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Large N theories 3

What is Holography?

I AdS/CMT or holography = gauge/gravity duality

I gauge theory: e.g. 4D N = 4 supersymmetric Yang-Mills

L ∼ N

λ
tr
(
F 2 + (DΦ)2 + [Φ,Φ]2 + · · ·

)
where Φ is N ×N matrix, F = dA, A is SU(N) gauge field

I quantum gravity theory on AdS5 × S5:

S =

∫
d5x
√−g

(
R− 2Λ

16πGN
+ · · ·

)
[Maldacena; hep-th/9711200]

I S5 is a usually ignored “internal space” – so we say that
the (quantum) gravity theory lives in one higher dimension

I when λ� 1 and N � 1, gauge theory is strongly coupled,
and gravity is approximately classical: GN ∼ N−2

I no proof, but much evidence, for this duality
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Large N theories 4

Why should condensed matter care?

I relevance of this duality for CMT:
I quantum matter without quasiparticles

I “geometrization” of many-body entanglement
I finite temperature, density, disorder are tractable
I real time dynamics (near or far from equilibrium)

I “but the large N limit isn’t realistic...”
I ...we already break realism (large N expansion, d = 3− ε,

all-to-all interactions, etc.)
I some parts of the holographic large N limit are pathological,

some are not – don’t take cartoons too seriously!
I effective theory teaches us that the lack of a microscopic

model isn’t a bad thing
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Large N theories 5

Failures of perturbation theory

I the “most common” approach to CMT:

H ∼ εc†c+ gc†c†cc+ · · ·
choosing the right quasiparticle c, perturb around solvable
limit g = 0

I large N expansion: g ∼ 1/Nα; small ε expansion: g ∼ εα
I therrmodynamics may not change much...

〈E〉 ∼ E0(β) + gE1(β) + · · ·

I ...but dynamics is singular: e.g. conductivity

σ(ω) ∼ 1

g2 − iω
+ · · ·

this is often unphysical when g = 1 (strong coupling)
[Damle, Sachdev; cond-mat/9705206]
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Large N theories 6

What to look out for

I organize around desired observables, not quasiparticles:
I Jµ – charge current operator
I σij = 〈J iJj〉 – electrical conductivity tensor is two-point

function
I holography is a tractable theory of only Jµ! (and

energy/momentum)

I at strong coupling, a universal Planckian time scale?

τrelaxation ∼
~
kBT

with T the temperature

I this lecture: thermodynamics (less new stuff)

I next lecture: dynamics (more new stuff)
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Holographic dictionary 7

The GKPW formula

I conjecture of holographic duality: [Witten; hep-th/9802150]〈
exp

[
i

∫
dd+1xφa(x

µ)Oa(xµ)

]〉
= ZQG[φa(x

µ)]

x
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Holographic dictionary 8

The GKPW formula

I conjecture of holographic duality:〈
exp

[
i

∫
dd+1xφa(x

µ)Oa(xµ)

]〉
= ZQG[φa(x

µ)]

I left hand side is QFT generating function:

〈OaOb〉 = (−i)2 δ2Z

δφaδφb

I ZQG is the partition function of quantum gravity – one of
the fluctuating fields is metric of spacetime gµν

I negatively curved spacetimes =⇒ boundary conditions on
bulk fields φa. these are sources of QFT

I when the QFT is a large N matrix theory N � 1, compute
ZQG by semiclassical saddle point

I gravity background = (state of the) field theory
(temperature, density, disorder, some couplings, etc.)
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Holographic dictionary 9

Bulk and boundary fields

I each bulk field φa dual to boundary field Oa

I bulk scalar (dilaton) of mass m = scalar operator O of
dimension ∆

m2 ∝ ∆(d+ 1−∆)

(note that m2 can be negative!)

I bulk U(1) gauge field = conserved (charge) current Jµ:

∂µJ
µ = 0 =⇒

∫
dd+1xAµJµ =

∫
dd+1x(Aµ + ∂µλ)Jµ

gauge symmetry of bulk is global symmetry of boundary!

I bulk gravity = stress tensor Tµν ; holographic theory has
gravity because boundary theory has energy!
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Holographic dictionary 10

Conformal symmetry

I global symmetry of the field theory, e.g.

〈Oa(x1)Ob(x2) · · · 〉 = 〈Oa(x1 + s)Ob(x2 + s) · · · 〉
is geometric transformation that leaves ZQG invariant

I many holographic theories have conformal symmetry
SO(d+ 1, 2) (scale invariance + Lorentz + a bit more)

I the semiclassical background that’s invariant is AdS:

ds2 = gMNdxMdxN = L2
AdS

dr2 − dt2 + dx2

r2

where (t,x) are boundary spacetime coordinates, and r is
bulk radial coordinate

I this is a saddle point of Einstein gravity:

ZQG ≈ exp

[
i

16πGN

∫
dd+2x

√−g(R− 2Λ)

]
with cosmological constant Λ = −d(d+ 1)/2L2

AdS
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Holographic dictionary 11

Source and response

I given a bulk scalar field φ, with ∆ > (d+ 1)/2,

∇M∇Mφ = m2φ+ gφ2 + · · ·

and m2 = ∆(d+ 1−∆), solution near r = 0:

φ = φ0r
d+1−∆ +

〈O〉
2∆− d− 1

r∆ + · · ·

I source φ0 leading (non-normalizable) term at boundary

I response 〈O〉: subleading (normalizable) term at boundary

I example solution is (if g = 0)

φ ∼
(

r

r2 + x2

)∆
, φ0 = δ(x) 〈O〉 =

1

x2∆

which is two-point function of CFT
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Holographic dictionary 12

Other scale invariant theories

I what if scale invariance is not relativistic?

x→ λx =⇒ t→ λzt

where z is the dynamic critical exponent?

I or what if we have hyperscaling violation?

entropy s ∼ T (d−θ)/z

(e.g. with a Fermi surface, θ = d− 1?)

I the holographic geometry:

ds2 ∼ r2θ/d

[
dr2 + dx2

r2
− dt2

r2z

]



Holographic dictionary 12

Other scale invariant theories

I what if scale invariance is not relativistic?

x→ λx =⇒ t→ λzt

where z is the dynamic critical exponent?

I or what if we have hyperscaling violation?

entropy s ∼ T (d−θ)/z

(e.g. with a Fermi surface, θ = d− 1?)

I the holographic geometry:

ds2 ∼ r2θ/d

[
dr2 + dx2

r2
− dt2

r2z

]



Holographic dictionary 12

Other scale invariant theories

I what if scale invariance is not relativistic?

x→ λx =⇒ t→ λzt

where z is the dynamic critical exponent?

I or what if we have hyperscaling violation?

entropy s ∼ T (d−θ)/z

(e.g. with a Fermi surface, θ = d− 1?)

I the holographic geometry:

ds2 ∼ r2θ/d

[
dr2 + dx2

r2
− dt2

r2z

]



Black holes 13

Finite temperature physics

I black hole = finite T state!

ds2 ∼ r2θ/d

[
f(r)−1dr2 + dx2

r2
− f(r)

dt2

r2z

]
f(r) = 1−

(
r

rh

)d+z−θ

x
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Black holes 14

Fixing the temperature

I black hole horizon where f(r) = 0:

0 = 1−
(
r

rh

)d+z−θ
=⇒ r = rh

I since f ′(rh) 6= 0,

ds2 ∼ r2θ/d−2
h

[
dx2 +

rhdr2

rh − r
− (rh − r)

dt2

r2z−1
h

]
I change coordinate to ρ =

√
rh − r, τ = it:

ds2 ∼ r2θ/d−2
h dx2 + r

2θ/d−1
h

[
dρ2 + ρ2

(
dτ

rzh

)2
]

I avoid conical singularity! τ is periodic with τ ∼ τ + rzh
I this is the same as finite temperature! τ ∼ τ + 1/T ; hence

T ∼ r−zh
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Black holes 15

Bekenstein-Hawking entropy

I horizon area (per unit volume of boundary theory):

area ∼ [length scale]d ∼ gd/2xx ∼ r−d+θ
h ∼ T (d−θ)/z

I recall the previous scaling of the entropy density

s ∼ T (d−θ)/z

I Bekenstein-Hawking black hole thermodynamics:

SBH =
ABH

4GN

I entropy of holographic black hole = entropy of QFT!
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Black holes 16

Finite density and disorder

I study QFT at finite density? in the field theory

H = H0 − µQ, or S = S0 +

∫
dd+1xµJ t

I holographic dictionary: Jµ dual to Aµ; find geometry with

At(r = 0) = µ

I field theory with charge disorder:

S = S0 +

∫
ddxdt µ(x)J t(x, t)

corresponds to inhomogeneous/disordered black hole:

At(r = 0) = µ(x)
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AdS-Reissner-Nordstrom Black Hole 17

AdS-Einstein-Maxwell theory

I what geometries actually solve the bulk equations?

I simplest holographic theory with a conserved charge:

S =

∫
dd+2x

√−g
(
R− 2Λ

16πGN
− 1

4e2
F 2

)
I AdS-Reissner-Nordstrom (AdS-RN) solution:

A = µ

[
1−

(
r

r+

)d−1
]

dt, ds2 =
L2

r2

[
dr2

f(r)
− f(r)dt2 + dx2

]
,

f(r) = 1−
(
r

r+

)d+1

+
r2+µ

2

γ2

((
r

r+

)2d

−
(
r

r+

)d+1
)

γ2 =
d

d− 1

e2L2

8πGN
, T =

1

4πr+

(
d+ 1− (d− 1)

r2+µ
2

γ2

)

I entropy:
s ∼ r−d+ ∼ max(T, µ)d

[Chamblin, Emparan, Johnson, Myers; hep-th/9902170]
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AdS-Reissner-Nordstrom Black Hole 18

Low temperature

I what’s happening when T � µ? consider the metric at
T = 0...

ds2 ∝ dr2

(r+ − r)2
− (r+ − r)2dt2︸ ︷︷ ︸
AdS2

+ dx2︸︷︷︸
Rd

, (r ≈ r+)

I local criticality at every point in space! z =∞
I note: similar S ∼ T 0 in SYK model; understood from the

many-body energy spacings

∆E ∼
{

e−αN SYK, AdS-RN?
N−λ quasiparticles

, when E − Egs ∼ N−1



AdS-Reissner-Nordstrom Black Hole 18

Low temperature

I what’s happening when T � µ? consider the metric at
T = 0...

ds2 ∝ dr2

(r+ − r)2
− (r+ − r)2dt2︸ ︷︷ ︸
AdS2

+ dx2︸︷︷︸
Rd

, (r ≈ r+)

I local criticality at every point in space! z =∞

I note: similar S ∼ T 0 in SYK model; understood from the
many-body energy spacings

∆E ∼
{

e−αN SYK, AdS-RN?
N−λ quasiparticles

, when E − Egs ∼ N−1



AdS-Reissner-Nordstrom Black Hole 18

Low temperature

I what’s happening when T � µ? consider the metric at
T = 0...

ds2 ∝ dr2

(r+ − r)2
− (r+ − r)2dt2︸ ︷︷ ︸
AdS2

+ dx2︸︷︷︸
Rd

, (r ≈ r+)

I local criticality at every point in space! z =∞
I note: similar S ∼ T 0 in SYK model; understood from the

many-body energy spacings

∆E ∼
{

e−αN SYK, AdS-RN?
N−λ quasiparticles

, when E − Egs ∼ N−1



AdS-Reissner-Nordstrom Black Hole 19

Quantum critical phase

I criticality is not tuned – there for any µ!

I curious consequence: consider adding a scalar

S =

∫
dd+2x

√−g
(

1

2
(∂φ)2 +

1

2
m2φ2

)
at finite momentum k at low T ,

m2
eff ∼ m2 + k2 γ2

µ2L2

implying k-dependent operator dimensions

I in general, IR geometry controls measurable properties if
µ > T and k, ω < µ
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Zoo of new geometries 20

IR instability

I recall that m2 < 0 is OK for scalar φ:

m2 =
∆(d+ 1−∆)

L2
=⇒ m2 ≥ −(d+ 1)2

4L2
.

I what if

− 1

4L2
IR

≥ m2 ≥ −(d+ 1)2

4L2
UV

?

I condensate of φ will form (superfluid!):
[Hartnoll, Herzog, Horowitz; 0803.3295]

Charge 
densityElectric flux

+

+
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Kosterlitz-Thouless transition?

I in d = 2, algebraic long range order for T > 0:

〈φ(x)φ(0)〉 ∼ |x|−α, (α > 0)

I holographic models have

α ∼ GN ∼
1

N2

since condensate is one mode out of “N2” “bath” modes

I this calculation requires quantum gravity in the bulk – very
hard! [Anninos, Hartnoll, Iqbal; 1005.1973]
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Holographic lattices

I complicated bulk action + numerics = spontaneous
formation of “lattices”, charge/magnetization density
waves, etc...

ŷ ŷ

ŷ ŷ

x̂ x̂

x̂ x̂

hO�i/µ2 J t/µ2

T tt/µ3
J i/µ2

Figure 4: The spatial behaviour of various expectation values for the thermodynami-

cally preferred triangular lattice at T/µ = 0.04. Top left shows the expectation value

of the pseudo scalar operator hO�i/µ2, top right shows the charge density J t/µ2 ,

bottom left shows T tt/µ3 and bottom right shows the flow lines and the norm of

the magnetisation currents J i/µ2. The plots are functions of the spatial coordinates

(x̂, ŷ) ⌘ ( x0
Lx

, y0

Ly
) and colours with longer wavelength correspond to larger values (the

norm of J i/µ2 for the bottom right).

in the future.

6 Discussion

In this paper we have numerically constructed co-homogeneity three, asymptotically

AdS black holes in four spacetime dimensions. The solutions are holographically dual

17

[Donos, Gauntlett; 1512.06861]
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Quick review

I consider a many-body quantum system in a mixed state ρ

I consider a subset of space A and define

ρA = tr
Ac
ρ

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit>

Ac
<latexit sha1_base64="FL9mtfFyVnQHxB0/CTDcvD0qKh8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl147KCfUA7LZk004YmmSHJKGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUoU0S8Uh1AqwpZ5I2DTOcdmJFsQg4bQeT29xvP1KlWSQfzDSmvsAjyUJGsLFS/7qf9gQ2YyVSkmWDStWtuTOgZeIVpAoFGoPKV28YkURQaQjHWnc9NzZ+ipVhhNOs3Es0jTGZ4BHtWiqxoNpPZ6kzdGqVIQojZZ80aKb+3kix0HoqAjuZR9SLXi7+53UTE175KZNxYqgk80NhwpGJUF4BGjJFieFTSzBRzGZFZIwVJsYWVbYleItfXiat85rn1rz7i2r9pqijBMdwAmfgwSXU4Q4a0AQCCp7hFd6cJ+fFeXc+5qMrTrFzBH/gfP4ADruS3Q==</latexit><latexit sha1_base64="FL9mtfFyVnQHxB0/CTDcvD0qKh8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl147KCfUA7LZk004YmmSHJKGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUoU0S8Uh1AqwpZ5I2DTOcdmJFsQg4bQeT29xvP1KlWSQfzDSmvsAjyUJGsLFS/7qf9gQ2YyVSkmWDStWtuTOgZeIVpAoFGoPKV28YkURQaQjHWnc9NzZ+ipVhhNOs3Es0jTGZ4BHtWiqxoNpPZ6kzdGqVIQojZZ80aKb+3kix0HoqAjuZR9SLXi7+53UTE175KZNxYqgk80NhwpGJUF4BGjJFieFTSzBRzGZFZIwVJsYWVbYleItfXiat85rn1rz7i2r9pqijBMdwAmfgwSXU4Q4a0AQCCp7hFd6cJ+fFeXc+5qMrTrFzBH/gfP4ADruS3Q==</latexit><latexit sha1_base64="FL9mtfFyVnQHxB0/CTDcvD0qKh8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl147KCfUA7LZk004YmmSHJKGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUoU0S8Uh1AqwpZ5I2DTOcdmJFsQg4bQeT29xvP1KlWSQfzDSmvsAjyUJGsLFS/7qf9gQ2YyVSkmWDStWtuTOgZeIVpAoFGoPKV28YkURQaQjHWnc9NzZ+ipVhhNOs3Es0jTGZ4BHtWiqxoNpPZ6kzdGqVIQojZZ80aKb+3kix0HoqAjuZR9SLXi7+53UTE175KZNxYqgk80NhwpGJUF4BGjJFieFTSzBRzGZFZIwVJsYWVbYleItfXiat85rn1rz7i2r9pqijBMdwAmfgwSXU4Q4a0AQCCp7hFd6cJ+fFeXc+5qMrTrFzBH/gfP4ADruS3Q==</latexit><latexit sha1_base64="FL9mtfFyVnQHxB0/CTDcvD0qKh8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl147KCfUA7LZk004YmmSHJKGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUoU0S8Uh1AqwpZ5I2DTOcdmJFsQg4bQeT29xvP1KlWSQfzDSmvsAjyUJGsLFS/7qf9gQ2YyVSkmWDStWtuTOgZeIVpAoFGoPKV28YkURQaQjHWnc9NzZ+ipVhhNOs3Es0jTGZ4BHtWiqxoNpPZ6kzdGqVIQojZZ80aKb+3kix0HoqAjuZR9SLXi7+53UTE175KZNxYqgk80NhwpGJUF4BGjJFieFTSzBRzGZFZIwVJsYWVbYleItfXiat85rn1rz7i2r9pqijBMdwAmfgwSXU4Q4a0AQCCp7hFd6cJ+fFeXc+5qMrTrFzBH/gfP4ADruS3Q==</latexit>

I entanglement entropy

SA = −tr (ρA log ρA)
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I consider a many-body quantum system in a mixed state ρ
I consider a subset of space A and define

ρA = tr
Ac
ρ

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit>

Ac
<latexit sha1_base64="FL9mtfFyVnQHxB0/CTDcvD0qKh8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl147KCfUA7LZk004YmmSHJKGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUoU0S8Uh1AqwpZ5I2DTOcdmJFsQg4bQeT29xvP1KlWSQfzDSmvsAjyUJGsLFS/7qf9gQ2YyVSkmWDStWtuTOgZeIVpAoFGoPKV28YkURQaQjHWnc9NzZ+ipVhhNOs3Es0jTGZ4BHtWiqxoNpPZ6kzdGqVIQojZZ80aKb+3kix0HoqAjuZR9SLXi7+53UTE175KZNxYqgk80NhwpGJUF4BGjJFieFTSzBRzGZFZIwVJsYWVbYleItfXiat85rn1rz7i2r9pqijBMdwAmfgwSXU4Q4a0AQCCp7hFd6cJ+fFeXc+5qMrTrFzBH/gfP4ADruS3Q==</latexit><latexit sha1_base64="FL9mtfFyVnQHxB0/CTDcvD0qKh8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl147KCfUA7LZk004YmmSHJKGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUoU0S8Uh1AqwpZ5I2DTOcdmJFsQg4bQeT29xvP1KlWSQfzDSmvsAjyUJGsLFS/7qf9gQ2YyVSkmWDStWtuTOgZeIVpAoFGoPKV28YkURQaQjHWnc9NzZ+ipVhhNOs3Es0jTGZ4BHtWiqxoNpPZ6kzdGqVIQojZZ80aKb+3kix0HoqAjuZR9SLXi7+53UTE175KZNxYqgk80NhwpGJUF4BGjJFieFTSzBRzGZFZIwVJsYWVbYleItfXiat85rn1rz7i2r9pqijBMdwAmfgwSXU4Q4a0AQCCp7hFd6cJ+fFeXc+5qMrTrFzBH/gfP4ADruS3Q==</latexit><latexit sha1_base64="FL9mtfFyVnQHxB0/CTDcvD0qKh8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl147KCfUA7LZk004YmmSHJKGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUoU0S8Uh1AqwpZ5I2DTOcdmJFsQg4bQeT29xvP1KlWSQfzDSmvsAjyUJGsLFS/7qf9gQ2YyVSkmWDStWtuTOgZeIVpAoFGoPKV28YkURQaQjHWnc9NzZ+ipVhhNOs3Es0jTGZ4BHtWiqxoNpPZ6kzdGqVIQojZZ80aKb+3kix0HoqAjuZR9SLXi7+53UTE175KZNxYqgk80NhwpGJUF4BGjJFieFTSzBRzGZFZIwVJsYWVbYleItfXiat85rn1rz7i2r9pqijBMdwAmfgwSXU4Q4a0AQCCp7hFd6cJ+fFeXc+5qMrTrFzBH/gfP4ADruS3Q==</latexit><latexit sha1_base64="FL9mtfFyVnQHxB0/CTDcvD0qKh8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl147KCfUA7LZk004YmmSHJKGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUoU0S8Uh1AqwpZ5I2DTOcdmJFsQg4bQeT29xvP1KlWSQfzDSmvsAjyUJGsLFS/7qf9gQ2YyVSkmWDStWtuTOgZeIVpAoFGoPKV28YkURQaQjHWnc9NzZ+ipVhhNOs3Es0jTGZ4BHtWiqxoNpPZ6kzdGqVIQojZZ80aKb+3kix0HoqAjuZR9SLXi7+53UTE175KZNxYqgk80NhwpGJUF4BGjJFieFTSzBRzGZFZIwVJsYWVbYleItfXiat85rn1rz7i2r9pqijBMdwAmfgwSXU4Q4a0AQCCp7hFd6cJ+fFeXc+5qMrTrFzBH/gfP4ADruS3Q==</latexit>

I entanglement entropy

SA = −tr (ρA log ρA)



Entanglement 23

Quick review

I consider a many-body quantum system in a mixed state ρ
I consider a subset of space A and define

ρA = tr
Ac
ρ

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit>

Ac
<latexit sha1_base64="FL9mtfFyVnQHxB0/CTDcvD0qKh8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl147KCfUA7LZk004YmmSHJKGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUoU0S8Uh1AqwpZ5I2DTOcdmJFsQg4bQeT29xvP1KlWSQfzDSmvsAjyUJGsLFS/7qf9gQ2YyVSkmWDStWtuTOgZeIVpAoFGoPKV28YkURQaQjHWnc9NzZ+ipVhhNOs3Es0jTGZ4BHtWiqxoNpPZ6kzdGqVIQojZZ80aKb+3kix0HoqAjuZR9SLXi7+53UTE175KZNxYqgk80NhwpGJUF4BGjJFieFTSzBRzGZFZIwVJsYWVbYleItfXiat85rn1rz7i2r9pqijBMdwAmfgwSXU4Q4a0AQCCp7hFd6cJ+fFeXc+5qMrTrFzBH/gfP4ADruS3Q==</latexit><latexit sha1_base64="FL9mtfFyVnQHxB0/CTDcvD0qKh8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl147KCfUA7LZk004YmmSHJKGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUoU0S8Uh1AqwpZ5I2DTOcdmJFsQg4bQeT29xvP1KlWSQfzDSmvsAjyUJGsLFS/7qf9gQ2YyVSkmWDStWtuTOgZeIVpAoFGoPKV28YkURQaQjHWnc9NzZ+ipVhhNOs3Es0jTGZ4BHtWiqxoNpPZ6kzdGqVIQojZZ80aKb+3kix0HoqAjuZR9SLXi7+53UTE175KZNxYqgk80NhwpGJUF4BGjJFieFTSzBRzGZFZIwVJsYWVbYleItfXiat85rn1rz7i2r9pqijBMdwAmfgwSXU4Q4a0AQCCp7hFd6cJ+fFeXc+5qMrTrFzBH/gfP4ADruS3Q==</latexit><latexit sha1_base64="FL9mtfFyVnQHxB0/CTDcvD0qKh8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl147KCfUA7LZk004YmmSHJKGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUoU0S8Uh1AqwpZ5I2DTOcdmJFsQg4bQeT29xvP1KlWSQfzDSmvsAjyUJGsLFS/7qf9gQ2YyVSkmWDStWtuTOgZeIVpAoFGoPKV28YkURQaQjHWnc9NzZ+ipVhhNOs3Es0jTGZ4BHtWiqxoNpPZ6kzdGqVIQojZZ80aKb+3kix0HoqAjuZR9SLXi7+53UTE175KZNxYqgk80NhwpGJUF4BGjJFieFTSzBRzGZFZIwVJsYWVbYleItfXiat85rn1rz7i2r9pqijBMdwAmfgwSXU4Q4a0AQCCp7hFd6cJ+fFeXc+5qMrTrFzBH/gfP4ADruS3Q==</latexit><latexit sha1_base64="FL9mtfFyVnQHxB0/CTDcvD0qKh8=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl147KCfUA7LZk004YmmSHJKGWY/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdoqb+/s7u1XDg5bOkoUoU0S8Uh1AqwpZ5I2DTOcdmJFsQg4bQeT29xvP1KlWSQfzDSmvsAjyUJGsLFS/7qf9gQ2YyVSkmWDStWtuTOgZeIVpAoFGoPKV28YkURQaQjHWnc9NzZ+ipVhhNOs3Es0jTGZ4BHtWiqxoNpPZ6kzdGqVIQojZZ80aKb+3kix0HoqAjuZR9SLXi7+53UTE175KZNxYqgk80NhwpGJUF4BGjJFieFTSzBRzGZFZIwVJsYWVbYleItfXiat85rn1rz7i2r9pqijBMdwAmfgwSXU4Q4a0AQCCp7hFd6cJ+fFeXc+5qMrTrFzBH/gfP4ADruS3Q==</latexit>

I entanglement entropy

SA = −tr (ρA log ρA)



Entanglement 24

Ryu-Takayanagi formula

I for a static geometry, entanglement entropy of region A is
(regularized) minimal area of membrane:

SA = min
Area(ΓA)

4GN
+ O

(
1

N

)
A

Γ

[Ryu, Takayanagi; hep-th/0603001]

I if A is ball of radius R, holography finds:

SA ∼
Rd−1

εd−1︸ ︷︷ ︸
area law, from boundary

+ sRd︸︷︷︸
volume law, from horizon

I can generalize to time-dependent problems
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Analogy with tensor networks

I technical point: AdS geometry appears qualitatively
identical to MERA network: [Swingle; 0905.1317]

I entanglement entropy = number of broken bonds

I conjecture: building geometry from entanglement
structure?
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