






Early analysis of fractional statistics and the FQHE



Early analysis of fractional statistics and the FQHE



• Quasiparticles carry fractional charge 

𝑒∗ =
𝑒

3
for n=1/3

Δ𝜃 = 2𝜋
𝑒∗

𝑒

R. B. Laughlin, PRL 50, 1395 (1983)

R. de-Piccioto et al. Nature 389, 162 (1997)
L. Saminadayar et al. PRL 79, 2526 (1997)

B. I. Halperin, PRL 52, 1583 (1984)
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2𝜋

3

• Anyonic braiding statistics: 𝜃𝑎𝑛𝑦𝑜𝑛 = 2𝜋
𝑒∗

𝑒
n=2

n=4/3



Building upon years of 
experimental progress

• Observation of fractional charge via shot noise 

• Interference of integer QHE modes

• Evidence for interference at 𝜈 = 5/2

R. de-Piccioto et al. Nature 389, 162 (1997)
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R. L. Willet at al. 
PNAS 106, 8853 (2009)

N. Ofek at al. PNAS 107, 5276 (2010)

H. Bartolomei et al. 
Science 368, 173 (2020)

D. T. McClure et al. PRL 108, 256804 (2012)

• Observation of anyon exchange statistics 
through quasiparticle collisions



• Surface gates define electron interference path

• Quantum point contacts (QPCs) act as beam        
splitters

𝜃 = 2𝜋
𝐴𝐵

Φ0

Aharonov-Bohm phase

𝑒∗

𝑒
+ 𝑁𝐿𝜃𝑎𝑛𝑦𝑜𝑛

Braiding phase

• Can measure interference by measuring 
electrical conductance across device

• Operate device by changing area (via gate 
voltage) or magnetic field

• Expect negative slope of constant phase lines in 
B-VG plane

S D

B

Φ0 ≡
ℎ

𝑒

B.I. Halperin, A. Stern, I. Neder, and B. Rosenow PRB 83, 155440 (2011)

C. de C. Chamon, D. Freed, S. Kivelson, S. Sondhi, X. Wen Phys. Rev. B 55, 2331 (1997)

𝐼~ 𝑡1
2 + 𝑡2

2 + 𝑡1 |𝑡2|cos(𝜃)



Problem: strong bulk-edge interaction

Reality: Coulomb-dominated oscillations

𝜃𝐼 = 2𝜋
𝐴𝐵

Φ0
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Wrong 
slope!
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• Bulk-edge interactions cause area to 
change with magnetic field

• Cannot change A and B independently –
flux decreases when increase B!

• Makes braiding unobservable

𝛿𝐴 = −𝜈 ҧ𝐴𝛿𝐵

B.I. Halperin, A. Stern, I. 
Neder, and B. Rosenow. 
PRB 83, 155440 (2011)



Aharonov-Bohm vs. Coulomb dominated regime
Aharonov-Bohm Coulomb dominated

• Regime of operation depends on the ratio of KIL/KI, where KIL parameterizes bulk-edge interaction and KI parameterizes 
the energy cost to add charge to the edge

• Critically, 𝜽𝒂𝒏𝒚𝒐𝒏 is unobservable in the Coulomb dominated regime: phase change is multiple of 2p.

B. I. Halperin, A. Stern, I. Neder, and B. Rosenow. PRB 83, 155440 (2011)
C. W. von Keyserlingk, S. H. Simon, B. Rosenow, PRL 115, 126807 (2015)



• Many early experiments observed 
Coulomb dominated behavior

• C. Marcus group observed AB 
behavior (negative slope) in devices 
with large area which included a metal 
screening gate

• Coherence was poor due to large 
path length 

• Need better way to screen to 
observe AB interference in smaller 
devices
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18𝜇𝑚2

Device

2𝜇𝑚2

Device

Zhang et al. PRB 79, 241304 (2009)



Aharonov-Bohm Interference in the FQHE 
via novel heterostructure and device

2019

Measured 𝜃𝑎𝑛𝑦𝑜𝑛 =
2𝜋

3
at n=1/3

20202020 2022
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• Need to eliminate parallel conduction through  
screening wells

• Adapt technique used in bilayer systems – use gates 
around Ohmics to disconnect SWs from contacts 

Quantum Well

Screening Well

Screening Well

Ni/Au/Ge
Ohmic 
Contact

-0.29V

110nm

50μm

-150V

J. P. Eisenstein, L. N. Pfeiffer, & K. W. West. APL 57, 2324 (1990)

Mesa

Contacts

Surface Gates Gate

Back gate







Aharonov-Bohm interference at 𝜈 = 1
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• Negative slope to constant phase lines – Coulomb charging suppressed

• Aharonov-Bohm interference in device ~20x smaller than possible with surface metal  
screening gate

• Interference is large amplitude and robust (survives up to hundreds of mK)
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SW Structure
• Simulations indicate that SW 

structure results in a sharper 
confining potential at the edge 
of the gates

• Qualitatively, SW creates a 
“mask” so QW feels gate 
potential only in a sharply 
defined area

• QPCs exhibit much sharper 
conductance curves compared 
to standard structures

Single QPC sweep at 𝜈 = 1
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Aharonov-Bohm interference of e*=e/3 FQHE quasiparticles

n=1/3

𝑒∗

𝑒
=

Φ0

𝐵Δ𝑉𝑔
𝜕𝐴
𝜕𝑉𝑔



• Competition between energy cost to 
create quasiparticles Δ and electrostatic 
energy cost to keep 𝜈 fixed 

• Predicted transition from AB 
(incompressible) with 3Φ0 period to 
AB+qp creation with Φ0 period 
(compressible bulk)
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B. Rosenow and A. Stern. PRL 124, 106805(2020)

Δ = Energy gap of quantum Hall state
C = capacitance to screening layers (per unit area)

Δ𝐵𝑖𝑛𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑏𝑙𝑒

quasiparticles quasi-holes

width in B with fixed 𝜈 where bulk is 
incompressible and 3Φ0 oscillations:

Δ𝐵𝑖𝑛𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑏𝑙𝑒 =
Δ × Φ0

𝜈𝑒∗ ×
𝑒2

𝐶



• n

•

•

•

μ μ μ μ

μ μ μ μ



𝝂 = 𝟏/𝟑
• Primarily negative sloped constant-phase 

lines, but few discrete jumps in interference 
pattern

𝜃 = 2𝜋
𝐴𝐵

Φ0

𝑒∗

𝑒
+ 𝑁𝐿𝜃𝑎𝑛𝑦𝑜𝑛

• Both Δ𝐵 and Δ𝑉𝑔 indicate 𝑒∗ =
1

3

Δ𝜃

2𝜋
= −0.32Δ𝜃

2𝜋
= −0.38Δ𝜃

2𝜋
= −0.28

Δ𝜃

2𝜋
= −0.29

Theory: 𝜃𝑎𝑛𝑦𝑜𝑛 =
2𝜋

3

• Negative sign consistent with removing QPs 
(or creating quasi-holes) with increasing B

• Discrete jumps in phase: Δ𝜃 = −2𝜋 × (0.31 ± 0.04)

23
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3

Δ𝜃𝑎𝑛𝑦𝑜𝑛 = −
2𝜋

3

While Δ𝜃𝑎𝑛𝑦𝑜𝑛

Δ×Φ0

𝜈𝑒∗×
𝑒2

𝐶

≈ 𝟓𝟑𝟎



𝝂 =
𝟏

𝟑

• Interferometer with ~2x smaller area

• Negatively sloped AB near center of 
𝜈 = 1/3 plateau with 3 Φ0
periodicity: plus a few discrete jumps

• Modulations in the interference 
pattern in high and low field regions 
with ~Φ0 period, consistent with 
anyonic braiding with a compressible 
bulk



≈ Φ0≈ Φ0•

•

Δ𝜃

2𝜋
= −0.24

𝝂 = 𝟏/𝟑

𝜃𝑎𝑛𝑦𝑜𝑛

2𝜋
= −

Δ𝜃

2𝜋
+
1

3

𝐾𝐼𝐿
𝐾𝐼

≈ 𝟎. 𝟑𝟑
𝐾𝐼 ≈ 269 𝜇𝑒𝑉
𝐾𝐼𝐿 ≈ 72 𝜇𝑒𝑉
𝑲𝑰𝑳

𝑲𝑰
≈ 𝟎. 𝟐𝟕

•

Δ𝜃 = −𝜃𝑎𝑛𝑦𝑜𝑛 + 2𝜋
𝐾𝐼𝐿
𝐾𝐼

𝑒∗2

Δ𝜈

𝐾𝐼

𝐾𝐿

𝐾𝐼𝐿

≈ 3Φ0



𝐾𝐿

𝐾𝐼 𝐾𝐼𝐿

𝐾𝐼

𝐾𝐿
𝐾𝐼𝐿

𝐸 =
𝐾𝐼
2
𝛿𝑛𝐼

2 + 𝐾𝐼𝐿𝛿𝑛𝐼𝛿𝑛𝐿 +
𝐾𝐿
2
𝛿𝑛𝐿

2

•

•

•



𝐸𝑠𝑝 =
𝛿𝑛𝐼

2

2

ℎ𝑣𝑒𝑑𝑔𝑒

𝐿Δ𝜈

2
𝑒2

𝐶

• 𝐸𝑖𝑛𝑡
• 𝐸𝑠𝑝

𝑲𝑰𝑳

𝑲𝑰
≈ 𝟎. 𝟑𝟏

ℎ𝑣𝑒𝑑𝑔𝑒

𝑒𝐿Δ𝜈

𝐾𝐼

𝐾𝐿

𝐾𝐼𝐿

𝜈 = 1

𝝂 = 𝟏



𝝂 = 𝟑

•
𝐾𝐼𝐿

𝐾𝐼
= 0.35

• 𝐾𝐼

Φ0

2

• 𝐾𝐼

•
𝐾𝐼𝐿

𝐾𝐼
= 0.62

•
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•
𝐴 ≈

0.36 𝜇𝑚2 𝜈 = 1

•

•

•
𝜈 = 1/3



• 𝜃 =
2𝜋𝑒∗𝐴𝐵

Φ0
+𝑁𝑞𝑝𝜃𝑎

𝑒∗ =
1

5
𝜃𝑎 = 2𝜋 ×

−2

5

•

•

•

•
25 Φ0

Δ𝑉𝑔 ≈ 14𝑚𝑉

≈ 4 Φ0



Line cuts (vertical vs diagonal)

• Vertical line cuts of G vs. VSG
show non-sinusoidal 
behavior due to unevenly 
spaced quasiparticle 
transitions

• Diagonal line cuts parallel to 
discrete jumps show 
sinusoidal oscillations since 
QP number is fixed, and only 
AB phase changes

• Contours of constant 
quasiparticle number have 
slope ~0.75 mV/mT, close to 
the value expected based on 
the device area and lever 
arms (𝜹𝑽𝑺𝑮

𝜹𝑩
=

𝝂𝑨

𝚽𝟎𝜶𝒃𝒖𝒍𝒌
≈ 𝟎. 𝟔 𝒎𝑽/𝒎𝑻).
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Analysis of discrete jumps 
for inner mode

• The discrete jumps have different values, with some positive and some 
negative, clustered around ~±0.5 × 2𝜋

• The theoretical value for removing an e/5 QP would be Δ𝜃 = −𝜃𝑎 =

+
2

5
× 2𝜋, but this will be modified by bulk edge coupling:

Δ𝜃

2𝜋
= −𝜃𝑎 + 𝑒𝑖𝑛𝑡

∗ 𝑒𝑙𝑜𝑐𝑎𝑙
∗ 1

Δ𝜈

𝐾𝐼𝐿

𝐾𝐼
=

2

5
+

3

5

𝐾𝐼𝐿

𝐾𝐼

• Defining phase from 0 to 2𝜋, the average is 
Δഥ𝜃

2𝜋
= 0.54, consistent with a 

moderate degree of bulk edge coupling 

• A bulk-edge coupling of this size is also consistent with the lines of 
constant phase being nearly flat as a function of B between the discrete 
jumps as well as the gate voltage period being slightly smaller than 5Φ0

10.25 10.30 10.35 10.40
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-0.5

0.0

0.5

q
/2
p

B (T)

No Data SelectedNo Data SelectedNo Data SelectedNo Data SelectedNo Data SelectedNo Data Selected

0.47

0.51

0.50
−0.36/+0.64

−0.38/+0.62

0.257 −0.228/0.772

Phase extracted via FFT

Using 𝜅 = 0.2 inferred from finite bias measurements 

(see following slides), 𝜽𝒂 = −𝚫ഥ𝜽 +
𝟑

𝟓
𝜿 = −𝟎. 𝟒𝟑 × 𝟐𝝅



Simulations of inner mode interference at 2/5

Qualitatively, our data resembles the 𝜅 = 0.167 case (close to the transition from AB 
to CD) with a mostly incompressible bulk, but several discrete jumps due to disorder. 
This value of 𝜅 is consistent with our finite bias measurements (assuming the model 
is right), with the average value of discrete jumps, and with the fact that between 
jumps the lines of constant phase are nearly flat.

We don’t see evidence of fully compressible regimes (where e/5 QPs are created 

with 
Φ0

2
period), but maybe the transitions are too strongly thermally smeared, or 

the bulk conductivity dephases too much when the DOS is high.

𝜿 = 𝟎. 𝟏𝟔𝟕𝜿 = 𝟎 (pure AB)

𝜿 = 𝟎. 𝟑𝟑 (CD)
incompressible compressiblecompressible
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Interference of outer 
mode at 2/5

• Outer mode exhibits central region with 
negative slope consistent with (partial) 
incompressibility at 2/5, similar to 1/3. 

• The range of magnetic field for the 
incompressible region is similar to the inner 
mode 

• Some quasiparticles seem to be created in 
incompressible region, but discrete jumps not 
as clear (complicated charge re-arrangements 
between edge and e/5 QPs in localized 2/5 
puddle)

• Outer mode interference is continuous up to 
𝜈 = 1/3, but greatly suppressed amplitude 
when bulk is conducting

𝜈 = 2/5 𝜈 = 1/3

Bulk transport

Continuous measurement up to 1/3




