsuClNJMCbzt8lQaM5QTi2hTAt7K2FjqilDG07JhuCtvrxO2rWqd1Wt3dcrjUYeRxHO4BwuwYNraMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+ADN5jSI=</latexit>

1b
<latexit sha1_base64="UEhOpiTu2Wj9Jj/fIPw6PhF4yzs=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD14wKFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDGz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtGtV76pau69XGo08jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ATT9jSM=</latexit>

1c
<latexit sha1_base64="FoT7JfmYj80TpyNSeEApX8+DCbo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDx4blCtu1V2ArBMvJxXI0RyUv/rDmKURV8gkNabnuQn6GdUomOSzUj81PKFsQke8Z6miETd+trh0Ri6sMiRhrG0pJAv190RGI2OmUWA7I4pjs+rNxf+8XorhjZ8JlaTIFVsuClNJMCbzt8lQaM5QTi2hTAt7K2FjqilDG07JhuCtvrxO2rWqd1Wt3dcrjUYeRxHO4BwuwYNraMAdNKEFDEJ4hld4cybOi/PufCxbC04+cwp/4Hz+ADaBjSQ=</latexit>

1d
<latexit sha1_base64="ovxPhcC3B9J6ixQb/7xEqRWflD8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGK/YA2lM1m0i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+nfmdJ1SaJ/LRTFL0YzqUPOKMGis9eOGgUnVr7hxklXgFqUKB5qDy1Q8TlsUoDRNU657npsbPqTKcCZyW+5nGlLIxHWLPUklj1H4+v3RKzq0SkihRtqQhc/X3RE5jrSdxYDtjakZ62ZuJ/3m9zEQ3fs5lmhmUbLEoygQxCZm9TUKukBkxsYQyxe2thI2ooszYcMo2BG/55VXSrte8y1r9/qraaBRxlOAUzuACPLiGBtxBE1rAIIJneIU3Z+y8OO/Ox6J1zSlmTuAPnM8fOAWNJQ==</latexit>

Inversion eigenvalues for s orbitals
(0,0) (0,𝛑) (𝛑,0) (𝛑,𝛑)

1a + + + +
1b + — + — 
1c + + — — 
1d + — — + 

(0,0) (0,𝛑) (𝛑,0) (𝛑,𝛑)
1a — — — — 
1b — + — +
1c — — + + 
1d — + + — 

Inversion eigenvalues for p orbitals

Always an even number of negative 
inversion eigenvalues!

A band structure with an odd number of negative inversion 
eigenvalues is not an atomic limit phase ⇒ must be topological



Goal: compute all atomic limit phases for all space groups

But how to enumerate an infinite list?

Band representations decompose into (finite number of) 
elementary band representations Zak 1980

(Why? So that we can identify topological crystalline insulators in any space group)

1. Elementary band reps are induced from irreducible 
representations of Gq

2. All EBRs can be induced from representations of 
maximal site-symmetry groups

⇒ Finitely many EBRs



How many EBRs are there?

Large but finite number, estimate:

(230 space groups) x (3 max Wyckoff pos.) x (3 irreps) = 2070

Actual: no TR TR

Single-valued irreps 
(spinless) 3383 3141

Double-valued irreps 
(spinful) 2263 1616

⇒ 10,403 total EBRs



Symmetry labels for all EBRs are enumerated 
on the Bilbao Crystallographic Server

http://www.cryst.ehu.es/

Elcoro, et al J. Appl. Cryst. 50, 1457 (2017)

Bradlyn, Elcoro, JC, Vergniory, Wang, Felser, Aroyo, 
Bernevig Nature 547, 298–305 (2017)



Atom arrangement
Orbital

High-symmetry 
points}

Each column is elementary band representation



We can now identify topological bands

Topological bands are not a “sum” of elementary band representations

Smooth deformations cannot change symmetry labels

✓Γ1
K1
K2

M1

See also: Po, Vishwanath, Watanabe, Nature Comm. 8, 50 (2017), 

Shiozaki, Sato, Gomi, PRB 95, 235425 (2017)

Bradlyn, Elcoro, JC, Vergniory, Wang, Felser, Aroyo, Bernevig

Nature 547, 298–305 (2017)



Steps for materials search:

1. compute band structure


2. compute symmetry irreps


3. compare to irreps on server

For every known chemical compound:

TopologicalQuantumChemistry.com
Vergniory, Elcoro, Felser, Regnault, Bernevig, Wang Nature 566, 480 (2019)

See also: Materiae http://materiae.iphy.ac.cn 

Zhang, et al, … Chen Fang Nature 566, 475 (2019)

http://TopologicalQuantumChemistry.com
http://materiae.iphy.ac.cn


Summary
Crystal symmetry can protect and identify 

topological phases

-----
-

----
-

-
--
--
-

-
-
-
---

Exs: mirror Chern, inversion index, hourglass, … 

Symmetry indicators can be determined from 
elementary band representations

Materials: TopologicalQuantumChemistry.com
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