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review of MPS and many of the figures in this talk: Kjall, Zaletel, Mong, Bardarson & Pollmann 2012



Outline

e Day 1: Introduction to tensor network numerics

* Entanglement and the Schmidt decomposition
 1D: the matrix product state ansatz

« DMRG
* 2D: the ‘tensor network’ ansatz

 Dimer & RVB wavefunctions

* Open problems

 Day 2: Entanglement spectroscopy: detecting emergent
anyons in NUMerics



Goal:

Find an unbiased method for numerically calculating the low energy
properties of any local (perhaps frustrated) quantum Hamiltonian
INn a time which is polynomial in the system size (or independent of
system size with translation invariance).

Some amusing cold water first:

[David Pérez-Garcia, Toby Cubitt & Michael Wolf]
Our result (informal statement)

Problem (Spectral Gap): Theorem:
Input: nearest-neighbor interaction h The Spectral Gap problem is undecidable.
Output: decide if H has a gap or not. 1

There is no algorithm that on input h decides it

Corollary: There exist nearest neighbor interactions for which the existence or
absence of gap cannot be proven within the axioms of mathematics.

[from David Pérez-Garcia]



he storage problem

L

r N

Mot

Classical: [}
110---1 = S:logQ(QL):L

Information linear in system size

Quantum: W) = Wo [11 ) 4+ Oy [§1 )+ U [pL )+

(floating points)
{V:} = S~4.8.2F

Information exponential in system size (limits exact-diagonalization)



Quantum compression?

O O 'l mz_thesis — bash — 63x7
michaels-mbp-2:mz_thesis mzaletel$ 1ls -s

total 1368

1040 mz_thesis.tex 328 mz_thesis.tex.zip

michaels-mbp-2:mz_thesis mzaletels §

My thesis actually contains surprisingly little information...

We are interested in states which have low energy for local Hamiltonians

How big is the important space?

H

ground states




Hokey Estimate | H

ground states

Parameterize space of ground states via space of local Hamiltonians:
L
H = E H;
1=1
Finite info for each [:[ , SO

S o L



Estimate Il: the ‘convenient illusion of Hilbert space’

from Poulin, et al., 2011

The Setup:

Start in a product state: ‘t = O> — ®£:1 ‘T>

Time evolve under an arbitrary k-body Hamiltonian: H (¢)

After any time t ~ poly(L) we can only access a fraction

Vol({[t)}) _ ;1 o

1
Vol(H) € <

of the many-body Hilbert space



Schmidt decomposition

O H=HLRHR

DLaDR

V) = Z Wiili)r 1) R D X Dpr #s
ij=1

It A & B are uncorrelated (not-entangled), there is a special basis in which

) = ‘O‘>L ‘04>R D; + Dp #s

More generally, there is a special basis - the Schmidt basis in which

X
W) = Z Ao |O) |0 R X X (D1, + DRr) #s
a=1



Schmidt compression

O H=HL®HRr

X
|\Ij> — ZAa|a>L‘O¢>R X X (Dr, + Dr)#s
a=1

The “entanglement entropy:”

» AL=1, Sp=-> Allog(\)

When
BSE < DL

we can keep only important contributions and compress the state!



A qubit of entanglement

(1Ma+10a)(I1 D5 +]1)5) =pS=0

l\Dlr—t

[¥) =

W)= —=(INal Vs +10al thp) ™S =log?2

7
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Example: 1D transverse field Ising model
Slightly perturbed from QCP L L

.
(48 ) (48 )

Cut length 2L chain in half: 'A‘..E' ° .B °
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he Area Law

[Srednicki]

Ground states: SE(K) ~ P

Proven in 1D for gapped states [Hastings 2005
Mild violations for certain critical systems (1+1 CFT, Fermi surfaces...)

Volume law expected at finite energy density (eigenstate thermalization)



he Area Law:  Sg(¢) ~ £P~1 for D = 1 spin chain
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he MPS Ansatz

[Fannes et al. 1992; Ostlund & Rommer 1995]

Penrose graphical notation:

_a .
_ 1
= A/

N i)a 1)
P 1 00000000
cut state in half A : B
X A
L 2 J
V;; =Yy AL\B] |
o
| | A8
| | — | | Still giant Hilbert space:
i i  j«—  half the chain
o ./
Step 2: i) A |P> 7") B
from the right A R’

\

X

P D !/ pi

Bl =) Th;\;B'%
B=1

T

Schmidt coefficients
1 bond to right



he MPS Ansatz

IF'AN\NTATATATA

Step 3 \IjZl’LQ —
repeat! ?—o—?—o—o—o—?—o—?—o—

X
— Z NG ]21)\£X]F£X]’g )\Ex] -o-)\gN_l]FLéN]iN

Compressed L-site wavefunctioninto L d-Xx - X tensors



MPS: Computing observables

Exact diagonalization: ~ C’)(eO‘L)

< (') >
(Y|Ol) = ©
S R

MPS: ~ O(x*)

(Y|Ol) =




MPS: Computing observables Simplification Rule: [Vidal 2007)

I A AT
($]Of) = - Ii}} ICI 1<
*A AT

® [ ocal expectation values

v AT
o) = -CI&]
AT A

® Correlation functions

0" srararara O

wiorol) = | ey

ATALAT AT A
® Correlation length: Second largest eigenvalue of the transfer
matrix



DMRG : Density Matrix Renormalization Groupp

[White 1992; McCullough 2008]

Given H , how do we find good a MPS approximations to the g.s.”?

MPS: {TWINUIY — o)

(| 4 |¥)

Minimize E(I‘[j])\m) — I3

Non-linear minimization problem

Strategy:

1. Hold all tensors fixed but those at site |
2. Solve quadratic problem at site |
3. Move onto site | + 1; repeat

Review of algorithm: Kjall, Zaletel, Bardarson, Mong & Pollmann 2012, 1212.6255



(W H

1]9)

AT ATATATA

Review of algorithm: Kjall, Zaletel, Bardarson, Mong & Pollmann 2012, 1212.6255

Transverse Field Ising: M =

Screws up MPS structure!

M M M M M

\ VAN VAN VAN VAN
/ N N N N

o, 0 O

go, o0, 1

[Verstraete, Porras & Cirac 2004; Murg 2008]
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Review of algorithm: Kjall, Zaletel, Bardarson

, Mong & Pollmann 2012, 1212.6255



Focus on |, R

two sites
rA TATATATA

= (O Heyr |©) = o i e Do

A L Lok,

FA FA FA FA FA

MA TN TPA

%R — %l\i %M N R Variational Wavetunction:
(FA)*AC& (FB)*A%-W (FB)* B AB FA AA FB AB @
° >
A rA AA " AA re Y Y
o DO Orthonormal basis for
N Ay A 2 sites + L / R Schmidt states

Review of algorithm: Kjall, Zaletel, Bardarson, Mong & Pollmann 2012, 1212.6255



Lower the energy by finding the ground state
of effective Hamiltonian (Lanczos, etc.):

(11) ®

1 MK

<>
<
PCJ||
I
z
)

Heff ‘é> = Fy |@>

This is where you burn CPU hours:

Review of algorithm: Kjall, Zaletel, Bardarson, Mong & Pollmann 2012, 1212.6255



Bring ansatz back to MPS form O —

Z | o a ‘ 8% 110012 ........... ”“... ....................................

0 5 10 15 20 25 30

(iii)

® L XAY
< Y Y

(iv) — —

AAY AB AB A AA TB AB

(AB>T v Y

Review of algorithm: Kjall, Zaletel, Bardarson, Mong & Pollmann 2012, 1212.6255




Update L / R
environments
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Review of algorithm: Kjall, Zaletel, Bardarson, Mong & Pollmann 2012, 1212.6255
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“Sweep” until TATATATATA
convergence MM M M M

ok o Lok ok,
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Review of algorithm: Kjall, Zaletel, Bardarson, Mong & Pollmann 2012, 1212.6255



Comments

Algorithm works unchanged on an infinitely long system with periodic
unit cell: “iIDMRG”

[McCullough 2008]

SE
Complexity: length / unit cell = L X ~ €

(holding Hamiltonian fixed)
: 1D gapped: Sg ~ const
CPU: [,X‘5

C
1D CFT: Sg ~ ; log(&/a)

RAM: LXZ oD: Sg ~ L, @Y



Ime evolution
T*A TP A TUA TPA A

Trotter-decompose U(dt) Nt V V = V YU
INnto 2-site gates: t | U | | U |
\
(i)/l rar , (i) O (iii) X T ¥
-> - O

79000 —ﬂ— - T T s

4 SN
EBD [Vidal 03] l J J HEL " SO A

v )
1 ' AT 1 X AY

Dynamical structure factor: S(k, w)

C(a,t) = (olS; (£S5 (0)tho) B

RERRIVARER

TTTTT/,-l-J‘TTT

S . - /| \: 2
S(k,w) = / dte=F=TNC(z,t)
T — 00



Ime evolution

Experiments of Coldea, et al.: 1D TFI perturbed by order parameter

H= Iy 8iSia-ESi-nREs O

— J Z stx+1+ 'n+1 +JBZ n n+2

Dynamical Structure Function k=0

1
’ 05D =» Experiment O 1 g
08 7 @ 1storder x| 2 3
S25 : - 06 * MPS+ 3o
= =
= 06 4 4B
5 <04 'l @ 5@
g) 2 i 0.4 é\ | | : .. | c.<2.
5 = b
" b2 £92 v v |
M 05 0 ,05 1 1 12 14 16
k (1.25/A) Energy (meV)

[from Kjall 2011]

Near QCP: masses of emergent excitations root lattice of E_8



2D DMRG: The Kludge (alias - snake

Order the 2D lattice into 1D chain with longer-range interactions

CALILLLLL L LD L

Ly 00— 80— 80800080000

00— —0 90— 00— —0e—9

[from Stoudenmire 2011]

Ly

Entanglement scales with circumference: Sg ~ L,

Complexity: LmLyeaLy eaLwLy
DMRG Exact Diagonalization



2D DMRG

Works if you are lucky
(i.e., near thermodynamic limit on small cylinders)

Frustrated magnetism &
Spin-liguids on cylinders

Science

[Yan, Huse, White 2010]

Fractional quasiparticles in

the fractional quantum hall effect
o .
»

T 15F ]
. o
i !
D S o i~

-30 -20 -10 10 20 30

0
e

[Zaletel, Mong, Pollmann 2012]

More on measuring topological order
INn these studies tomorrow



2D

ensor network:

[Verstraete & Cirac, 2004]

(a)
MPS

he Hope

(b)

PEPS

[from Roman Orus, 1306.2164
Great review!]



Example: dimer model

B . . YL
. B B B
” A
‘i I~ < IS ‘1 I ‘i
~ ' ~ 'S ~ ' ~
Kagome NN dimer covering: \l, s ’,\I/ 1

I~ 1 I~ < I~ 1 I
B i il
. B B B
7’ ” s
s I 2 IS »~2 IS »

[from Yejin Huh, 2011]

W) = Z lhardcore-dimers)

dimer coverings

[RVB PEPs examples: Schuch, et al. 2012]



N for dimers W) = Z 'hardcore-dimers)

dimer coverings

v e e e -
° l e @ o l e 0 o l ° Using different topology than square
T/o e T Ao | e e TN: but you can always regroup things

® o .

N N S to turn it into “standard” form
beogedaoedsss x=2: aec{01}

N LN LN

o b
Oéfﬁ o = 0: no dimer X
b __— p=T1:dimer
o
( i — o — (1 it 5—1
AP, = L ifp=a=p Bogy—{ b Hatftrs
o 0 if else \O if else

\

Glue presence of dimer to “virtual” index  The constraint (no physical index)



Why is Kagome still being studied with snakes”

Square-lattice
J

Energy Accuracy Per Site

Finding the 2D TN Is hard!

e et et o e et ¢ e R ¢ e o ¢ o om0
.- iPEPS, D=4

-- iPEPS, D=5 |

— iPEPS, D=6 |

+—= DMRG, m=800

= DMRG, m = 1400

i - DMRG, m = 3000 _

: «— DMRG, m = 4000

I : | . : | | ]

6 8 10 12 14

Ly

[from Stoudenmire 2011]



Why is Kagome still being studied with snakes?

*** Unsolved problem O: which phases of matter can
be represented by finite dimensional 2D TN? ***

1D MPS: represents gapped states of local H
2D TN: not known (certain things can't be: fermi surface)

“** Unsolved problem 1: what is the right way to
approximately calculate observables in a 2D TN? **

Calculating expectation value in MPS exactly: linear complexity in size
Calculating expectation value in 2d TN exactly: exponential complexity in size

“** Unsolved problem 2: what is the right way to
find a 2D TN given H? ***

3
DMRG: it works. complexity X
2D TN: algorithms proposed, but not fully understood 3 10
what the nature of the approximations is. complexity Y~ — °x
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Outline

 Day 1: Introduction to tensor network numerics

 Day 2: Entanglement spectroscopy: detecting emergent anyons in
NnuUMerics

* [opological entanglement entropy & quantum dimensions
* [he entanglement spectrum

* Jopological degeneracy of the cylinder

 Minimally entangled states

« The Kagome SL

e Jopological Spin & Momentum Polarization
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Spontaneous
Symmetry
Breaking

(@)

Liquid /
disordered

Gapped
spin liquid

* ‘Fermi’
° surface  Dirac xsL
. point
[
. trivial
paramagnet
really trivial
paramagnet 22[0, 7]y fPSG
v
/Z_2 symmetry
protected topological Uniform RVB

paramagnet



W~

Gapped

spin liquid
) Intrinsic topological order:
- 1. Emergent quasiparticles
trivial with ‘anyonic’ braiding and statistics
Paraigaeii J  2.e.g.visons & spinons in Z_2 SL
really trivial
paramagnet 2210, 7]y fPSG
v
Z_2 symmetry
rotected topological Unif RVB -
e aramaanet N o Symmetry enriched

° topological (SET) order:

1. Further distinctions between phases based
on anyons with “fractional” quantum #s

2. e.g. e /3 charge of Laughlin quasiparticle

‘Symmetry protected’ topological (SPT) order:
No anyonic excitations: distinction requires symmetries
Quantized responses to flux threading (+generalizations)
e.g. 1D spin-1 Haldane chain (AKLT), 2D IQHE, topological insulators

(also chiral order: p+ip superconductor)



SSB.
Detect from order parameter

H==) (05051 +4907)
j

(57)

|
M EIEEEEE Y

Ordered

Disordered

Topological order.
Need non-local order parameter:
quantum entanglement

[from Pollmann]



Nothing on symmetries today. Just “intrinsic:” TQFT

Goal: given ground state wavetunction,
can we determine the topological order?




Yesterday: Entanglement Entropy

S =—Tr|palog(pa)] Z)\Z log( )\2

S = al — const + O(e /%)

SN

Area law: UV physics Dimensionless: universal?



Topological Entanglement Entropy
[Kitaev & Preskill, Levin & Wen 2006]

area law corgers TEE
SB — a|8B\ -+ ZCi — 7y —I—C’)(e_£/§)
1=1
Garbage Gold



Topological Entanglement Entropy
[Kitaev & Preskill, Levin & Wen 2006]

In the ground state:

5
Sp = a|0B, —I—Zci—fy

1=1

—I-O(e_£/£)
—v = SaBc —9AaB — SBc — Sca + Sa+ S+ Sc

Should be a universal quantity sensitive to ‘non-local’ part of S



TQFT says...

Stopo — 253 — 354 — —logD = —Y . (15)

Eq. (15) is our main result. Note that it follows if we

from Kitaev & Preskill 2006

yes but what is D 7



Quantum dimensions: a tiny intro

Pin down N anyons on a disc or sphere:

1 it N =20
~dY  as N> 1

robust quantum memory! - ?7

Energy
spectrum: A

gsd {

osd =

d > 1 : the ‘quantum dimension’ of anyon a

d, =1 :‘abelian’ anyon d, > 1 : ‘non-abelian’ anyon



TEE: the 'total guantum dimension’

—y =5aBc — S4B — Spc — Sca+ 5S4+ S+ Sc

#species

~ = log(D), D = \ > 2
a—=1

total quantum dimension’

/_2 Gauge theory = toric code = Z_2 SL:
ac{l,e,m,em}, dy=1, D=+v1+1+1+1=2, v =log(2)

‘Trivial’ phase: no anyons
ac{l}, dy=1, D=vV1=1, y=1log(l) =0

v > ) : anyons!



This is hard to do in small systems:

We will return to the practical “cylinder” way shortly:
but we need to figure out some subtleties first!



Using entanglement to detect an anyon

Suppose you've taken note of the properties

. . and an excitation wanders in
of a region (density, energy, etc...)

g

Can you tell if the excitation is an anyon”?

Can you tell what type?



Using entanglement to detect an anyon

Of course! use mutual statistics

) = Sa?

Syp2=1Va = 7=1



Using entanglement to detect an anyon

Detecting an anyon requires a loop:
just like a gaussian surface detects charge

Can an entanglement cut serve as
a “gaussian surface” for detecting “anyon charge” ?




Using entanglement to detect an anyon

W) = ZAa ) 4 ) g

» Al=1, Sp=->» Alog(\2)



The entanglement spectrum
W) = Z)\a ) 4 ) p A
(87

Schmidt states can be assigned good
guantum numbers: (here ang. momentum)

L~ |04>B = L ‘04>B

<
w10-—:;;§§§§§§::§§§
~ - =—zsze=s7 ZEE=S
a -S=S5557 _ZSE-S
l : —==Ee=
of = from FQHE, Moore-Read state

[Zaletel, Mong & Pollmann 2012]

10 15

1
)
o
0]

Momentum



- 5 0 5 10 15 Aside:

Moment

It Is not in general true that the low - energy
part of the entanglement spectrum “is” like
the low energy part of the physical edge theory

Certain averaged properties - like entanglement entropy -
are robust. These depend on the high energy part of ES.

Anomalies of physical edge = anomalies in entanglement edge
(this is how charge pumping works)



Numerical experiment: .-»

If B is big, ES changes it and
only if @ is an anyon!

[Kitaev & Preskill 2006; Papic et al. 2010]

Er = —log(p)

K

K




Numerical experiment:

O 9

Anyon 1 S B /\

guantum dimension

/of anyon that entered!

} AS = log(d,)

Anyon 2 Sn

“simulated”
(i.e. made up)

[Kitaev & Preskill 2006; Papic et al. 2010]



TEE: Take |l

(continuum, smooth cut: no garbage)

S = a|0B| — log(D) + log(d,)

a = 1 (no anyon) is special case



Topological ground state degeneracy

BSOS eTess

Sphere:
generically unigue
ground state

Torus:
m degenerate
ground states

TI1 : # of anyon species



he cylinder has genus too!

Infinitely long cylinder: same gsd Tl as torus!

(we’ll remind ourselves why shortly)

1> 9950009, 8387

o T TR, _

Great for numerics! No edge eftects,
uses full translation invariance, and still has gsd

[Cincio & Vidal 2012; Zaletel, Pollmann & Mong 2012]



Sorting out cylinders

Entanglement entropy of
infinite cylinder vs circumference

035 " (a) .
% 0.30} -
| ~Z_o0.25} : :
%3 0.20} :

5 | | | |
0 5 10 15 20 25

L/lg

5 10 15 20
L/lg
[Zaletel, Mong, Pollmann 2013]



Minimally entangled states

[Zhang, Grover, Turner, Oshikawa & Vishwanath]

N
\
\
\
1
1
A B

\
1
1 I
1
II l
/, /
- -

Infinite cylinder: S = o, — =y

What's "y ?

Naive answer: like a disc, log(D)
Answer: it depends!

There is anTTldimensional manifold of ground states:

the E.E. depends continuously on the state

m

S(ei) = S[) _calay]

a=1

0.84
064 ¢
> 044

024

0.0




Minimally entangled states

local minima of
entanglement

There is a special basis {\a}}

which are local minima of entanglement; in this basis

S, = al. — log(D) + log(d,)

< > [experts: subtle
| CI/> anyon types when [Tx,Ty] PSGS]



The minimally entangled states have
“definite topological flux threading the cylinder”
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What does this mean?



A more physical picture

) Standard story:
d (like strings in toric code)

b Y

S |

f;j separate pp pair around cylinder

(unitary operators in

FC ground state manifold)
- Separate cc pair out to infinity



A more physical picture of MES
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1N dimensional representation:

GSD



A more physical picture of MES a)

o
. - Fa
C b
'Falz |a> — |b . a> Permutes MES

|a/> Sba
Sb1

Unless you try really hard DMRG always
produces MES basis (for two reasons...)

b
Fyla)

Diagonal in MES



Example: MES of the Kagome Heisenberg Model

[from Yan, Hus & White 2010]

S = 3/2 per unit cell: H.O.L.S.M.A. says either

[Lieb, Schultz & Mattis 1961; Oshikawa 2000; Hastings 2003]

1. SSB (not seen in dmrQ) (o 'tr & agnet)
2. Gapless (DMRG gap = 0.05 J)

3. Topologically ordered

What type of topological order?



Kagome TEE Oy Y

(&)}
-~

NN NN E /
NN . sf s, A
- \ - 5 3 84 . AL aa
\ . : o
=3 N 2 4 °
o N\ N\, g fitto Sp ——n
w 2 E 3 fit to Ss """
> @ _
a | 'z fit10 Sy v
o c 2 .
.. 1 o fitto Ss R
s - J2=0.10 1
e J2=0.15
0 0
L e e TR e = p L ‘ ‘ .
0 2 4 6 8 10 12 0 2 B 6 8 10 12 14
Ly circumference ¢

Jiang, et al. Nature 2012 Depenbrock, et al. PRL 2012



Enumerate all TQFTs with T-reversal & D < /5

Two contenders: Z2 gauge theory or double semion

Both havey = log(2); close to numerics

Double semion impossible for subtle symmetry reasons
[ Zaletel & Vishwanath 2014]

Seems like Z_2 Gauge-Theory (toric code)
- just like we've heard about this week!

{l,e,m,em} < {1,b,0, f}

Bosonic spinon (b)
Vison (V)
Fermionic spinon (f = v b)



Entanglement spectrum Spin-probability

(by momentum) distribution in ES
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—log(p, )

—log(p, )

Entanglement spectrum
(by momentum)

—log P(S°)
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Spin-probability
distribution in ES
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Which is bosonic spinon, and which is fermionic?

Entanglement spectrum Spin-probability
(by momentum) distribution in ES
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The “topological spin” e27tha

Mutual statistics of b / f the same. Need to examine:

Ol =al=00 bu=eme 8
\a a a U(27) = ¢?™ilhat2)

0

T

Bosonic spinon: 1 = ¢* Fermionic spinon: —1 =¢€*



‘Momentum polarization”
[Zaletel, Mong & Pollmann 2012; Tu, Zhang, Qi 2012]

Entanglement spectrum
(by momentum)

Spin-probability
distribution in ES
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Take “thermal average” of the momentum quantum #s:
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The topological spin!

SZ

Ly,

[Details for Z_2 spin liquid in Zaletel, Lu & Vishwanath]

I
2

3

4



_log(pa)

—log(p, )
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Entanglement spectrum
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Fermionic Spinon




Gapped

spin liquid
trivial
paramagnet
really trivial |\/|Ol’e tO sq
paramagnet Z5|0, 7]y fPSG y .
7 5 symmetry once you know MES &
protesetf:r;c;gzlgtgical Uniform RVB . topo Ol’del’ yOU can
*  find “SET” order: the
projective symmetry group
Mike Zaletel

Station Q Thanks!
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