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0
.

The topic  
of these lectures is

entanglement entropies in quantum

field theories
.

It has been

understood gradually one
the last

25 years
that these quantities

conkin
a

wealth of physical info
.

More specifically ,
gien a

QFT on a

space ,

if e dude the spare
into

a region
A aid its combat A

'

|a§
then ( nehb when

subtleties that we
'll



ignore
) by locality ( can - teeth of

separated oh,em66s) the ltthrt space

factories
,

9t= Ota @ Aac

Lun a
stale p,

e can
then

deku

fitTrata
. P

SIA := - parka .

(+  
other quantities such as Biyi

entropies + wlatie entropies)

Our basic aim  
will he to show

h . .

this quality couekks -1



impatient  aspect of the physics
,

such as
criticality,

correlation lengths
,

RC flu
,

file tap ,

etc
.

I

will then focus on
theories it

hdywphi duals
,

opting th basics

of holography
,

aid showing how

eutylewt  is
represented genetically

in
these theories

.

Throughout the lutes
,

I will hit

myself to uelukihi QFTS in

Itl directions
.

This is because

- it focuses the discussion + allot

we to he we concrete



- ust I hut not all ) of the " plant

physics is already captured there

-

uy day skills are
limited

to 2d



Vly is a high .

ewgy theorist giving

lectures at a
CMT school ?

This is an area
of uy

fruitful ihtoudios

hetcen th two fields
.

In fact
,

on
of the wys

that eutugbnat

entropies aloud into CMT is tea HET
,

Originally this core fan trying
to

uukshd black lobs

n|BHentgD)€⇒eEs c



Key developments

'

72 Beknskin

' 74 H . . lay
) BH enhgy

' 75 Unuh

Disayouo .
Wichman ) Rindler

1 86 Sorkin

' 93 Sudak ;}BH  entry EEE
area law

igy ltolzhy - Larsen - Vittek

' 03 C uluhuse . Cady
) EE  in Zd CFT

' 06 Ryu Tabayacagi Holographic EE



I. Entry but entropies in field theories

A .

( auaul domain

Ve under a relativistic QFT in

1+1 d Minkousk :

space .

nt

•= . •-•7×7t
A

A spatialregna,
say

at t 't
,

is a

set of internals
.

Consider a
single irhul

.

The up .

al
.

of

op On
.

in A is detuned he pa
:



( 0.7 man
.

@apa)

In fat
,

by lkneuhy EOM
,

a . op

in Edam of A can
he

expressed
in

tens of ops
in A

,

twine is also determined he µ .

A

y
causal do

- air

-

A

-
×

Theatre
, µ.

and SUI are really

associated not  
with A hut -1

its causal domain
.
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.

Rindler space in vac
.

Ex : A= { f- 0
,

× > 0 }

nt

Ridler spae

) y

Damn { × >
,

IH )

suppose p=
10 > ( 01

Pure hut
,

because of entanglement
, A

is nixed

For  a , oh # w
to shy,

I thin Ridler spare ,

would
appea ,

nixed
.

This case is simple enough that u can

...

te born a
closed- fm etpussioa for µ.



Also
,

He derivation
 

illustrates

any
useful technique usy

Euclidean

path illegals .

Work in

"

position basis
" for field

,

and let

qkl
he a field config

.

Then

qlxl
( qkllo ) x

- g
o µ tt

= Euohdem path it
. on

half - place

TFO wl b. c
. q( x.

kokqkl
Then Lqokllo > ( old,

KD &

Hfd,W
= cold#



For coafys qA6t , QAGI on → 0
,

( poakllpalqakl >

=

|DqAi×)(qaklqatxllplaaklqatxl

)

'

Fbhhiti
-2 # K

⇒
pate
when K=qeu .

 
of Euclid

.

rot
.

 
about x=t=o

=
boost gen .

) €f
=

|dxxT++
l to

,
×



⇒ A is the .nl art
.

hoostgen !

staying
Observer

not
proper

distance l= RENT from

entangling surface sees temperature ¥
' I} → unmh effect

Close to entangling
surface

,

fields are very
hot -

UV modes are
decohened

Can use this 4 estate SA) 4

adding up
local entropies

Estimate of SIA ) for field of  mass m

enf .

density slt ) - {
T

,

T ) n

0
,

T < an

⇒ sat - fed×sH
UV cutoff → Yu ,

n f. dx I

~ In m÷ UV diegent



Only fields out to disteuu

}=±

are euteyled .

[ Exer :
lawaliae this calculation to

high dins
. ]



C
.

I intend in CFT

If a
the knit  n -70 in previous

result we get IR dwgme in  addition

to W diwgene .
To at  it off

consider file intmal of length L :

¥

Ent
.

density of CFT is set2¥ F)
⇒ UV diuyent part of EE

central

charge

is

fadx
' s6#÷)= . flue

2 endpoints → - ÷ Inc

Entropy dimensionless ⇒ SIA )=÷h÷



This result can he cheeked hy an

honest calculation using
Euclidean path

i. tequl + CFT techniques.

( Holzhey - Larsen
- Wilczak ' 94

,

Calabrese - Cathy
'

03 )

If full system is at tap T
,

then

a
hae instead

SCA) = shinedTTE

say
. ¥ TLYILIYENH

Lm



D
.

I intend in genet thy

Based on Rindler discussion
,

expect

entropy to saturate

Stan⇐
' k

(computed for free bosons + fermions

semi - analytically hy Casini - Huerta
' 07 )

In all
.

examples so for
,

SIAI is

Concave
funnc

.

of L

Reason is SSA : €31

07 ( SCABCI - SCBCD - ( SCAM - SCB ) )

→ III B)

A. to de



Using relativity
,

we can
wake a stronger

Tostale # •

For any single interval
,

in vacuum
,

KA ) is func
.

of proper
distance between endpoints

Consider this config :

#
X my

/ '

LABLDC = ↳ LABC

SSA ⇒ S is concave func
.

of lnl

⇒ ddycclfo where CN :=3L Th

If theory has UV
,

IR fixed pts
,

then

( ( L→o)= car
,

C ( L→ a) =c± ,
⇒ Car 3 GR

Proof of Zawlodchikov C- theorem ( Casini - Huerta '

04 )

Ingredient are sane as
Zanolodohikov 's proof :

unitarily ,

locality
,

relativity

But pwof seems ay
different

C- functions one
different



E
.

2 intends in CFT

Now consider 2 separated intervals

B
A .#

a
,

az b
,

bz

Can consider antal nfa :

IIA :D ÷ SAITSC B) - SCAB)

Quantities correlations helman AR .

Homer
, any

hand to count SAID

Free mass less Dirac fernion :

ICA :B) :=S( A) + SCDI - SCAB)

=÷1n(hi9a)(b,-a=
( he a.) ( b

,
.az )

( Casini ,
Fosco

,

Huerta
' 05 )

Only ( non
. topological

) theory
for

which MI .

has been computed exactly

lindnding free scalar ! )



However
,

its qualitative features

hold
for

any
2d CFT :

• finite ( ⇐ divergences are
local on

entangling surface )

• non - zero ( else correlates would vanish )

a con formally invariant ( because ivlep.

of c)

⇒ func
.

of cross . ratio

• increases as func
.

of sizes of A ,B

( hy SSAI

⇒ decreases as func
.

of separation

s :=b
,

- a
,

for fited sizes bib , dz
- di

• → a as s -70

• → 0 as s → a
like540

where
D=din of lightest non .

tin up

( her s=ta )



*µ
, ,



F
.

other topics

2+1 d : topological EE
,

F for CFTS
,

F- thou
,

Couriers

3+1 + higher
the dependence : quenches etc

.

May other topics



I. EES in holographic QFTS

Usually it's very
difficult to compute Ees

,

even in
free QFTS .

Hour
,

there is a class of theories - be
,

in a certain kit it becomes easy

because it hecous a
classical geowky

problem .

These are the holographic theories
.



A
. Holography

switch years
: Consider GR in 2+1 d

( possibly lnaltw fields) with c. c
. A ( 0

.

write

a -

Yiaarntnleyth

simplest vacuum solh is Ads
,

:

ds '= # ( .
At 't datdzt 1 a >o)

Spatial section is hyperbolic plane

- x

t
z



Ads
,

has an asyytotic hdy at z=O
.

Grau
. pet.

→ oo there
,

so  massive

particles
cannot reach it

.

Musskss

particles
reach it in finite tie ; can

infuse
b. c . so they reflect

.

In GR
,

note is dynamical, hut we

can  impose a

1.
c.

flat  
it approach

Ads
,

near 2=0
.

Well .
defied closed

classical system
.

For simple he
.

 on
welter

,
gwuulskle

is Ads
, .



An excited state is
BTZ black have :

di=Rz÷ffHdt' + YI
,

+ dx ' )

fl£)= 1-
I
zi

÷
-

= Zn / 11 / / / / , , ,
horizon



Suppose our GRtmHw system is the

classical approx .

to a quantum gaily

theory
,

with lpe= Guk KR
.

Then
,

with Als
,

b. c
.

,

we
Lane

a closed

quantum system
.

It can
he shm

that this system B a Zd CFT

-1 c=3I ) > 1

Llpe

It is easy
to see that it , }

strongly coupled
.

The classical CR+

maker B a
collect 'he description of

÷
age

# of strongly -
intra .LY fields

.

The up
taken the CFT + CR is



non
.

local
,

hut it is test to identity

the spaat ;
be He CET lies

as the cotmul hdy z=O of

the asyupt . Als
,

spaetwe
.

Roughly

speaking
,

the region
nor the hdy

represents the UV of the CFT
,

regions
far apesat He IR

- ×

:R
|£

To impose a UV cutoff c on
th

CFT
,

a
add cut off He Ads

,

at Et
.



sit
.

'E÷i±t=¥¥ae¥n=e¥n

'

y

di=R÷ffHdH+d¥ + dx ' )

fh.tt#=CttElHtEt=utIDHd÷ d¥j=¥sdi=zizd÷
'

I f÷=d(u
" ) =zi2dp

'

=dp 2p2di+2zidp2=L(pznY@E)
"

⇐tztlt
'

t ~ tthtzu t.pl
,

+ dlthl " )

\



The BTZ black trace upesab the

Haul stele of th CFT -1

T= lZTZH

The CFT my
he a

what op ladiyb

an
RL flan either to another CFT ←

a gapped th .

This is upesutal hy

clay .y
the b. c.

to a scab st
.

the

gwd state
. } no

lager Ads
,

hnt
,

at some z ,

either the is a
brain

all Io aid Ads
,

da dittat c. c.

a space caps off :





B
. Ryu - Tukayaiagi fnnla

The Dela .hr Hut ,
fnta giee the edgy

of a
black hole in tens of the area

of it eat Luton :

S
, ,+= y÷

,

authored

Iqpiud hy this ,
RT

' 06 cojutal flat He

EE of a u ,
in

A  
t a

↳ lgapl :c

the is gun
try the am

of the

niuiul ante all .

) in
hulk ↳ w( gas

to

A :

sH)=y÷
,

a.
KAD



In ou  use
,

hnilpe
,

the a.
liwl

" sake "

-
IAI is a geodesic cmeahj

the culprits of A
,

ad its
"

an

"

is its length :

SIA = ftp.leythhu.D

A

✓ nut

As a 'll see
,

this flu genetics all
gewal

of the fatesof EES that e
're

discussed
,

ad iplies a
few

uaestht a special be bbguphy



Since the chaaehiskc scale of the geaehy

is R
,

the RT atop,
is of ooh

I
vc

lpe

In  adding the a a- Healing lens into

flat are
not shitty geometrical



C ,
Examples

SIAI = ¥ leythl . (AD

1) Tv linhul n sand shut of CFT
,

easy
to fuel geodes.L in Ads

,

+

calwbk length ,
upwday SAHEL ÷

A

CEaa.se ]

↳
2) At finite tewp

,

K LD Zn
- t

,

A

- th

zn

SHI exleu.I then .l eat
.

¥ [ Exercise

7h



3) In gapped thy

lc } l ) }

U
1 I

z= }

Suh n [Exorcise

*
tin the satnth hears shop .

Thee is a phase
tuition

,
because c.) a

il a tweedy - mic limit
.



4) Mutual into

2 candidate nin
.

surf
.

fw HB :

A B

U U
NIA B) = nth units )

he
AID ¥ nttlun (B)

Both homologous to AD
.

On tshokr

the length gies
SAID

Itt'M
Again

,
phase transition

[ Earoise )|#
,



D
.

Properties

D In a pustule,
SIAKSHH

In a aired skk
,

not necessarily

Ohyul hy RT :

nun
:

A

UA=
- A) ⇒ sHt=sHc )

nixed :

A

fake
n ( At - At ⇒ SCAI # sail



2) snhaddihiity SIAB) { SIA ) + SIB )

As e son
hehe

,
n Alva (B) , }

.

al . ay , a

candidate afae LAB
,

hence 9AM f area
(

- Alvin )

= an
( nut ) then ( a

( BD

= sat + SIB )

3) stay akdditnty Stttsdt slid f SAID ts( Bd

A D C

tally ,

NIABD

In fucf all Kon geaalpquh's of EE ae

obeyed by RT
.



The one
also son that

are special to

hdogyhr qskus
,

e.g.

4) supuaddihitg of what into

IIABDS ,
ICA :D + ICA :c)

i. e
. S( A) + SC B) t Sl c) t SIABCI

{ SCAB )+S( Adt SLBC )

Ex :

[ Proof : Exercise )

A B C

Can hae ICA :D=IA:d=O

hut ICADDFO

This inequality is not true in gewd

quak systems been held theories)

ftp..it ( 1000 ) ( oooh . In > Gal )



E. May other dieting tapp
hiatus

. Bit threads
a the dependence ( ART )

e deviiy Einstein
eq .

e uecocshohy hulk

. Ads KMT
,

11151 QCD

.
Cornelius

. Riyis
,

wbhe eateries
,

...

:

,


